GDR-GDM n. 2043 - Géométrie Differentielle et Mécanique, La Rochelle

Metamodele de la propagation d’ondes sismiques 3D '
par opérateur neuronal de Fourier (FNO) amélioré
avec un transfert d’apprentissage

Filippo Gatti’® !, Fanny Lehmann®-#®, M. Bertin*, D. Clouteau’

TLaboratoire de Mécanique Paris-Saclay UMR 9026
Université Paris-Saclay, CentraleSupélec, ENS Paris-Saclay, CNRS

# CEA/DAM/DIF
@ : " Laboratoire
I S de Mécanique
\ 3 Paris-Saclay

June 26, 2024

1. filippo.gatti@centralesupelec.fr


https://orcid.org/0000-0001-7174-4048
https://orcid.org/0000-0002-8296-6110
https://orcid.org/0000-0002-4953-9184

Outline

@ General context

@ Earthquake neural simulator
® What’s next?

@ Annexes

© Bibliography

2/43 Filippo Gatti GDR-GDM n. 2043 - Géométrie Differentielle et Mécanique



General context



Earthquake risk

My,7.8-7.7 Tiirkiye-Syria earthquake (February 2023)

e World Bank estimated $34+ bn losses (4% of Turkey’s total GDP)
e Catastrophe modeller RMS estimated $25 bn losses
* Insured losses projected to exceed $5 bn

® Residential building : $18+bn

® Non residential buildings : $9.7 bn

® Infrastructures : $6.4 bn

® Public compulsory earthquake insurance (paying capacity : $2.5 bn)

;i

.

Source : reinsurancene.ws
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https://www.reinsurancene.ws/world-bank-puts-economic-cost-of-turkey-quakes-at-34bn/

What we do

SEM3D [4, 10] : an open-source HPC code for earthquake simulation
(https://github.com/sem3d/SEN)

v (m/s)
-5e+01

25

- epicenter

El'Je +00

Figure — Earthquake simulation at the Volvi basin (Greece) [5]. 13 km x 11 km wide
area. ~7 h wall-time - 216 MPI cores @Ruche (~62 days CPU time)
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https://github.com/sem3d/SEM

The earthquake engine : SEM3D

Veloc Magnitude

Figure — 1.3 -10'° dofs; 0-10 Hz Argostoli earthquake [10]. ~20 h wall-time - 4000
MPI cores @Occigen (3333 days CPU time)
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Earthquake simulation at several nuclear facilities @

Kashiwazaki-Kariwa NPP (Japan) [6]
Time: 2.40

STRUCTURE (),
FOUNDATION (),

Weak-coupling with code_aster/Cast3M

6/43 Filippo Gatti GDR-GDM n. 2043 - Géométrie Differentielle et Mécanique



Open questions

Summary
® Retro-engineering is hard but not impossible...
e ..in a limited frequency range (0-10 Hz)

e ..and with high uncertainty

¢ ..what if multiple geological models are available ?
¢ ..what if no observations are available ?

¢ ...how to reduce the computational cost ?

¢ ...how to simulate multiple scenarios REAL TIME ?
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Earthquake neural
simulator




Neural operators

for 3D wave equation

(& CRALR = (0,0 dyi)) o Q=10,L[%; 9Q, = {z = 0}
XX 32 vorels (G0 m resomm?soo ® Sommerfeld’s radiation replaced by PML

* Random fluctuation of p (x), A (x), u (x)
(randomFields [3])

zzzzf e cs(x) = ,/‘f“,Cs (x) =1.719]

1500 @ f - (X;t) — a(t)h (X)

1000

X (km)

Green function U (x, L&, T,ik) : Deglig = 6 (1) ¢ (x)i,

pOiug = (A+2p) Vydivy (ug) + uAxtg + Vyd (divy (ug)) — uVy A Vy Alg+6:() 8¢ (X) P, (1)

Representation theorem with traction-free surface [1] :

u(x;t) Z//(uext—-r§01k a(T)IK+Z// qut—-rg-‘Olk)/'(O(f 7))
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Neural operators

in 3D elastodynamics
HEMEW-3D (link) : 30000+ SEM3D simulations at 5 Hz (open-source !)

random homogeneous
layers random fluctuations

elastic wave equation

& 4.‘ Spectral Element Code

* point-wise source

velocity model

96\<“‘ 9.6 km

p N Neural Operator
surface wavefields

9.6 km

time

Non-linear mapping G : s € L? (Q) > U € H} (R*,H'(8Q|,)°)?
Neural operator Gg(Cs)V = fg k, (x,y.cs (x).cs(y)) v (y)dy
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https://entrepot.recherche.data.gouv.fr/dataset.xhtml?persistentId=doi:10.57745/LAI6YU

(Factorized-) Fourier Neural Operators [11]

1. lterative training

Vo
: ) Factorized Factorized
”' 4Fourier layer P ot '|Fourier layer
=
s

- [ 1
'*@ o
Il

Projection i
network Q ==

. g
= k=
X y

© Convolution theorem : k, (x,y.cs (X).cs (y)) =k, (x - y)

Fourier Neural Operators [8] :

® Iterative learning : Gy = Q o H,Ef)) o H,E_‘)_” o... H,E_O) oP

(x,cs(x)) =€ »v @ (£) > ...vOD - . v S d(x;t) |aq,
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(Factorized-) Fourier Neural Operators [11]
2. Neural-Network and Fast-Fourier Transform

Vo
: ) Factorized Factorized
”' 4Fourier layer P ot '|Fourier layer
=
s

* .Dpr @ Projection '-—‘ o
. [RJ-{FT) network Q ==
R ' @mm

Fourier Neural Operators [8] :
©® Neural Network layer : v(¢+) = & (W(f).v(‘)) +/Q]]§(£) (x.y) v (v) dy)

©® Convolution in Fourier domain R(©) := 77(]]&(‘))) w0 oM Mo ML)

v (g) = (7T (RO 07 (vO) (6)) + WOV () +67) @)
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(Factorized-) Fourier Neural Operators [11]
3. Factorization

Vo Vi, "
E E’,
) Factorized Factorized
fi, ——— 4Fourier layer P '|Fourier layer P =
<8 = y
( < i 1
* LS Sy g
| ¢
& o
2 = g
- k=
. ' w0 e
FFT, FFTY,

Factorized Fourier Neural Operators [11] :
® Three 1D FFTs instead of a single 3D FFT

. (&) (0) (&) .
#0 : O(M(1) +M(2) +M(3))perln\yer)

v () =v O (@) o W) o (WO KO W O) (€) +b)) + b | 3)

KO W) = 73] (R Ty (V1)) + 75} (RG) 7o) (V) + 75 (R(G) oy V() )
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(Factorized-) Fourier Neural Operators [11]
4. Uplift and Projection

depth

Factorized ... w Factorized
Fourier layer Fourier layer

¢
Projection i
network Q f‘“‘i %4 o

x y

P:(x.y.z,cs(x,y,2)) € R* > MLP2(MLP1(x.y,2,¢s(X,y,2))) € R%
® Projection sub-networks Q;

Factorized Fourier Neural Operators [11]
@ Uplift sub-network

vNe s MLP,(MLP; (vNe)) (projection of
d,-channel variable v/V¢ onto 1-channel physical variables ; ()
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(Factorized-) Fourier Neural Operators [11]

applied to seismology [7]

Unperturbed velocity model Velocity model + 25% noise
Unperturbed velocity model
14 = ground truth = ground truth
0 — = prediction — = prediction
§
=
24
o
£ 1
A
04
s
-1
7 07
£
A
221
(K T T T T T T T T T T T
— 1 2 3 4 5 6 7 1 2 3 4 5 6 1
1000 2000 3000 4000 Time (s) Time (s)

Vs (m/s)

Figure — Robustness to noise [7].
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F-FNO elastodynamics benchmark [7]

4 Nvidia Ampere A100 GPUs. dy = 16, M\\) = M:é: =16,ve, My =16,M'5) =32,ve > 2

Model do ~ 22’:91 tr(e)(s)  t(x1073s)  Speed-up CPU/GPU (x107)
FNO 58.7m 129 50 16
U-NO 24.6m 216 63 13
G-FNO 67.2m 690 4.0 20
F-FNON(©) =4 139k 216 3.0 27
F-FNO N(©) =g 246k 222 33 25
EENON() =12 353k 225 3.7 22
FEFNON() =16 460k 231 43 19
FENON() =20 568k 246 47 17
EENON() =24 675k 273 5.0 16
F-FNON() =28 782k 300 53 15

Table — F-FNO benchmark on 77 = 0.0006. The speed-up is computed as the ratio between the mean
simulation time (22.72 h CPU equiv.) and the inference time [7].

FNO G-FNO F-FNO
025 0.25 025
Training Validation Training Validation Training Validation
— Init. #1 === Init. #1 — FNO --- FNO — FNO -=- FNO
02 Init. #2 Init. #2 02 — GENO  --- G-FNO 0.2 —— F-FNO4layers  ——- F-FNO 4 layers
Init. #3 Init. #3 ~—— F-FNO 8 layers ~=- F-FNO 8 layers
it nit- —— F-FNO 28 layers  —=- F-FNO 28 layers

Relative Mean Absolute Error
Relative Mean Absolute Error
°
o
&
Relative Mean Absolute Error

0.085 0.085
0 50 100 150 200 0 50 100 150 200 0 50 100 150 200 250 300 350

epochs epochs epochs
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F-FNO Benchmark

Some comparisons in terms of metrics.

Model rRMSE I‘FFT[OW I‘FFijd I‘FFThigh

FNO 0.23+0.088 -0.17 +0.18 -0.30 + 0.24 -0.44 + 0.30
U-NO 0.22+£0.088 -0.16+0.16 -0.28+0.22 -0.44+0.28
G-FNO 0.26 +0.073 -0.53+0.12 -0.76 + 0.11  -0.94 + 0.04

FFNON®) =4  023+0.081 -029+0.16 -042+021 -0.55%0.26
FFNON®) =8  021+0.083 -0.15+0.14 -026+0.19 -0.37+0.26
F-FNON() =28 0.17 £0.081 -0.08+0.10 -0.14 +0.15 -0.23 + 0.22

Table — Mean and standard deviation of relative biases for 1000 validation samples. rFFTiow, FFFTmid,
rFFThigh : frequency biases/deviations [7].

Fourier coefficients of velocity wavefield at (1950m; 2250m) — Ground truth == Prediction
Ve Vi Vz
102
Q
£
S
Q
°
2
2
£
©
ko
5
2
0.030.0 -0.15 l0.01-0 -0.31 10.03-0.1 -0.27
107!

o 1 2 3 4 5 6 70 1 2 3 4 5 6 70 1 2 3 4 5 6 7
Frequency (Hz) Frequency (Hz) Frequency (Hz)
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F-FNO elastodynamics

Parametric analysis

0.6 0.6
Training Validation A Training Validation
N low freq. low freq. '\ low freq. low freq.
0.5 \ N —#— medium freq. == medium freq. 0.5 ~#— medium freq. == medium freq.
—&— high freq. =&=- high freq. \ —&— high freq. =&=- high freq.

o

>
o
>

—FFT relative bias
o
w

—FFT relative bias
o
w

0.2 0.2
0.1 0.1
0.0 0.0
8 12 16 20 24 28 32 4 8 12 16 20 24 28
Number of channels Number of layers

Figure — Left : effect of d, ; right : effect of N(©) [7].
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F-FNO elastodynamics

Out-of-distribution generalization

Velocity model with rotations (slice view at y=4.8km)

0.0 rotation 0.0° rotation 5.7° rotation 11.5°
— 4500
§ -4.8
N 4000
3500
9.6 T I . | : | —
3000 %
0.0 rotation 17.2° rotation 22.9° rotation 28.6° ZSOOE
2000
i 1500
§ -4.8
N
-9.6
9.6 0.0 9.6 0.0
X (km X (km) X (km)

Figure — Rotating horizontal layers around the y-axis with five rotation angles (5.7°,
11.5°,17.2°, 22.9°, and 28.6°) in x-z plane [7].
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F-FNO elastodynamics

Out-of-distribution generalization

E-W velocity at (7.65km, 3.15km)

rotation 0.0° rotation 5.7° rotation 11.5°
£ 4 ] \ 4
L
2
L -4 = ground truth g g
= = prediction
=6 - - - - - - -
rotation 17.2° rotation 22.9° rotation 28.6°
% 2] ] |
= I\
£ o if\ee ]
>
§ =21 4 p
o ]
Q -4 4 4 H d
= '
-6 T T T L T b T T T
2 4 6 2 4 6 2 4 6
Time (s) Time (s) Time (s)

Figure — Rotating horizontal layers around the y-axis with five rotation angles (5.7°,
11.5°,17.2°, 22.9°, and 28.6°). Corresponding time-histories [7].
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On the representation equivalence[2]

Discretization invariance

Discrete operators are resolution-invariant ?

9, @) =T! 0Toog(¥,®) 0 Tjo Ty = 7(¥,0,¥,0) =0

) " (g

(1) ) 2 gy

Figure — Representation equivalent Neural Operator (ReNO) [2]
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On the representation equivalence[2]

Fourier Neural Operator

Fourier layer v(‘*1) = H,E_f)v([) :

v (g) = (F (RO o F (vO) () + WOV () +6D)  (5)

To simplify (W) =0, b'¥) = 0) 8]
* Fourier layer: G = o (KOv( (¢)) =0 (F~' (RO o F (vD) (£)))
e Fiwel?(T) - {(w/™ )}, €t?(2)
* F1 i {(Wikkez € €7 (Z) = Syer Wi€™
e Discretization (F, F~' : DFT) :
g=c K (£) =0 (FT (RO oF(v)(£))
* CDE: K >0, Px = {w(x) = Ty We™ {Wiki__x € C**'} c By :

=
&
x

|

X k 1 o ||
P d>w= w(i 9, _{ d(~— )}
k:z—:K 2K +1 V2 (2K +1) 2K +1 40

d =Dirac’s kernel and DFT coefficients W, = (2K + 1) W, k € {-K ... K}
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On the representation equivalence[2]
Fourier Neural Operator

1,

1
_1 g
C2K+1 (QKH)'F; C2K+1 RO oK1 CRTD T oK 41

Figure — CDE for FNO. Reprinted from BArToLUCCI et al. [2].

e Representation equivalence : K' < K
® Kernel weights {Rk}f_:_ K’
® FNO (without activation) is a ReNO between bandlimited 2-periodic

functions
(RoOFw) (k) =RW, ke{-K,....K'}
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On the representation equivalence[2]

Fourier Neural Operator

o (f) = ReLU(f) ¢ Px

i
N I
H — relu(f)
— gelu(f)
-- Nyquist frequency

60 a0

20 o »
frequency

Figure — Activation function hampers CDE for FNO. Reprinted from BArRTOLUCCI €t al.
[2].
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F-FNO elastodynamics

Transfer learning on Le Teil geology

Le Teil
0

_2 B 54
= g
I 8
< °
b~ [}
o
O —61 %
e g

~ 'Y
—8 5%; 95% L 9 —20
15%; 85% 55
—— mean
-10 " . —-30+ . : : : ;
0 2 4 0.0 0.1 0.2 0.3 0.4 0.5
Vs (km/s) Coefficient of variation

Figure — Transfer learning on Le Teil geology (left) for the 2019 M,4.9 earthquake.
Right : PGV relative bias as a function of the geology CoV.
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Multiple-Input Fourier Neural Operator (MIFNO) @es ==

s ] i

SxxSyxS,x1

F-Fourier
F-Fourier
x

SxXSyxS,x4 SxxSyxS,xd, SxxSyx$,xd, ScxSyxS,xd, UK + Us

S 1y

source brancl VK X Vs SexSyxSx1

S
=
|
w
F-Fourier
.
.
.
F-Fourier

SxxSyxS,x3d, SxxSyxS,'x3d, SxxSyxSx3d,

S p— U7

SxXSyxS,x1

or3+6 AMM,  2Myx2Myx 1 2My x 2My x 2M, x 1 SxxSyxS,xd,
2My X 2My x 2Mz 2My X 2My x 2M, xd,
Flgure — The MIFNO is made of a geology branch that encodes the geology with factorized Fourier (F-Fourier) layers, and a source
branch that transforms the vector of source parameters (xs, Hs) into a 4D variable vg matching the dimensions of the geology branch output
vk . Outputs of each branch are concatenated after elementary mathematical operations and the remaining factorized Fourier layers are

applied. Uplift P and projection Qg, Q, Q7 blocks are the same as in the F-FNO.
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MIFNO

for source-dependent 3D elastod

Ground truth Prediction
2 2
0 1 0 1
~2000 -2000 g
) o §
—-4000 —4000 2
z z &
—6000 —-6000
-1 -1
—-8000 -8000
-2 -2

8000 0 8000 0

Figure — Source-to-site finite-fault simulation with MIFNO.

o choose randomly one geology in the Le Teil database

9 for each point on the fault plane, predict the surface wavefields with the fine-tuned MIFNO
9 deconvolve all surface wavefields by the spice bench source time function

9 convolve each surface wavefield by the source time function corresponding to its associated point source

6 sum all surface wavefields
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What’s next ?



Conclusions and perspectives

Summary Neural operators surrogate 3D elastodynamics :
® [ earning Green’s operator in heterogeneous media

® [ earning Green’s operator for any source position

Extended faults via superposition
® QOpen-source database
Perspectives (ongoing)
® Including complex geometry (topography)
® Representation equivalence BartoLuccr et al. [see 2]
e UQ for safety margin assessment
For further info: OMEIR Team webpage
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Annexes



On the representation equivalence[2]

Frame theory

How to learn operators from discrete data in (separable) Hilbert spaces ?
{fitic; € H is a frame ift :

JAB>0 st AlfIP< (6| < BIf|IP
iel
® Synthesis operator : T : {ci}jc; € t3(I) — Y,cs Cif; € H (bounded
ITI < VB)
Analysis operator : T* : f € H + {{f,f)};c; € £?(I) (bounded)
Frame operator : S = TT* (bounded, positive, self-adjoint and invertible
ISllop < B)

Sf= (.6

iel

Pseudo-inverse : 77 : f € H > {(f,.S7)},_, (1T lop < \/L;)

f=TT'f= Z(f,8‘11‘,-))‘,- = Z (f,£YS'f

iel iel
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On the representation equivalence[2]

Continuous-Discrete Equivalence (CDE)

Countable {v;};c; € H is a frame sequence if frame for
V:=span{v;:iel} c H Gff T* :span{v; :i € I} — £?(]) injective, even if
T* not surjective— T not injective) :

Poyf = Z (£,5 ) vi  &(f)=f—Puytf

iel

CDE : aliasing error ||e(f)|| = 0!

(1) — #(K)

Figure — Source : BarToLucci et al. [2]. H = L? (R?), K = H) (R*,H'(0Q]1)?)
G:Dom(G)cH > K
Vo = span ({¢i}ic;), Vo = span ({wj}jeJ) : discrete operator g : £2(/) — £?(J)
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On the representation equivalence[2]

Operator aliasing

£(G,0,¥,®)=G-TpogoT,

Example

feBq:={fel2(R):supp(f) c [-Q,Q]} Whittaker-Shannon-Kotel nikov
sampling theorem : f(x) = 2TQ 3,7 f(nT)sinc(2Q(x — nT))
G:Ba— Boa,G:f— |f|?:
O VY =>={sinc(2Qx —n)},c7
® Same grid {%}nez
* Discrete operator g({Cn}ncz) = Ty © G o Ty({Cn}pez) = {leal?}, .,
* 5(G,g, %, ) () = G(f) - ToT,, 0 G(f) # 0, ¥f € Ba, G(f) € Bao\Ba

[ —
Pgg, (f)

® Y = {sinc(2Qx — n)},cz, © = {sinc(4Q2x — n)},cz
* Double-resolution grid { ;% }
® Bo C Bog
* £(G,g,¥,®) (f) = 0, Vf € By CDE!

nez
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On the representation equivalence[2]

Representation equivalence error

Discrete operator depends on the input/output frame sequences Vg = span (¥),
Vo = span (®)

: i i
g9(¥,®) : RanT,, — RanT

Note that : T;, Ty orthogonal projector onto (Ker(Ty))™" RanT\I, C ‘H (closed)
= f € H uniquely determined by {fi};¢,; C F?anT;f,

T(g’g’) =g- T;r)oT(D; og’ oT\;, oTy
Equivalent discrete representation : ||7 (g, g/) =0

H—C K
Ty

o3

(G,g) are ReNO iff (G, g, ¥, P) =0 , )
Suff. condition : (¥, ®) s.t. Dom(G) € Vg, Ran(G) c Vp (1) —— £(K)

= g(¥,®) =T, 0 Go Ty : Ran(T,,) — Ran(Ty)
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On the representation equivalence[2]

Discretization invariance

g¥.,®)=T ,oTcpog(‘P(I))oTToTlP — 7(V,0,¥,0) =0

) "2 2

G
;\I’\ 4

¢? (I’) EQ(K’)

K

Figure — Representation equivalent Neural Operator (ReNO) [2]
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On the representation equivalence[2]

Layer-wise instatiation
Multi-layer Neural Operator G = H(") o ... 0 H) o ... 0o H® with with
HO = Hp — Hyg
e Unless H) is aReNO V¢ € {0, ..., L} = layer-wise aliasing error
propagates
e It depends on the choice of ¥(¢)

e Barroruccr et al. [2] : Aliasing may be kept small ||e(G, g, ¥, D)|| < 6 :
If (¥, ®) and (¥, @) s.t. Dom(G) € Vi N Vi, Ran(G) € Vo NV and

20VBy
VAy

(9.9l <

Gy =QOH,(_.€) OH,(_.[_” 0...H,(_.0) oP?
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On the representation equivalence[2]

Fourier Neural Operator

Fourier layer v(‘*1) = H,E_f)v([) :

v (g) = (F (RO 0 7 (vO) () + WOV () +6D)  (6)

To simplify (W) =0, b'¥) = 0) 8]
* Fourier layer: G = o (KOv( (¢)) =0 (F~' (RO o F (vD) (£)))
e Fiwel?(T) - {(w/™ )}, €t?(2)
* F1 i {(Wikkez € €7 (Z) = Syer Wi€™
e Discretization (F, F~' : DFT) :
g=c K (£) =0 (FT (RO oF(v)(£))
* CDE: K >0, Px = {w(x) = Ty We™ {Wiki__x € C**'} c By :

=
&
x

|

X k 1 o ||
P d>w= w(i 9, _{ d(~— )}
k:z—:K 2K +1 V2 (2K +1) 2K +1 40

d =Dirac’s kernel and DFT coefficients W, = (2K + 1) W, k € {-K ... K}
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On the representation equivalence[2]
Fourier Neural Operator

T} Id Id TwK,T
1
_1 g
C2K+1 (QKH)'F; C2K+1 RO oK1 CRTD T oK 41

Figure — CDE for FNO. Reprinted from BArToLUCCI et al. [2].

° K <K
® R = {Rk}f_:_K’
® FNO (without activation) is a ReNO between bandlimited 2-periodic

functions
(RoFw)(k)=RWy, ke {—K,...,K}

36/43 Filippo Gatti GDR-GDM n. 2043 - Géométrie Differentielle et Mécanique



On the representation equivalence[2]

Fourier Neural Operator

o (f) = ReLU(f) ¢ Px

i
N I
H — relu(f)
— gelu(f)
-- Nyquist frequency

60 a0

20 o »
frequency

Figure — Activation function hampers CDE for FNO. Reprinted from BArRTOLUCCI €t al.
[2].
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F-FNO Goodness of Fit metric

Nyaj
1
MAE = ———— rMAE(x, 7
NN, Z] Zy] n(x.) ™

Nyay

’
rRMSE = ————— rRMSE; (x, ®)
NyaiNxNy ; - n(X.y)

F (V(X,y))l - F (VX ¥)) iow
FFTioy = ERACL S ©)
F VY iow

with ]
FVOow =37 2, 1TV (10)

fo<r<1
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