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§1. Derivations in Fibre Bundles

6.1.1 Choose a module P over a K-algebra A, where K is a
commulative ring with unit. By a derivation of the module P over
the derivation X € D{A) we mean a linear map §:P—P such that

Xiap)= X{alp+aX(p) (6.1)

forall ae A, peP.

The set of all derivations of P is a module (over A) which shall be
denoted by Der(P). It follows from (6.1) that &,(X)eEndP is a
scalar: [8,(£)])(p)= X(alp, ac A, pe P; thus Der P Difly(P, P)

Let us give another description of the module Der P. To do this
consider the homomorphism (:Diff,( P, P)—D{End P), where {(A)(a)=
BalA).

In the module End P, consider the submodule consisting of scalar
endomorphisms: this submodule will be identified with the algebra A.

DERIVATIONS IN FIBRE BUNDLES 21y

This always be done when A is a D-algebra. It follows from the
definition of the module DIff,(P. P) that the sequence

0 End P DilT,(P. P)— - D(End P) 16.21
is exact.
Note that the definition of the submodule Der P DiffyI P, P)

implies the existence of the commutative diagram

_Dil(P, e End P)
0~EndPZ_ U (6.3)

T

 Der P——— D{Ac End P)=Di 4)

Here, if we use the notation of (6.1), {(X)=X.
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THE COHOMOLOGY OF THE Der COMPLEX

V.N. Rubtsov

udy of &
modules, mdwmmun(hzb«mmpu Complexesof this kind were discusied n [1] and [2]. Asis
shown in [1], Der compl

ofa Der i ical i n
particular, the Chern and in [2] and [3) lien it by
§2). Using the Chern clasesin [21,
and aso the Der complex,

Let 4 be an algebra with a unit =Iznun| over commtate ingwith s it ement, 1 suppoe
the A-module A’

and under weaker e A-module
of derivations of 4.
1. DEFINITION. Let P be an A-module. A derivation of a module Xevexad:nvanon XeD@isa
ktinear map X: P~ P such that X(ap) = X@p + a¥(p) fora € A and p < P. The st of al derivations 7
i A'is cquipped sanoted by Dec Py End P
denote the submodule of Der P consisting of the A-homomorphisms of P into itself. It is easy 1o see that
there i a short exact sequence of A-modules:

. 0 End P— Der P=5D (4) — 0.

We also note the.  Dex 7, and End P Lie kalgebras, that End P
is an ideal in Der P, and that (1.1) is a scquence of Lie algebra homomorphisms.
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THEOREM 1. The spectral sequence constructed from this filtration converses to the cohomology
H*®, Q),and: 1°. R T = AP()R, Q%(End P, 0). 2°. B} I = AP(4) @, HO(End P, Q).
F.EP® = HP(A, H)End P, Q). where on the right.hand side we have de Rham cohomology of the
algebra A in the system of local coefficients defined by the flat connection in the A-module

HOEnd P, Q). This connection i specified by the differential d %, and H(End P, Q) is the
cohomology of the Lie algebra End P Q is equipped with the structure of an End P module by

‘means of .
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Lie algebroids

X: a differentiable manifold, or complex manifold, or a smooth
noetherian separated scheme over an algebraically closed field k of
characteristic zero.

Lie algebroid: a vector bundle/coherent sheaf € with a morphism
of Ox-modules a: ¥ — ©x and a k-linear Lie bracket on the
sections of ¥ satisfying

[s, ft] = f[s, t] + a(s)(f) t
for all sections s,t of ¥ and f of Ox.

@ ais a morphism of sheaves of Lie k-algebras

@ ker a is a bundle of Lie Ox-algebras
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Examples of Lie algebroids

@ A sheaf of Lie algebras, with a =0

@ Ox, with a=id

@ More generally, foliations, i.e., a is injective
@ Poisson structures Q}< 5 Oy,

Poisson-Nijenhuis bracket

{w, 7} = Lieg(u)7 — Lieg(ryw — dr(w, 7)

Jacobi identity < [r, 7] =0
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@ Atiyah algebroid of a vector bundle/coherent sheaf &
0——End(&) — Do —>+>0Ox >0

9s: sheaf of 1-st order differential operators on & with scalar
symbol. If & is locally free:

ZA 25 o +ZB
D has scalar symbol if

A(z)gi = 03 vi(z2)

g(D)=v or o¢(D)=¢&(v)

Vladimir Roubtsov Cohomology of Lie algebroids  8/39



Lie algebroid morphisms

f: ¢ — %' a morphism of Ox-modules & sheaves of Lie k-algebras

¢ ¢

S

O©x

= ker f is a bundle of Lie algebras

Vladimir Roubtsov Cohomology of Lie algebroids  9/39



Lie-Rinehart algebras

A a finitely generated commutative, associative unital algebra over
a field k

Lie-Rinehart algebra over (k, A): a pair (L, a) where

@ L is an A-module equipped with a k-linear Lie algebra bracket

{.}
@ a: L — Dg(A) is a representation of L in Di(A) (the anchor)
that satisfies the Leibniz rule

{s,ft} = f{s,t} + a(s)(f) t

where s,t € L and f € A.
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Lie-Rinehart algebras and "other (?77) animals”

The list of sources for these concepts is a considerable one:

@ 1953-Herz —pseudo-algeébre de Lie
@ 1955-Hochschild—regular restricted Lie algebra extension

1961-Palais —Lie d—ring

1963-Rinehart —(L, A)— Lie algebra

1964- de Barros —(L, A)—éspace d’Elie Cartan régulier et sans courbure
1967-Hermann —Lie algebra with an associative module structure
1967-Nelson —Lie module

1971-Kamber and Tondeur —sheaf of twisted Lie algebras

1972-Illusie —algébre de Lie sur (A/L)

1985-Kastler and Stora —Lie-Cartan pair
1988-Beilinson and Schechtmann —Atiyah algebra
1989-Huebschmann—Lie-Rinehart algebra
1990-Kostant and Sternberg —( <, €' ) —system
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Der as the Atiyah-Lie-Rinehart algebra

Example

Let M be an A—module. Given a derivation D € Dy(A), a derivation D of M over D is a k—linear morphism
D : M — M such that B
D(xm) = xD(m) + D(x)m,Vx € A,m € M.

The set Der(M) of derivations of M over derivations of A is an A—module. The morphism o : Der(M) — Dy (A),
mapping D to D, is a morphism of Lie k—algebras, and (Der(M), o) is a (k, A)—Lie-Rinehart algebra. Actually o
is a symbol map, so that Der(M) could be called the space of derivations of M with scalar symbol. Moreover, the

sequence of A—modules

0 End 4(M) Der(M) —2—> Dy(A)

is exact, and the symbol morphism o is surjective when M is free over A. The pair (Der(M), o) is the
Atiyah-Lie-Rinehart algebra of the module M.
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Derived functors

2 an abelian category, A € Ob(2()
Hom(—, A): —2b
is a (contravariant) left exact functor, i.e., if
0B —+B—-B"-0
is exact, then
0 — Hom(B", A) — Hom(B, A) — Hom(B', A)

is exact

Definition

I € Ob(2A) is injective if Hom(—, I) is exact, i.e., if
0 — Hom(B", 1) — Hom(B,!) — Hom(B',1) = 0

is exact

™ = = =
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Definition
The category 2 has enough injectives if every object in 2l has an
injective resolution

0—sA—=10 =152 .

2 abelian category with enough injectives
F:2A — B left exact functor
Derived functors R'F: 2 — B
R'F(A) = H'(F(I*))

Example: Sheaf cohomology. X topological space, 2 = Ghy,
B =Ab, F =T (global sections functor)

R'T(ZF) = H(X,Z)
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Hyperfunctors

2l category with enough injectives, F: 2l — B left exact functor

J® complex of objects in 2, .#°® quasi-isomorphic injective
complex

(i.e. there is a morphism J#®* — .#* which is an isomorphism in
cohomology)

RIF(*) = HI(F(4*)

Example (Hypercohomology): 20 = Shy, B = b, F =T (global
sections functor)

H* € Ki(Shx)

H(X, A%) = H([[(7*))
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(Hyper)cohomology of a Lie algebroid

% Lie algebroid over a scheme, (p,.#) a representation

UC, M) =M @0 Ny, O on: UEC, M) — QUE, M)

p+1
P51, 5p11) = D (1) p(s)(E(s1,- 58,5 5p41))
i=1
+ Y (D) ME(sisl 88 Spr)
i<j
for s1,...,spy1 sections of ¢, and { a section of Q%

= hypercohomology H*(Q%,, 0« ») =: H*(€; )
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In the previous examples this reduces to

o Cartain-Eilenberg Lie algebra cohomology
@ de Rham cohomology
o foliated de Rham cohomology
@ Lichnerowicz-Poisson cohomology
The Lie algebroid cohomology of the Atiyah algebroid of a vector

bundle was studied in Ugo Bruzzo and V. R., Cent. Eur. J. Math.
10 (2012) 1442-1454.
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The category Rep(%)

From now on, X will be a scheme (with the previous hypotheses)

Given a Lie algebroid & there is a notion of enveloping algebra
U(?)

It is a sheaf of associative Ox-algebras with a k-linear
augmentation U(%) — Ox

’ Rep(%) ~ ﬂ(%)-mod‘

= Rep(%’) has enough injectives
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Universal enveloping algebra £((L) of a (k, A)-Lie-Rinehart algebra L

A k-algebra with an algebra monomorphism 2: A — $((L) and a
k-module morphism j: L — $I(L), such that

(), a(6)] = a[s t)=0, s, tel,
[1(s).o(F)] —o(a(s)(F))=0, selfeA (%

Construction: standard enveloping algebra U(A x L) of the
semi-direct product k-Lie algebra A x L

L) =UAxL)V,  V=(f(gs) - (fg 1))

e (L) is an A-module via the morphism 2

@ due to (*) the left and right A-module structures are different

e morphism e: U(L) — HU(L)/] = A (the augmentation
morphism) where | is the ideal generated by j(L). Note that
is a morphism of {(L)-modules but not of A-modules, as
e(fs) = a(s)(f) when f € A, s € L.
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Lie alg. cohomology as derived functor

Given a representation (p, .#) of € define
M7 (U) = {m e .#(U)|p(¢)(m) = 0}
and a left exact functor
I”: Rep(¥) — k-mod
M T(X, 47)

Theorem (Ugo Bruzzo 2016%)

If € is locally free

H*(%; #) ~ R*I% ()

(*) J. of Algebra 483 (2017) 245-261
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A S-functor is a collection of functors {S’: 2 — B} such that for
every exact sequence 0 - A — B — C — 0 in A there are
morphisms o/: S'(C) — S™1(A) giving rise to a long exact
sequence

0 SO(A) — S%B) — S°(C) %5 SY(A)
. SY(B) = SHC) T SYA) ...

functorial w.r.t. morphisms of exact sequences

If{S°}, {T*} are d-functors A — B such that
o S/(I)=Ti(I) =0 for all i > 0 when I is an injective object
o SO~ 70

then S' ~ T' for all i > 0.
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We apply this to the functors /% and

H(¢;—): Rep(%¢) — k-mod
When % is not locally free this method only provides morphisms

RUC() — H(EC;.4)
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Grothendieck’s thm about composition of derived functors

alim &
A, B, &, abelian categories
2, 2B with enough injectives

F and G left exact, F sends injectives to G-acyclics (i.e.,
RI'G(F(I)) = 0 for i > 0 when [ is injective)

For every object A in 2 there is a spectral sequence abutting to
R*(G o F)(A) whose second page is

EPY = RPF(RIG(A))
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Local to global

(=)
Rep(%) —— kx-mod

Tk

k-mod

Grothendieck's theorem on the derived functors of a composition
of functors implies:

Theorem (Local to global spectral sequence)

There is a spectral sequence, converging to H*(¢; .#'), whose
second term is

EFY = HP(X, #9(C; )
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Hochschild-Serre

Extension of Lie algebroids
0= —>E—-2—-0
J is a sheaf of Lie Ox-algebras

(-)*
Rep(&’) —— Rep(2) Moreover, the sheaves
\ ll_oz SHUA ;M) are repre-
14 sentations of 2
k-mod

Theorem (Hochschild-Serre type spectral sequence)

For every representation .# of & there is a spectral sequence E
converging to H*(&; #'), whose second page is

EY =HP(2, 91 ; A)).
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The extension problem

An extension

0 6520 (1)
defines a morphims
a2 — Out(Z(X)) (2)
a()y) = {y.x}  where m(x')=x

The extension problem is the following:

Given a Lie algebroid 2, a coherent sheaf of Lie Ox-algebras 7,
and a morphism « as in (2), does there exist an extension as in (1)
which induces the given «a?

We assume 2 is locally free
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Abelian extensions

If 2 is abelian, (7, «) is a representation of 2 on ¢, and one
can form the semidirect product

E =K X, 2,
E=KH D2 as Ox-modules,
{(6,x), (¢, x")} = (a(x)(¢") = a(x)(£), {x,x})

&

If # is abelian, the extension problem / \

is unobstructed; extensions are classified 0—.2 2—0

up to equivalence by the \ /
(1)

hypercohomology group H?(2; %) P
2

(2) U.Bruzzo, |. Mencattini, V. R., and P. Tortella, Nonabelian holomorphic Lie
algebroid extensions, Internat. J. Math. 26 (2015) 1550040
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M a representation of a Lie algebroid %. Sharp truncation of the
Chevalley-Eilenberg complex 02 A*€* ® .# defined by

0—=C* QM —NC*RQM—
We denote H/(€; .#)M) .= HI(X,0ZINC* @ )

Derivation of € in .#: morphism d: ¥ — .# such that
d({x,y}) = x(d(y)) — y(d(x))

Proposition

The functors H'(€'; —)) are, up to a shift, the derived functors of

Der(¢;—): Rep(¢) — k-mod
M — Der(€, 4)

ie.,

R’ Der(%; —) ~ H't(¢; —)M)

™7 = = =
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Realize the hypercohomology using Cech cochains: if % is an
affine cover of X, and .%*® a complex of sheaves on X, then
He*(X,.%#*) is isom. to the cohomology of the total complex T of

KPd — ép(%’gq)

OH%/W/*)é{]UiéQ\Ui*)O (3)
s;

If Ui € %, Hom(Z2,y,, jy,) — Hom(2|y,, 2)y,) is surjective, so
that one has splittings s;

{¢jj=si—sj} € 61(%,%(@@@*)

This is a 1-cocycle, which describes the extension as an extension
of Ox-modules
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0—#(U)— &WU)— 2(U) —0
is an exact sequence of Lie-Rinehart algebras (over (k, Ox(U;)))

which is described by a 2-cocycle 1); in the Chevalley-Eilenberg
(-Rinehart) cohomology of 2(U;) with coefficients in ¢ (U;)

(9, 0) € CH U, H# @ 2) @ CNU, H @ N22¥) = T?

5p=0, dp+op=0, dip=0

= cohomology class in H?(2; (%/)Syl)
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The nonabelian case

Theorem (>3)

If 2% is nonabelian, the extension problem is obstructed by a class
ob(a) in H3(2; Z(2 ).

If ob(a) = 0, the space of equivalence classes of extensions is a
torsor on H2(2; Z( ).

Proof

0

2 can be written as a quotient 7

of a free Lie algebroid .7 |
0> N = UTF)—>U(2) =0

Ox

(®) E. Aldrovandi, U.Bruzzo, V. R. , Lie |

algebroid cohomology and Lie algebroid 0

extensions, J. of Algebra 2018
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N =N g g N g fori=0,...
Locally free resolution
SN2 gt 70 750

As Homyo)( 7, Z(X")) ~ Der(2, Z(%')), applying the functor
Homy()(—, Z(-#")) we obtain

0 — Der(2, Z(#)) — Homy o) (7 °, Z(#)) 2

Homu(g)(z/”g;l,Z(z%/)) —2 Homy( o (/ L Z( ))
Homu(g)(%/ ,Z(%)) — ...

The cohomology of this complex is isomorphic to H**1(.2; Z(.%)).
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Pick a lift &: .7 — Per(") of o and get commutative diagram

S —
@
[o}3
-~
Q

where (3 is the induced morphism.

Define a morphism -
o: 7 L z() (4)

It is enough to define o0 on an element of the type yx, where x is a
generator of .%, and y is a generator of .7

o(yx) = B({x,¥}) — a(x)(B(y))-

Note that o € Homu(g)(jl,Z(,)i/)).
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d3(0) = 0. Moreover, the cohomology class of
[o] € H3(2; Z(#))M) only depends on «.

Part | of the proof: if an extension exists consider the diagram

0 T F 2 0

Pl

0 H & 2 0

Define
a: F — Der(H, X), & =—adovy

Then & is a lift of «, and for all sections t of .7 and x of .#
B{x, t}) — a(x)(B(t)) =0 (5)

so that the obstruction class ob(«) vanishes.
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Conversely, assume that ob(«) = 0, and take a lift

a: F — Der(H , ). The corresponding cocycle lies in the
image of the morphism d5, so it defines a morphism 8: . — ¢,
which satisfies the equation (5). Again, we consider the extension

09 % —2—0.

Note that 7 is an %#-module via .% — 2. The semidirect
product .# x % contains the sheaf of Lie algebras

A ={(,x)|xe T, L =PB(x)}

The quotient & = % x .F | provides the desired extension
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Part Il of the proof: reduction to the abelian case

Proposition

Once a reference extension &y has been fixed, the equivalence
classes of extensions of 2 by ¢ inducing o are in a one-to-one
correspondence with equivalence classes of extensions of 2 by
Z() inducing o, and are therefore in a one-to-one
correspondence with the elements of the group H?(2; Z(.#))(V)
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I
%1, G» Lie algebroids with surjective morphisms f;: €; — 2.
Assuming Z(ker f1) ~ Z(ker f) = 2 define
%1*(52 :%1 Xg(gz/g,

where & — 61 X9 62 by z+— (z,—2)

Fix a reference extension &y of 2 by &

(1) Any extension & of 2 by & is equivalent to a product & x 9
where 9 is an extension of 2 by Z(.%")

(2) Given two extensions 21, P> of 2 by Z(¥'), the extensions
& = Sy x D1 and & = &y x Do are equivalent if and only if 91 and
9> are equivalent

v
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Thank you!!
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