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I. Basics on Plastic Deformation

Severe Plastic Deformation (SPD)

Relation with Dislocations
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Severe Plastic Deformation : Loading Examples

Figure: Material Processing with Grain Refinement by Severe Plastic
Deformation : Strengthening of material. (a) HPT : High Pressure
Torsion

.
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SPD : HPT Experimental Results

A recent report described the processing of disks of an Al–3% Mg–0.2% Sc alloy by HPT [33]. The
initial grain size was ! 0.5 mm but HPT processing refined the grains to a size of !150 nm where this
is slightly smaller than the grain size of !200 nm achieved through processing of the same alloy by
ECAP [90]. The development of a smaller grain size in HPT confirms the trends reported in earlier
investigations [58,91,92].

Inspection of the disks after processing revealed a central core region where there was a relatively
coarse and ill-defined microstructure. Experiments showed the size of this core region decreased as
the number of turns increased. Furthermore, measurements demonstrated the hardness increased
both with increasing applied pressure and/or with increasing numbers of turns. It was found also that
the hardness increased with increasing distance from the center of the disk but tended to stabilize at
distances greater than !2–3 mm from the central point. The values of the saturation hardness in the
outer regions of the disks were similar at higher applied pressures and after larger numbers of turns
thereby confirming the development of a well-defined saturation condition. The saturation level for
the hardness in these experiments was Hv " 180–190, thereby demonstrating hardening by a factor
of !3# by comparison with the initial solution-treated condition of Hv " 63. Similar increases in
strength were reported for several commercial aluminum alloys after processing by ECAP [41]. Within
the region associated with the hardness saturation, it was shown by TEM that the microstructure was
reasonably homogeneous and consisted of ultrafine grains separated by high-angle grain boundaries.

Fig. 40a depicts the variation of the Vickers microhardness with position for disks subjected to a
total of 5 turns under pressures from 0.62 to 6.0 GPa, where the center of each disk is on the left,
the points denote the incremental steps of 0.5 mm up to a total distance of 4 mm from the center
of the disk and the lower broken line shows the solution-treated condition where Hv " 63 [33]. It is
apparent from inspection of Fig. 40a that the values of Hv tend to increase with increasing distance
from the center of the disk and the rate of increase is greater near the center thereby leading to a sat-
uration value near the outer edge of the disk. In addition, the values of Hv increase with increasing
applied load but there is a saturation to essentially similar values near the outer edges of the disks
for values of P in the range from 1.25 to 6.0 GPa.

Fig. 39. Optical micrographs showing the microstructures after HPT at the center, half-way position and edge of each disk in a
magnesium AZ61 alloy after processing through 1, 3, 5 and 7 turns at a temperature of 423 K [89].

930 A.P. Zhilyaev, T.G. Langdon / Progress in Materials Science 53 (2008) 893–979

Figure: Optical Micrographs : Microstructures after HPT at the center,
half-way position and edge of the disk in a magnesium AZ61 alloy after
processing N turns at 423 K (Zhilayev & Langdon 2008).
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SPD : Dislocation and Grains Mechanisms

nano-twins evidenced by the many straight lines at the interior of the
nanodomains in Fig. 11(a) and by the Fourier transformation image in
Fig. 11(b). Lattice dislocations are mainly located along the boundaries
of the nanodomains as shown in Fig. 11(c–d). Only a few lattice

dislocations are observed in the interior of the nanodomains marked by
“A” in Fig. 11(c). This indicates that dislocation slip is in dominance
until the formation of the nanodomains, then twining becomes a major
deformation mechanism.

Fig. 10. Schematic illustration of the five
grain refinement stages, formed sequentially
throughout the microstructural evolution,
during SPD of materials with high SFEs. “T”
denotes dislocations. GBs and dense disloca-
tion walls are GNBs and are represented by
solid lines. Stage 1: Formation of large size
dislocation cell blocks containing dislocations
and dislocation cell structures. Stage 2:
Formation of microbands and transformation
of some early dislocation cells into cell blocks.
Stage 3: Formation of lamellar sub-grains
containing large quantities of dislocations.
Stage 4: Formation of well-developed lamellar
sub-grains and some equiaxed sub-grains.
Stage 5: Homogeneous distribution of equiaxed
ultrafine grains or nano-grains.

Fig. 11. (a) A TEM image showing nanodo-
mains formed in a Cu processed by HPT for five
revolutions under 7 GPa pressure. Black aster-
isks delineate domain boundaries; (b) Fourier
transformation of (a). Two rectangles mark the
two sets of lattice forming a twin relationship;
(c) an image obtained by inverse Fourier
transformation of the (000) and “C’’ spots in
(b). Dislocation cores and slip plane are
marked with black “T’’ and indicated using a
white straight line, respectively. Some dis-
locations are located within a nanodomain at
the area marked “A”; (d) an image obtained by
inverse Fourier transformation of the (000) and
“D’’ spots in (b) [92].

Y. Cao et al. Materials Science & Engineering R 133 (2018) 1–59
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Figure: Grain size refinement under SPD (Cao et al. 2018):
(1) Initial : formation of large size dislocations cell blocks containing dislocations and
dislocation cells structures;
(2) Formation of micro-bands and transformation of some nearly dislocations cells into
cells blocks;
(3) Formation of lamellar sub-grains containing numerous dislocations;
(4) Formation of well-developed lamellar sub-grains and some equiaxed sub-grains;
(5) Homogeneous distribution of equiaxed ultrafine grains or nano-grains.
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SPD : Mechanisms of Plastic Deformation

1 Twinning and relative motions of grain with refinement are
mostly the mechanisms underlying plastic deformation.

2 Density of dislocations augments when the plastic deformation
increases.

3 Asympotic response. For complicated deformation operating in
SPD, microstructure mostly reach a steady state at which further
deformation does not change the overall microstructure.
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MuD : Approach with Continuum Plasticity

Figure: Stress σ strain ε curve of elementary traction. Slip and
Twinning of Crystallin Material
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MuD : Multiplicative Decomposition
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Figure: (a) Additive Decomposition (small deformation) and (b)
Multiplicative Decomposition (Bilby et al. 1957).

Additive Decomposition: E = Ee + Ep (Green & Nagdhi 1965)

Ep : primal variable

ϕ (E,Ep) : Helmholtz free energy

E− Ep : not necessarily an elastic strain (1966)

Application : Mostly used for small strains (despite Nagdhi 1990)
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MuD : Swift Review of Theories

1 Multiplicative Decomposition: F = FeFp (Lee & Liu 1967)

Dislocations & crystallin backgrounds : Kondo (1949), Bilby
(1957), Kröner (1959)
Incompatible intermediate deformation (non Euclidean
configuration): e.g. Le & Stumpf, 1996
Existence of numerous partitions of rate of deformations :
D = De +Dp, L = Le + Lp, · · · , and problem of plastic spin.

Some problems: Unicity of intermediate configuration, choice of
plastic deformation and plastic spin and their objective rates,
covariance of model ...

2 More recent results:

Rigorous relation with crystallin plasticity (Reina et al. 2017)
Existence and uniqueness of Fp (Reina & Conti 2017)
Advances on rates of deformations : Lubarda (2004), Bruhns
(2009), Volokh (2013), ...
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MuD: Towards GND and Dislocations Approach

1 Geometrically Necessary Dislocation (GND): Use of
Multiplicative Decomposition leads to

Measure of incompatibility G := (DetFp)−1Fp RotFp

(Cermelli & Gurtin 2001, Reina & Conti 2014)
F invariant iff F

(
Fp,∇Fp

)
= F (G)

Hypotheses : isovolume plastic strain, no plastic spin,...

2 Physically, SPD in metallic systems is mostly accompanied by
grain refinement (e.g. Zhylaiev & Langdon 2008), and by
generation and organization of high density of crystal defects
(e.g. Cao et al. 2018).

Observation: Metric captures change of shape but the SPD
involves the deformation incompatibilities and

discontinuous relative motions of sub-regions (grains).
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III. Generalized Continuum Model

Goal: Define a model allowing density of dislocations and
disclinations within a continuum framework.

Method: Use of differential geometry for capturing
incompatibilities of deformations.

1 "
2 "

3 "

4 "

Figure: From (1) : Simple Material Model to (4) Generalized Continuum
Model. (Optical Micrographs of an Al alloy).
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GCM: Existence of Numerous Length Scales

We remind we are always working at a chosen length scale of a
continuum.

10Å - 50Å

1µm - 10µm

≥ 100µm

(a) (b) (c)

Figure: Crystal plasticity occurs at length scale (a); microscopic and
continuum defects at scales (b) and (c) =⇒ Rather working with
Defects Density.
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GCM : Geometry Background (Remind)

Generalized Continuum is a compact and connected manifold B
endowed with (Whyburn, 1935):

a metric tensor g with components gαβ (x)

an affine connection ∇ with coefficients Γγαβ (x)

L Rakotomanana Continuum Dislocations : Generalized Continuum Model



GCM : Metric (Shape Change)

Shape of grains and overall continuum is measured by metric

Eα

Eβ

fα

fβ

X

x

O

Metric g measures local deformation : (length & angle) :

gαβ = g (fα, fβ) := fα · fβ =⇒





∥fα∥ =
√
fα · fα

cos (fα, fβ) =
fα · fβ

∥fα∥.∥fβ∥

Triads F i
α (X) defines local mapping fα = F i

α Ei
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GCM : Connection (Defects and Motions) (Noll 1967)
Connection is a mathematical operator linking two grains.

(Gonseth, 1929)

f1+ df1 

f2 + df2 

x +dx

f1

f2

x

Change of any fβ along dx: (linear with respect to dx := dxαfα)

fβ (x) −→ fβ (x+ dx) := fβ (x) +∇dxfβ = fβ (x) +∇fαfβ dxα

Connection coefficients calculated by noticing ∇α ≡ ∇fα and

projecting onto 1-form fγ : Γγαβ := fγ (∇αfβ).
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V. Generalized Continuum Models for Continuum
Dislocations

Motivation : How to measure sharp gradients (defects and grain

refinement) in a continuum plasticity model ?

Figure: (a) One Single Crystal Mg after one Equal Canal Angular Pressing (ECAP) (Sedá et al. 2012); (b) a
Polycrystalline Mg after four ECAP (Biswas et al. 2010).
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GCM : Sketch for approaching defects field
Consider a function f (X) on R with discontinuity at points
(X1,X2, · · · ,Xn, n → ∞)
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Figure: Discontinuous fields : (Left) Euclidean approach : Function
(field) is enriched, (Right) Riemann-Cartan approach : Domain
(manifold) is enriched (Accounting for additional field [f1], [f2], [f3], [f4]
... ∞ infinite number −→ density concept)
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GCM: Dislocations of Volterra (1906)

Individual dislocations (3D)

(a) Translations discontinuity and (b) Rotations discontinuity1

(a)

(b)

1See eg. : Kondo, 1955; Bilby et al., 1955; Kröner, 1963; Noll, 1967, Wang,
1967; Zorawski, 1967; Povstenko, 1987; Maugin, 1993, Le & Stumpf, 1996, R
1998, Zubov, 1997, Acharya & Bassani, 2000, ...
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GCM : Dislocations Density vs. Cartan Circuit Disclosure

Presence of defects as dislocations and disclinations may be
approached with a GCM ! (Via defects density)

nda = (DetF)F�T (NdA) n da pn da

usocle = u0 sin (⌦t) e1

r ✓ ' x1 x2

er e✓ e' x1 x2

u = u (x, t) e1

' = (e1,n)

x�x0 = R (t) (X � X0) u = x�X O

x = ' (X, t) u = x � X O

E1 e1 E2 e'

⇡

4

1

nda = (DetF)F�T (NdA) n da pn da

usocle = u0 sin (⌦t) e1

r ✓ ' x1 x2

er e✓ e' x1 x2 e2

u = u (x, t) e1

' = (e1,n)

x�x0 = R (t) (X � X0) u = x�X O

x = ' (X, t) u = x � X O

E1 e1 E2 e'

⇡

4

1

nda = (DetF)F�T (NdA) n da pn da

usocle = u0 sin (⌦t) e1

r ✓ ' x1 x2

er e✓ e' x1 x2 e2

u = u (x, t) e1

' = (e1,n)

x�x0 = R (t) (X � X0) u = x�X O

x = ' (X, t) u = x � X O

E1 e1 E2 e'

⇡

4

1

✓ (0, t) = ✓0, ✓ (`, t) = ✓`, ✓ (x, 0) = ' (x)

F1 = �⇢ g M2 (0) O x3 = 0 1 2 3

F =

✓
1 0
� 1

◆
, F�T =

✓
1 ��
0 1

◆

f1 := F (E1) f2 := F (E2)

f1 := F�T
⇣
E1

⌘
f2 := F�T

⇣
E2

⌘

x := OM (t) O M X := OM (0)

dX = dX1E1+dX2E2 dx = dX1f1+dX2f2

f1 :=
@x

@X1
f2 :=

@x

@X2⇣
X1, X2

⌘

2

✓ (0, t) = ✓0, ✓ (`, t) = ✓`, ✓ (x, 0) = ' (x)

F1 = �⇢ g M2 (0) O x3 = 0 1 2 3

F =

✓
1 0
� 1

◆
, F�T =

✓
1 ��
0 1

◆

f1 := F (E1) f2 := F (E2)

f1 := F�T
⇣
E1

⌘
f2 := F�T

⇣
E2

⌘

x := OM (t) O M X := OM (0)

dX = dX1E1+dX2E2 dx = dX1f1+dX2f2

f1 :=
@x

@X1
f2 :=

@x

@X2⇣
X1, X2

⌘

2

✓ (0, t) = ✓0, ✓ (`, t) = ✓`, ✓ (x, 0) = ' (x)

F1 = �⇢ g M2 (0) O x3 = 0 1 2 3

F =

✓
1 0
� 1

◆
, F�T =

✓
1 ��
0 1

◆

f1 := F (E1) f2 := F (E2)

f1 := F�T
⇣
E1

⌘
f2 := F�T

⇣
E2

⌘

x := OM (t) O M X := OM (0)

dX = dX1E1+dX2E2 dx = dX1f1+dX2f2

f1 :=
@x

@X1
f2 :=

@x

@X2⇣
X1, X2

⌘

2

✓ (0, t) = ✓0, ✓ (`, t) = ✓`, ✓ (x, 0) = ' (x)

F1 = �⇢ g M2 (0) O x3 = 0 1 2 3

F =

✓
1 0
� 1

◆
, F�T =

✓
1 ��
0 1

◆

f1 := F (E1) f2 := F (E2)

f1 := F�T
⇣
E1

⌘
f2 := F�T

⇣
E2

⌘

x := OM (t) O M X := OM (0)

dX = dX1E1+dX2E2 dx = dX1f1+dX2f2

f1 :=
@x

@X1
f2 :=

@x

@X2⇣
X1, X2

⌘

2

dX dx = F (dX) dS ds = (DetF)F�T (dS)

E1 E2 f1 f2 f1 f2

X x x = ' (X, t)

�23 �32 �21 �13 ⇡1

⇡1 ⇡2 ⇡3

�31 �12 �22 �11 �33

F = �µv v m g v

pm pn m n n · pm m · pn

divv = 0

milieu incompressible

3

✓ (0, t) = ✓0, ✓ (`, t) = ✓`, ✓ (x, 0) = ' (x)

F1 = �⇢ g M2 (0) O x3 = 0 1 2 3

F =

✓
1 0
� 1

◆
, F�T =

✓
1 ��
0 1

◆

f1 := F (E1) f2 := F (E2)

f1 := F�T
⇣
E1

⌘
f2 := F�T

⇣
E2

⌘

x := OM (t) O M X := OM (0)

dX = dX1E1+dX2E2 dx = dX1f1+dX2f2

f1 :=
@x

@X1
f2 :=

@x

@X2⇣
X1, X2

⌘

2

nda = (DetF)F�T (NdA) n da pn da

S C

usocle = u0 sin (⌦t) e1

r ✓ ' x1 x2

er e✓ e' x1 x2 e2

u = u (x, t) e1

' = (e1,n)

x�x0 = R (t) (X � X0) u = x�X O

x = ' (X, t) u = x � X O

E1 e1 E2 e'

1

nda = (DetF)F�T (NdA) n da pn da

S C

usocle = u0 sin (⌦t) e1

r ✓ ' x1 x2

er e✓ e' x1 x2 e2

u = u (x, t) e1

' = (e1,n)

x�x0 = R (t) (X � X0) u = x�X O

x = ' (X, t) u = x � X O

E1 e1 E2 e'

1

⇡

4

✓ (0, t) = ✓0, ✓ (`, t) = ✓`, ✓ (x, 0) = ' (x)

F1 = �⇢ g M2 (0) O x3 = 0 1 2 3

F =

✓
1 0
� 1

◆
, F�T =

✓
1 ��
0 1

◆

f1 := F (E1) f2 := F (E2)

f1 := F�T
⇣
E1

⌘
f2 := F�T

⇣
E2

⌘

x := OM (t) O M X := OM (0)

dX = dX1E1+dX2E2 dx = dX1f1+dX2f2

f1 :=
@x

@X1
f2 :=

@x

@X2
2

Figure: Cartan Circuit around Defect. Presence of defects induces a
disclosure of Cartan circuit

.
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GCM : Dislocations and Discontinuity of Fields

Consider a scalar field θ (X) and vector field w (X) on a GCM B
(Example : density, velocity) at a point M
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Figure: (Left) : Field discontinuity [ex. microcrack within a body];
(Right) Parallelogram of Cartan.

We notice θ′ := θ (M ′), and θ” := θ (M”); and w′ := w (M ′), and
w” := w (M”).
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GCM: Dislocations Density and Geometric Variables

Goal: Define geometric variables modeling discontinuity of
fields on a continuum

Theorem

Say an affinely connected manifold B. Let consider two arbitrary vectors
f1 and f2 at a point M, they define two paths of length ϵ1 and ϵ2. Then:





lim
(ϵ1,ϵ2)→0

(θ′ − θ′′)

ϵ1ϵ2
= ℵ (f1, f2) [θ]

lim
(ϵ1,ϵ2)→0

(w′ −w′′)

ϵ1ϵ2
= ℜ (f1, f2,w)−∇ℵ(f1,f2)w

Proof 2 Remind geometric definitions of torsion ℵ and curvature ℜ:

ℵ (f1, f2) [θ] := (∇f1f2 −∇f2f1) [θ]− [f1, f2] [θ]

ℜ (f1, f2,w) := ∇f1∇f2w −∇f2∇f1w −∇[f1,f2]w

2(Schouten Theorem. Partly R 1998, complete R 2021)
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GCM: Sketch of the proof (1)

1) Consider a scalar field θ (M) , we have respectively the relations:

{
θ (M1) = θ (M + ε1 f1) = θ (M) +∇ε1f1(M)θ (M)
θ (M ′) = θ (M1 + ε2f2 (M + ε1f1)) = θ (M1) +∇ε2f2(M+ε1f1) θ (M1)

We obtain the value of scalar field at M ′ in terms of its value at M ,

by noticing θ (M ′) = θ′ and θ (M) = θ , :

θ′ = θ + ε1∇f1θ + ε2∇f2θ + ε2ε1∇∇f1
f2θ + ε2ε1∇f2∇f1θ

+ ε2ε
2
1∇∇f1

f2∇f1θ (1)

2) Similarly, we also obtain, θ (M”) = θ”,:

θ′′ = θ + ε2∇f2θ + ε1∇f1θ + ε1ε2∇∇f2
f1θ + ε1ε2∇f1∇f2θ

+ ε1ε
2
2∇∇f2

f1∇f2θ (2)
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GCM: Sketch of the proof (2)

3) Similarly, consider a vector field with w := w (M) ,:

w′ = w + ε1∇f1w + ε2∇f2w + ε2ε1∇∇f1
f2w + ε2ε1∇f2∇f1w

+ ε2ε
2
1∇∇f1

f2∇f1w (3)

and

w′′ = w + ε2∇f2w + ε1∇f1w + ε1ε2∇∇f2
f1w + ε1ε2∇f1∇f2w

+ ε1ε
2
2∇∇f2

f1∇f2w (4)

4) Final step:

(1) - (2) induces the first relation on torsion.

(3) - (4) induces the second result on curvature (and torsion). □

Remarque

Calculus is done exculsively at point M (then TMB). Without
curvature but with torsion, we may have vector field discontinuities.
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GCM : Some Remarks on Plastic Deformation

1 Physical Plastic Deformation can be related to discontinuities of
scalar and vector fields. Continuum Plasticity might be
approached by GCM (Riemann-Cartan manifold) as geometric
foundations.

2 Two intrinsic elements of the connection ∇, torsion ℵ and
curvature ℜ clearly measure the density of these discontinuities
(dislocations density and grain refinement, relative motions of
grains) !

3 One question is now if they are considered as :

1 Internal variables

2 Primal Variables (as for metric / strain)
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GCM: Covariance of the model L (Antonio & R 2011)

Goal: Define general shape of Lagrangian for GCM (Material
Frame Independent)

Theorem

A GCM defined by the Lagrangian L = L (gαβ , Γ
γ
αβ , ∂λΓ

γ
αβ) is

covariant if and only if:

L = L (gαβ , ℵγ
αβ , R

γ
αβλ)

Remarks :

Primal / internal variables are metric gαβ , torsion ℵγ
αβ , and

curvature Rγ
αβλ (Continuum physics : elasticity, fluid mechanics,

gravitation, electromagnetism, plastic deformation ... )

This theorem extends Cartan (1922) and Lovelock-Rund (1971,
1975) theorems from Riemann to Riemann-Cartan continuum.
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GCM : Main steps of the proof:

1 Consider change of coordinates (C∞-diffeomorphism)

yα = yα
(
x i
)
, and Jαi := ∂iy

α, · · ·
Write : gij = Jαi Jβj gαβ , ...

2 Assume covariance + rules of tensors transformation (gαβ and Γγαβ)

L (gij , Γ
k
ij , ∂lΓ

k
ij + Γmij Γ

k
lm) = L (gαβ , Γ

γ
αβ , ∂λΓ

γ
αβ + ΓµαβΓ

γ
λµ)

3 Decompose Γγαβ and ∂αΓ
κ
βλ + ΓξβλΓ

κ
αξ into symmetric and

skew-symmetric tensors.

4 Derivatives of L with respect to Jαi , ...

5 Apply the Quotient Theorem (h = tensor):

Aαβhαβ + Bαβγ∇γhαβ scalar ⇒ Aαβ , Bαβγ tensors. □
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GCM: Generalized Deformation

Generalized deformation of a GCM includes:

1 classical strain tensor represented by metric field gαβ

2 nucleation, drift, and annihilation of dislocations represented by
fields of torsion ℵγ

αβ , and curvature ℜγ
αβλ.
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Next step would be the search of conservation laws governing the
deformation of B.
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VII. Conservation Laws for GCM ( = Strain
Gradient Plasticity)

Physics of GCM is defined by a Lagrangian L = L (gαβ ,ℵγ
αβ ,ℜλ

αβγ)

Figure: Left: Plastic deformation of (Metallic alloy, set of microcosms);
Right: Spacetime in Loop Quantum Gravitation (set of ”quanta”).

Goal : Derive conservation laws for GCM.
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Principle of General Covariance (PGC)
For the general case, we have the action

S :=

∫

B

L ωn, with ωn = RC volume− form

1 Principle of General Covariance. 3 (e.g. Souriau 1975, Duval &

Künzle 1978, R 2018) The basic method is to express variation of
action resulting from the Lie derivatives, neglecting O(dλ),:

δξS = dλ

∫

B

(
σαβLξgαβ +Σαβ

γ Lξℵγ
αβ + Ξαβµ

λ Lξℜλ
αβµ

)
ωn

= 0

2 Conservation laws are deduced when the trajectory is shifted
while the action is left unchanged. Infinitesimal active
diffeomorphisms are defined by Lie derivative variations

(Lξgαβ , Lξℵγ
αβ , Lξℜλ

αβµ)

3This Principle can be extended to Noether-Klein method and furnishes
identities in addition to conservation laws by pointing out the variations ξ, ∇ξ,
∇∇ξ, ... Lompay & Petrov 2013L Rakotomanana Continuum Dislocations : Generalized Continuum Model



GCM: Generalized Deformation (alternative form)
We consider equivalent set of variables (contortion T , LC gradient
of contortion ∇T ) to avoid the use of ∇ which implicitly includes ℵ:

{
Γγαβ − Γ

γ

αβ := T γ
αβ

ℜγ
αβλ −ℜγ

αβλ := ∇αT γ
λβ −∇βT γ

λα +
(
T γ
βµT

µ
αλ − T γ

αµT µ
βλ

)

with the Levi-Civita (metric) connection ∇:

Γ
γ

αβ := (1/2)gγλ (∂αgλβ + ∂βgαλ − ∂λgαβ) → ℜγ

αβλ
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The main reason of using of these two equivalent dislocations
variables is to avoid torsion implicitly present in connection ∇.
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Lagrangian of the form L (gαβ, T γ
αβ,∇λT γ

αβ)

1 GCM action takes an alternative form:

S :=

∫

B

L
(
gαβ , T γ

αβ ,∇λT γ
αβ

)
ωn

w. volume-form ωn := eϑ(g,T ) ωn for divergence theorem (R 2025).

2 Constitutive laws. Dual variables are obtained from action

variation: δS =
∫

B

(
σαβ δgαβ +Σαβ

γ δT γ
αβ + Ξλαβ

γ δ∇λT γ
αβ

)
ωn





σαβ :=
∂L

∂gαβ
+ L

(
∂ϑ

∂gαβ
− gαβ

2

)
Stress

Σαβ
γ :=

∂L

∂T γ
αβ

+ L
∂ϑ

∂T γ
αβ

Micro− Stress

Ξλαβ
γ :=

∂L

∂∇λT γ
αβ

Polar Stress
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GCM: Principle of General Covariance

1 Variational Formulation. For any local translation ξ (x) generating
active diffeomorphism, the PGC takes the form of:

δS =

∫

B

[
σαβ Lξgαβ +Σαβ

γ LξT γ
αβ + Ξλαβ

γ Lξ∇λT γ
αβ

]
ωn = 0

This is considered as an extension of Principle of Virtual Power.

2 The Principle Virtual Power (PVP is given by (Gurtin & Anand

2005), assuming F := FeFp → Dp :=
{
Ḟp Fp−1

}
:

δWi :=

∫

B

(
Se : Ḟe + Tp : Dp + Tp : ∇Dp

)
dV = 0

where conditions are : Dp = DpT, TrDp ≡ 0.

3 To make PVP covariant, Dp and ∇Dp should be merged into the
time rate of unique variable Ġ where G := (DetFp)−1Fp RotFp

(Cermelli & Gurtin 2001).
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CCM : Classical Continuum Model L (gαβ)

1 Constitutive laws. The ”stress” σ is defined as :

S :=

∫

B

L ωn =⇒ σαβ :=
∂L

∂gαβ
− L

2
gαβ

2 Conservation laws.

Theorem

Consider a classical continuum model (B, g,∇) with a Lagrangian
function L (gαβ). Then :

∇ασ
α
γ = 0

Proof: Write the PGC:

∆S :=

∫
σαβ Lξgαβ ωn

Lξ gαβ = ξγ ∇γgαβ + gγβ ∇αξ
γ + gαγ ∇βξ

γ

Integrate by parts and shift the boundary flux terms to obtain:

−
∫

B

2 ξγ ∇ασ
α
γ ωn = 0 □
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CCM : Remark on Stress for Large Strain (R 2022)

Say local transformation dx = F (dX) (Pfaffian), with the spatial,
initial material, and deformed material bases:

(ei , i = 1, 2, 3) , (Eα, α = 1, 2, 3), (fα, α = 1, 2, 3) , fα := F (Eα)

Consider the stress tensor σ and J := DetF. Its projections hold:

”Cauchy” σ and Kirchhoff τ stresses,

σ → τ := Jσ to give Jei · σ
(
ej
)
= J σij

First Piola-Kirchhoff stress P := JσF−T

ei · τ
(
fβ
)
= Jei · σ

(
F−T(Eβ)

)
= ei · JσF−T

(
Eβ

)
:= P iβ

Second Piola-Kirchhoff stress S := JF−1σF−T

fα·τ
(
fβ
)
= JF−T(Eα)·σ

(
F−T(Eβ)

)
= Eα·JF−1σF−T

(
Eβ

)
:= Sαβ

We deal with the same tensor σ projected onto different bases !
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Weitzenböck Continuum Model L := L (gαβ, T γ
αβ)

1 Constitutive laws. We remind the two dual variables :

σαβ :=
∂L

∂gαβ
+ L

(
∂ϑ

∂gαβ
− gαβ

2

)
, Σαβ

γ :=
∂L

∂T γ
αβ

+ L
∂ϑ

∂T γ
αβ

In RG, dual variables σαβ and Σαβ
γ are respectively called

energy-momentum and hypermomentum (Hehl et al. 1976).

2 Conservations laws.

Theorem

Consider a Weitzenböck Continuum Model (B, g,∇) with a
Lagrangian function L (gαβ , T γ

αβ). Then :

∇β σ̃
β
ρ + T α

αβ σ̃
β
ρ = 0

with the generalized stress σ̃β
ρ :

σ̃β
ρ := σβ

ρ +
1

2

(
−Σαγ

ρ T β
αγ +Σβα

γ T γ
ρα +Σαβ

γ T γ
αρ

)
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WCM : Proof (1)
1. Invariance of Poincaré.

1 Express the PGC as variation due to active diffeomorphism:

δξ

∫

B

L ωn =

∫

B

(σαβ Lξgαβ +Σαβ
γ LξT γ

αβ) ωn = 0

2 Compute the Lie derivatives (tedious !)
{ Lξgαβ = ∇αξβ +∇βξα + gαγT γ

ρβξ
ρ + gγβT γ

ραξ
ρ

LξT γ
αβ = ξρ∇ρT γ

αβ − T ρ
αβ∇ρξ

γ + T γ
ρβ∇αξ

ρ + T γ
αρ∇βξ

ρ

3 We write the integrand (terms in brackets):

δξL = σαβ
(
∇αξβ +∇βξα

)
+ σαβ

(
gαγT γ

ρβ + gγβT γ
ρα

)
ξρ

+
(
Σαβ

γ ∇ρT γ
αβ

)
ξρ

+ Σαβ
γ

(
−T ρ

αβ∇ρξ
γ + T γ

ρβ∇αξ
ρ + T γ

αρ∇βξ
ρ
)
= 0

It should vanish for all compatible diffeomorphisms (as for PVP).
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WCM : Proof (2)

2. Global Invariance. By considering uniform ξ, we deduce an identity:

σαβ
(
gανT ν

ρβ + gνβνT ν
ρα

)
+Σαβ

γ ∇ρT γ
αβ = 0

3. Local Invariance. We consider non uniform translations ξ (x),
factorize by ∇βξ

ρ, integrate by part, and drop all terms in divergence
(for the sake of the simplicity) and obtain:

∫

B

σ̃β
ρ ∇βξ

ρ ωn =

∫

B

[
∇β

(
σ̃β
ρ ξ

ρ
)
−
(
∇β σ̃

β
ρ + T α

αβ σ̃
β
ρ

)
ξρ
]
ωn = 0

by defining a generalized stress measure:

2σ̃β
ρ := 2 σβ

ρ − Σαγ
ρ T β

αγ +Σβα
γ T γ

ρα +Σαβ
γ T γ

αρ □

Remarque

Presence of the contortion in the conservation laws is due to the use of
Levi-Civita connection but Riemann-Cartan volume-form.
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WCM : Some remarks (1)

1 Literature. Similar conservation equations were obtained in the
past obtained for

Relative Gravitation (e.g. Souriau 1975, Hehl et al. 1975,
Lompay & Petrov 2013, ... ),
Newton-Cartan Gravitation (e.g. Duval & Künzle, 1978),
Noll materially uniform continua (e.g. Noll 1967, R 1998).

2 The generalized stress tensor (not necessarily symmetric) σ̃β
ρ

extends the classical Cauchy stress σβ
ρ .

3 The generalized stress includes two contributions: ”macro” σα
ρ

and ”micros” Σαβ
γ T γ

ρβ due to change of grain structure and
dislocations density associated to plastic deformation.
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WCM : Remarks (on the micro-stress / hypermomentum)

The hypermomentum / micro-stress Σαβ
γ consists in three terms (Mindlin

1964, Hehl et al. 1976, 1977, Gordeeva et al. 2010):

Σαβ
γ = Σ[α,β]

γ +
δαγ
n

Σ
β
+Σ

(α,β)

γ

Spin-angular momentum / Rotatory micro-stress

Σ[α,β]
γ skew symmetric part

Proper hypermomentum / Proper micro-stress

Σ(α,β)
γ symmetric part and Σ(α,β)

α = Σ
β

dilatational

Traceless proper hypermomentum / Traceless proper micro-stress

Σ
(α,β)

γ := Σ(α,β)
γ − δαγ

n
Σ

β
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Generalized Continuum Model L := L (gαβ, T γ
αβ,∇λT γ

αβ)

Theorem

Consider a Generalized Continuum Model (B, g,∇) with a Lagrangian
function L := L (gαβ , T γ

αβ ,∇λT γ
αβ). Then :

∇β σ̃
β
ρ + T α

αβ σ̃
β
ρ = 0

with the generalized stress σ̃β
ρ :

σ̃β
ρ := σβ

ρ +
1

2

(
−Σαγ

ρ T β
αγ +Σβα

γ T γ
ρα +Σαβ

γ T γ
αρ

)

+
1

2

(
−Ξλαγ

ρ ∇λT β
αγ + Ξβαλ

γ ∇ρT γ
αλ + Ξλβα

γ ∇λT γ
ρα + Ξλαβ

γ ∇λT γ
αρ

)

Generalized stress includes Ξλαβ
γ that corresponds to (mass)

quadrupole moment in Relative Gravitation (Dixon 1970, Souriau 1974,
Bayley & Israel 1975).
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GCM: Proof (1)

Express the PGC involving arbitrary active diffeomorphism:

δξ

∫

B

L ωn =

∫

B

[
σαβLξgαβ +Σαβ

γ LξT γ
αβ + Ξλαβ

γ Lξ∇λT γ
αβ

]
ωn = 0

with the Lie derivatives Lξgαβ and LξT γ
αβ .

Compute the Lie derivative of the covariant derivative:

Lξ∇λT γ
αβ = ξρ ∇ρ∇λT γ

αβ −∇λT ρ
αβ∇ρξ

γ

+ ∇ρT γ
αβ∇λξ

ρ +∇λT γ
ρβ∇αξ

ρ +∇λT γ
αρ∇βξ

ρ

Consider a uniform ξ field, then we obtain the identity:

σαβ
(
gαγT γ

ρβ + gγβT γ
ρα

)
+Σαβ

γ ∇ρT γ
αβ + Ξλαβ

γ ∇ρ∇λT γ
αβ = 0
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GCM: Proof (2)

Use of same method as previously for non-uniform ξ, we factorize
the remaining term by ∇βξ

ρ, and obtain :

δξL = σαβ
(
∇αξβ +∇βξα

)

+ Σαβ
γ

(
−T ρ

αβ∇ρξ
γ + T γ

ρβ∇αξ
ρ + T γ

αρ∇βξ
ρ
)

− Ξλαγ
ρ ∇λT β

αγ ∇βξ
ρ + Ξβαλ

γ ∇ρT γ
αλ ∇βξ

ρ

+ Ξλβα
γ ∇λT γ

ρα ∇βξ
ρ + Ξλαβ

γ ∇λT γ
αρ ∇βξ

ρ

The proof of the theorem follows. □

Note: Use of other vector field ξ allows us to obtain other conservation
laws or identities (linear, angular momentum, ...).
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GCM: Comment on Generalized Stress

Roughly speaking, the generalized stress includes three contributions:

1 the classical Cauchy stress / energy-momentum σαβ deforms the
underlying continuum shape.

2 the micro-stress / hypermomentum current Σαβ
γ T γ

ρβ (and

Σαβ
γ T γ

αρ) induces change of density of dislocations / defects at each
point (discontinuity of scalar field)

3 the polar stress / (mass) quadrupole moment : Ξλαβ
γ ∇λT γ

ρβ (and

Ξλαβ
γ ∇λT γ

αρ) drives the relative motions of grains / continuum
microcosms (discontinuity of vector field).
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VI. Generalized Continuum Model and Example of
Constitutive Laws
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In this particular case, the two variables T γ
αβ , and ∇λT γ

αβ capturing
evolutions of density of dislocations are considered as internal variables.
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GCM: Overall Thermodynamic Process

A Thermodynamical Process of a particular GCM is assumed to be

defined by the set (Coleman & Gurtin 1967):

1 spatial position of each point M ∈ B : x = φ (X, t);

2 temperature θ (M, t);

3 stress tensor σ (M, t) (micro-stress Σ (M, t) and polar stress
Ξ (M, t)) and external body force ρb (M, t);

4 entropy s (M, t);

5 Helmholtz free energy ϕ (M, t);

6 heat flux q (M, t);

7 heat source r (M, t)

8 Extended set of Internal Variables : contortion T and its
LC-covariant derivative ∇T (Ramaniraka & R 2000, R 2003).
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GCM: Objective rate of tensors (R 1998)

Definition

(B-derivative) Let A be a tensor of type (p, q) on B. The time
derivative of A with respect to B is a tensor of the same type as A,
which satisfies for any p-uplet of vectors (f1, ..., fp) and for any q-uplet of
1-forms (ω1, ..., ωq), macroscopically embedded in B,:

dBA

dt

(
f1, ..., fp, ω

1, ..., ωq
)
≡ d

dt
[A(f1, · · · , fp, ω1, · · · , ωq)]

Generalized Continuum Model: The B-derivatives of the primal /
internal variables are given by:

ζg :=
1

2

dBg

dt
, ζT :=

dBT
dt

, ζ∇T :=
dB∇T

dt

Definition includes all so-called objective rate of tensor of classical
continuum mechanics (and Lie derivatives on RC manifolds) (R 2022)
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GCM: Constitutive laws of rate-independent material

Theorem

A Generalized Continuum Model of the rate type B is defined by
constitutive tensor functions: ℑ = {σ,Σ,Ξ, ϕ, s} :

ℑ = ℑ̃
(
g, T ,∇T , ζg , ζT , ζ∇T

)

Then the free energy ϕ takes necessarily the form ϕ = ϕ̃
(
g, T ,∇T

)

and the entropy inequality as:

Jg : ζg + JT : ζT + J∇T : ζ∇T ≥ 0

with worth dual dissipation variables (Jg , JT , J∇T ).

Proof Extension of Coleman & Noll theorem (R 2003) □. To ensure
the Entropy Inequality, introduce a Dissipation Potential ψ which is
positive, convex and zero when the rates are equal to zero (Moreau 1970,
Germain 1973).
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GCM: Principle of Maximum Dissipation (v. Mises, 1928)

Evolution of defects may be derived by means of the Principle of
Maximum Dissipation. (e.g. Hackl et al. 2007, 2011, 2024)

Principle of Maximum Dissipation (constrained optimization):

Max {ψ (ζT , ζ∇T ) such that ψ − (JT : ζT + J∇T : ζ∇T ) ≡ 0}

Introduce a extended dissipation function to maximize:

ψext := ψ + λ [ψ − (JT : ζT + J∇T : ζ∇T )]

Necessary stationarity conditions from derivatives to obtain three
(in)-equations:





(1 + λ)
∂ψ

∂ζT
− λ JT = 0 [ ∋ 0 ]

(1 + λ)
∂ψ

∂ζ∇T
− λ J∇T = 0 [ ∋ 0 ]

ψ − (JT : ζT + J∇T : ζ∇T ) = 0
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GCM: Non-smooth Evolution Rule

Define a new Lagrange multiplier Λ = (λ+ 1)/λ, and assume a
homogeneous function ψ of degree 1 to deduce:





JT = Λ
∂ψ

∂ζT

J∇T = Λ
∂ψ

∂ζ∇T

extended to





JT ∈ ∂ψζT (ζT , ζ∇T )

J∇T ∈ ∂ψζ∇T
(ζT , ζ∇T )

Invert by using Legendre-Fenchel transform (e.g. Rockafellar,
1970):

ψ∗ (JT , J∇T ) := Sup(ζT ,ζ∇T )
[JT : ζT + J∇T : ζ∇T − ψ (ζT , ζ∇T )]

Use conjugate function ψ∗ to obtain Defects Evolution Rule :





ζT =
∂ψ∗

∂JT

ζ∇T =
∂ψ∗

∂Jζ∇T

extended to





ζT ∈ ∂ψ∗
JT

(JT , J∇T )

ζ∇T ∈ ∂ψ∗
J∇T

(JT , J∇T )
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GCM: Normal Dissipative Material (from R 2003)

1 Indicator function (≃ rate-independent plasticity): A choice of
convex, homogeneous of degree one Dissipation Potential
ψ = ψ̂ (ζT , ζ∇T ) that vanishes when rates are zero:

ψ̂∗ (JT , J∇T ) := SupζT ,ζ∇T

[
JT : ζT + J∇T : ζ∇T − ψ̂ (ζT , ζ∇T )

]

=

{
0 if (JT , J∇T ) ∈ C
∞ if (JT , J∇T ) /∈ C

allows us to satisfy the entropy inequality !

2 The Helmholtz Free Energy ϕ takes the form of:

ϕ = ϕ̂
(
g, T ,∇T

)

Remarque

ζT and ζ∇T are the covariant rate of defects evolution analogous to

plastic deformation rates Dp := Ḟp Fp−1 and ∇Dp used in the framework
of GND e.g. (Cermelli & Gurtin 2001).
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VIII. Concluding Remark

Figure: GCM of continuum dislocations and way of Life

Strain Gradient Plasticity including density of dislocations may be
worthily modeled with Generalized Continuum Model (i.e.
Riemann-Cartan manifold) with metric gαβ for shape change, torsion ℵγ

αβ

(resp. T γ
αβ) for translational dislocations, and curvature ℜγ

αβλ (resp.

∇λT γ
αβ) for rotational dislocations.
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Springer

”We end our panoramic tour of Generalized Continuum Mechanics by mentioning an
original geometric solution as presented in the book of Rakotomanana (2003), which
offers a representation of a material manifold - that is everywhere dislocated - with
the appropriate generalized gradient operator.” (Maugin, 2013)
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Merci pour votre attention !
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