A Data-Driven Method for Parametric Reduced Order
Models

Mourad OULGHELOU, Amine Ammar

Arts et Métiers ParisTech - Angers Campus
GDR-GDM Bordeaux, 27 June - 1st July, 2022

1st July 2022

7 June - 1st Jul ourad helou A Data-Driven Method for Parametric Reduced Order Models



kin Model Reduction

Model reduction principle

e y(t) solution at time ¢ of the discrete PDE N, (y,v) = o
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Galerkin Model Reduction

Model reduction principle

e y(t) solution at time ¢ of the discrete PDE N, (y,v) = o

Vector space RN

> dimension : N
> N : thousands, millions !!
> basise,,...,e,

N
> solution: y =) y;e;

=1
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Galerkin Model Reduction

Model reduction principle

e y(t) solution at time ¢ of the discrete PDE N, (y,v) = o

g-dimensional subspace of RY

> dimension : N > dimension : g < N

> N : thousands, millions !! > g : tens, hundreds

> basise,, ..., e, o> reduced basis ¢, ..., ¢f
N .. .

> solution : y = Zyi e > solution : y, = ) _a' ¢'
i=1 =1
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Galerkin Model Reduction

Model reduction of Navier-Stokes equations

Solve NSE in a window |o, T] § = {u(tr) u(t),...,ultn,)} = RANN:
du—vAu+u-Vu+Vp=f — Correlation C = .A2 ST Ay S.A2

V-u=o0, uyo =0, u(0) =u, SolveCV:VA:>(pi:SAt VA:

/

Galerkin assumption : r L ¢; Galerkin proj. of NSE on ¢y, ..., ¢,
= &;+VR; ]+C,]koc ap = Fi «— (9puy —vAu; +u, - Vuy fqol) @)
a;(0) = (”m(Pz)Lz +(r, @i)12() =0

d : dimension 2,3

N : Number of space degrees of freedom (mesh vertices)
N : Number of snapshots

g : POD truncation order g < Nj

A, and A;: Space and time inner product operators

VAR VAR VARVERV]
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Galerkin Model Reduction

Problem setting

o Consider a set of parameterized snapshots mat. S(v.), S(v2),...,S(vn,)

and [@(v1)], [¢(v2)],- .., [¢(vy,)] the corresponding subspaces
belonging to a Riemannian manifold M

> v; are some discrete values of the parameter v

V.

Handling parameterization

g, ]

B o] 6]
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- o] o]
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Problem setting

o Consider a set of parameterized snapshots mat. S(v.), S(v2),...,S(vn,)
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> v; are some discrete values of the parameter v

@ Problem : ” Find an approximation [¢(V)] € M where v # v; ”

v
Handling parameterization
Thoi0(a.No)
g, ]

- o] o]
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Galerkin Model Reduction

Problem setting

o Consider a set of parameterized snapshots mat. S(v.), S(v2),...,S(vn,)

and [@(v1)], [¢(v2)],- .., [¢(vy,)] the corresponding subspaces
belonging to a Riemannian manifold M

> v; are some discrete values of the parameter v

o Problem : ” Find an approximation [¢(V)] € M where v # v; ”

V.

Handling parameterization

Tie)G(a N2)

Galerkin proj. on @y,..., @y :
(0rtty — v ATy + Tg - Vil — £, §) 12 )
Exp(,, () +(x, (Pi)LZ(Q) =0

g, ]

,o

Predicted reduced order model :
56,‘ +1/Ri]'56‘ = Cijk 56]' X = Fi
#;(0) = (o, §i)12()
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Model Reduction

Data pretreatment (1st POD stage)

Consider a set of parametrized snapshots matrices
S(w) = [ul(vk) () .. uN(vk)] , fork=1,...,p
for which we assume that the temporal derivatives $(vy) are available

S(v) = [ul(vk) 2(y) ... uN(vk)] , fork=1,...,p
> N : number of time instants
> p : number of points in the parameter space
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Data-Driven Model Reduction

Data pretreatment (1st POD stage)

Consider a set of parametrized snapshots matrices
S(w) = [ul(vk) () .. uN(vk)] , fork=1,...,p
for which we assume that the temporal derivatives $(vy) are available

S(v) = [ul(vk) 2(y) ... uN(Vk)] , fork=1,...,p
> N : number of time instants
> p : number of points in the parameter space

For each vy, we apply the POD to the matrices

[S(ue) $(ve)] = DTy Vi

> @ and Vj are respectively the spatial and temporal bases of dim m
associated to the parameter value vy such that

(O, D)4, =1 and (Vi Vi)u, =1

> X diagonal matrix (square roots of POD eigenvelues)
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Model Reduction

Data pretreatment (2nd POD stage)

We perform a second stage POD to the matrices ®;, we obtain

(DX DX, ... D@L =YO[p: ¢ ... @p)

By writing
T _ 1,1 2 N .1 .2 N
Ve=lg v ... v o 0% ... U]

u(v) and i1(vg) can be written as

u"(vg) =¥ O g vf and " (vg) =¥ O @ v}
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n Model Reduction

Data pretreatment (2nd POD stage)

We perform a second stage POD to the matrices ®;, we obtain

(DX DX, ... D@L =YO[p: ¢ ... @p)
By writing
Vi=[w o ... o o o ... o)
u(vy) and #(vi) can be written as

u"(vg) =¥ O g vf and " (vg) =¥ O @ v}

Since u and 1 satisfy the Navier-Stokes equation, the data-driven reduced
order model for v writes

Ok, + Vi @i Pi,y Lrs Uk, + Pk, Piy Pk Cors Ok, U, = O,

v, (0) = Vs

i,j,e€{1,2,...,q9} the 1st stage POD modes indices, r,s € {1,2,...,pq} the

2nd stage POD modes indices, and k € {1,2,...,p} the parameter index.
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Data pretreatment

Data-Driven Model Reduction Residual optimization problem

Flow past a cylinder

Optimization problem

For t = t,,, The residual of the NSE reduced order model for v, writes

q 2
RE(L,C) = Y (0 + vic @1, P, Lns 0 + 9, @i, P, Cors 0 )

=1
Let J be the residual functional

N P
1
TLC) =3 ¥ YR C)+ 7L+ Cas
=

where v is the Tikhonov regularization. The Data-Driven model reduction

approach suggests to seek L and C such that

{L,C} = argmin J (L, 6C)
JL,6C
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eatment

Data-Driven Model Reduction St imization problem

implementation

To determine L and C, we use an optimal gradient descent approach with

alternating directions
L known
Solve mcin J([L,C)—C

Solve mLin J(L,C)— L

For a new parameter value 7, one needs to solve

Ok, + Vk Pr,; Pr,; Lrs Ok, + P, Pr; P, Cers Or, T, = 0,
o, (0) = Vs
The procedure is
> interpolate the training POD subspaces and obtain ¢

> solve the resulting system and obtain &

> reconstruct the solution 7(t) = ¥ © ¢ o(t)

Oulghelou A Data-Driven Method for Parametric Reduced Order Models



Data-Driven Model Reduction

Flow past a cylinder

Numerical test : flow past a cylinder

Consider the two sets of parametrized snapshots matrices
[ul(v) 2v) ... uN(u)] and [al(u) 2v) ... aN(u)]

where v = U D/Re the parameter of interest such that

> Training points : Regin € {500000, 900000, 1300000}

> Test points : Retest € {600000, 700000, 800000, 1100000, 1200000 }
The steps followed for the Data-Driven approach are

> High fidelity simulations (OpenFoam) : Turbulence model pimpleFoam
SpalartAllmaras with dt = 0.005

> POD truncation order m = 9

> Tikhonov constant v = 1e — 8
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Data-Driven Model Reduction

Flow past a cylinder

RE =500000.0 ++* mode 1 RE =900000.0 *++ mode 1 RE =1300000.0 *+* mode 1
o071
— apharoD
007865 1 _— aipha Grrow
oo7as
o070 007870
007875
ao7es oorss
< Alpha poD 007080
oorss —— Alpha Grron
00787 oorses
orer 007890
oo7es ~007895
00786 |~ Apha poD
—— pha Grrom 007500
w0 ss sio sls s0 s 50 s 5o o s slo s s w5 w0 s so o ss sio sl sl s s 55 s
interp : RE =600000.0 **+ mode_1 interp : RE =700000.0 *+* mode_1 interp : RE =800000.0 +* mode_1
00763
ooran = Apha roD S aipha

PoD.
—— interp Alpha GFROM 007914 —— interp Alpha GFROM

00790
o010 00786
oo7es .
o078
oores oores - apharon
—— inter Alpha GFROM
oors? ~
orer oores
oorss
oo7es 00789
ooes
oores
oorea
)0 s sl s w0 s %0 s %0 W0 %5 sl w5 wmo ms w0 @ o o w5 s sl s s 0 s 50
interp : RE =1100000.0 *** mode_1 interp : RE =1200000.0 +** mode_1
00792 { " iona po> sorso — Aipha P00
—— interp Alpha GFROM —.— interp Alpha GFROM
co7s1 i i A
oa7e |
00790
oores
oo7es
oores oorer
00787 sores
aores
oaes
[ P P PR P P R W0 %5 sl s wo ms w0 s 50
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Data-Driven Model Reduction

RE =500000.0 #+* mode 2

o075

o050

o025

0000

0025

0050

0075

o025

0000

0025

0050

0075

0075

0050

0025

0000

0025

0050

0075

< Alpha roD
—~ alpha GFRoM

interp : RE =600000.0 **+ mode_2

s alpha ror
ey

LUy

interp : RE =1100000.0 *** mode 2

i

—— interp Alpha GFROM

Flow past a cylinder

RE =900000.0 *+* mode_2

005

0050

o02s

0000

0025

0050

“007s

0075

0050

o025

0000

“0025

0050

0075

0075

0050

005

0000

0025

~00s0

007

— alpha PoD
—— Alpha GrROM

v

interp : RE =700000.0 *++ mode_2

\f

S apha
2 e pna greom

VY

— Alpha poD.
— interp Alpha GFROM

0075

0050

0025

0000

0025

0050

0075

0075

0050

0025

0000

0025

0050

0075

RE =1300000.0 *** mode 2

— Aipha roD
—— apha GFRoM

interp : RE =800000.0 **+ mode 2

s alpha ro
2 e pagrsom

!




Data-Driven Model Reduction

Flow past a cylinder

RE =500000.0 *+* mode_3 RE =900000.0 *** mode_3 RE =1300000.0 *** mode_3
0075
0075 oors
0050 5
0050 000
0025
0025 oo
0000 | = fipha poD oo0p |~ Alha roD — Apha poD
—— Alpha GrROM —— Alpha GFROM 0000 | —— Alpha GrroM
0025
0025 ooz
0050,
0050 om0
0075
0075 oors
S0 =5 slo sis s0 s s s sk %0 s sl sis 50 s 0 55 50 0 s sio sis 50 s 50 55 50
interp : RE =600000.0 *** mode_3 interp : RE =700000.0 *+* mode_3 interp : RE =800000.0 *+* mode_3
0075
0075 o7
0050 050 0050
0025 o025 o025
o000 > AhapoD o000.| = Aha P00 0000 < Alpha POD.
—— interp Alpha GFROM —+— interp Alpha GFFROM —— interp Alpha GFROM
0025 0025 -0025
0050 0050 “osso
o7 0075 0075
0100
S0 s slo sis 50 s 530 s 50 o w5 slo sis 5o s 50 s 50 %0 5 sl sis 50 55 50 55 0
interp : RE =1100000.0 *** mode_3 interp : RE =1200000.0 *** mode_3
0075 0075
0050 0050
0025 o025
4 Alpha FoD % Alpha oD
0000 —— interp Alpha GFROM 0000 —— interp Alpha GFROM
R 0025
0050
0050
0075
0075
S0 s 510 S5 50 s 530 w5 50 %0 55 510 sis 50 55 0 55 %0
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Data-Driven Model Reduction

RE =500000.0 #+* mode_4

= Alpha oD
—— alpha Grrom

interp : RE =600000.0 *** mode_4

— Alpha POD.
—— interp Alpha GFROM

— aipha FoD
— interp Alpha GFROM

525 50 5% 50

002
004

006

002
004

006

004

006

July, 2022

Flow past a cylinder

RE =900000.0 *+* mode_4

008
004
002

< Aigha poD

— Alpha GrroM 000
002
004
008

o s slo s s w5 w0 s so

interp : RE =700000.0 *+* mode_4

s
004
002
000
002
004

. alpha POD

—— interp Alpha Grriom 008

0 s slo s o s @0 s S0

interp : RE =1200000.0 *** mode_4
— Alpha PoD
—— interp Alpha GFROM

Mour

1 Oulghelou

RE =1300000.0 *** mode 4

— Apha oD
—— Apha GFroM

A Data-Driven Method for Paramet:

o ss sio sl sl s s 55 s
interp : RE =800000.0 **+ mode_4

= pharoD

—— interp Alpha GFroM

o s sio sl sl s 530 s s

c Reduced Order M




Data-Driven Model Reduction

RE =500000.0 #+* mode_5

002

004

002

004

— alpha oD
|—— alpha Grrom

interp : RE =600000.0 *** mode 5

— aipha por
2 e A crmom

S0 w05 slo sis s:0 S5 50 53 50

interp : RE =1100000.0 *** mode_5

— Alpha FOD
—— interp Alpha GFROM

S0 w05 sl sis 530 55 530 5% 530

002

004

002

004

002

004

Flow past a cylinder

RE =900000.0 *+* mode_5

—< aipha PoD
—— Alpha GFROM

W

interp : RE =700000.0 *++ mode_5

e i oM

i

interp : RE =1200000.0 *** mode_5

— Aipha poD
— interp Alpha GFROM

002

004

002

004

RE =1300000.0 *** mode 5

< Alpha PoD
—— apha GrRoM

interp : RE =800000.0 **+ mode_5

— aipha PoD
— interp Alpha GFROM

S0 05 S0 sis  s:0  ss s s 540




Data-Driven Model Reduction

Flow past a cylinder

RE =500000.0 *** mode 6 RE =900000.0 *+* mode_6 RE =1300000.0 *** mode 6
—< Alpha PoD < Alpha
—— Alpha GFRoM Ot v 004
004
002
o0z 002
oo 000 000
002
002 002
004
008 004 — Apha POD
—— alpha GFROM
S0 =5 slo sis s0 s s s sk 0 s sio sis 50 s 50 55 50
interp : RE =600000.0 *** mode_6 interp : RE =700000.0 *+* mode_6 interp : RE =800000.0 *** mode_6
008 Alpha PoD
006 | — interp Alpha GeRoM oot
004
004
00 002
002
000 000
000
002
002 002
004 oor
o5 |~ Ahapon 004 - alpha roD
—— interp Alpha GFROM 008 —— interp Alpha GFROM
S0 s slo sis 50 s 530 s 50 EEE D %0 5 sl sis 50 55 50 55 0
interp : RE =1100000.0 *** mode_6 interp : RE =1200000.0 *** mode_6
004 004
002 002
000 000
o0 002
004
004 i < Alpha FOD - Alpha POD
—— nterp Alpha GFROM —— interp Alpha GFROM
S0 s 510 S5 50 s 530 s 50 %0 55 510 sis 50 55 0 w5 %0
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Data-Driven Model Reduction

RE =500000.0 #+* mode_7

|

— Apha POD
—— Alpha GFROM

S0 s sio sis  s;0 s sl s si0

interp : RE =600000.0 **+ mode_7

|

— Alpha POD
—— interp Alpha GFROM

— Alpha FOD
—— interp Alpha GFROM

S0 w05 sl sis 530 55 530 5% 530

002

001

008

004

00

008

002

Flow past a cylinder

RE =900000.0 *+* mode_7

—< Alpha poD
— Alpha GFROM

%0 5 slo sis 50 w5 s 55 50

—< aipha PoD
—+ interp Alpha GFROM

0 05 slo sis 520 55 50 595 50

Mour

002

004

008

-0

004

008

RE =1300000.0 *** mode_7

— pha roD
—— apha GFRoM

interp : RE =800000.0 **+ mode_7

S5 50 sh s

|

- Aipha

2 e GFW\/\/W\/

E

ES
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Data-Driven Model Reduction

RE =500000.0 #+* mode 8

001

002

003

008

004

002

004

002

004

[ alpha ron
—— aipha crrom

interp : RE =600000.0 *** mode_8

— Alpha POD
—— interp Alpha GFROM

interp : RE =1100000.0 *** mode_8

— Alpha POD
—— interp Alpha GFROM

July, 2

001

002

002

002

004

—001

002

003

022

Flow past a cylinder

RE =900000.0 *+* mode 8

0 s slo sis w0 wms  sio 55 50

interp : RE =700000.0 *+* mode_8

Alpha poD
—+ interp Alpha GFROM
X0 s slo sis s s

interp : RE =1200000.0 *** mode 8

[+ aloha o0
—— interp Alpha GFROM

%0 5 slo sis 50

Mour

1 Oulghelou

001

002

003

001

002

003

004

A Data-Driven Method for Paramet:

RE =1300000.0 *** mode 8

S0 s S0 sis s ss sl s si0

interp : RE =800000.0 **+ mode_8

—< aipha POD
— interp Alpha GFROM

S0 s S0 sis s ss si0

ic Reduced Order M
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Data-Driven Model Reduction

RE =500000.0 #+* mode_9

001

002

003

002

004

002

004

- lpha oD
—— aipha GFROM

interp : RE =600000.0 *** mode_9

— Alpha FOD
—— interp Alpha GFROM

— Alpha FOD
—— interp Alpha GFROM
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Flow past a cylinder

RE =900000.0 *+* mode 9

interp : RE =700000.0 *++ mode_9

—+ interp Alpha GFROM

%0 5 slo sis 50 w5 s 55 50

—< aipha PoD
—+ interp Alpha GFROM

0 05 slo sis 520 55 50 595 50

Mour
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A Data-Driven Method for Paramet:

RE =1300000.0 *** mode_9

—— Alpha POD

—— Alpha GFROM
S0 s si0

S5 s ss sl s si0

interp : RE =800000.0 **+ mode_9

.

— Alpha POD
—— interp alpha GFROM

S0 o5 S0 sis s ss s s 540
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Towards ROM Stabilization

Stability !

Question : Knowing L and C, what can we say about the stability of the
predicted reduced system ?

Uk, + Vi Pr (pk,/ Lys Oy, + qbkjc P qbk,]» Cors Ut 5kj =0 ,

Ok, (0) = .,

(*)
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Towards ROM Stabilization

Stability !

Question : Knowing L and C, what can we say about the stability of the
predicted reduced system ?

Ok, + Vi Pr; Pi; Lrs O, + P, Py P Cors O, By +Px, Gs = 0,
Ok, (0) = .,

(*)

> in the training points

. L i POD 2
min )Y lloi(ve) = ;)| [Fomy St (+)
k=1i=1
> in the test points !

m . 2
min ¥ Y (10001 o) + 116001 Exory = 55) st (+)
keK=ij=1
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Towards ROM Stabilization

Thank you for your attention

elou A Data-Dri ic Reduced Order Mod



	Galerkin Model Reduction
	Data-Driven Model Reduction
	Data pretreatment
	Residual optimization problem
	Flow past a cylinder

	Towards ROM Stabilization



