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Formulation of a viscoelastic model for unidirectional carbon fibres / polymer matrix composites 
Constituents’ behaviour (microscale):


Fibres: elastic, stiff 
Matrix: viscoelastic (shear), compliant 

Composite’s behaviour (mesoscale):

Transversely isotropic elasticity (5 material parameters) 
How does the single microscale mechanism translates into the mesoscale model parameters? 

Literature: a phenomenological relaxation tensor 
The different terms of the stiffness tensor generally have different relaxation behaviours

Many material parameters to be identified without a clear link to the original mechanism at the microscale


Here: a geometrical formulation of transverse isotropy 
An appropriate choice of the elastic parameters clarifies the link with the underlying constituents

A simple viscoelastic law affecting only certain parameters can be formulated at the mesoscale

Analytical and numerical homogenisation approaches enable us to identify and validate the proposed model

[Di Gennaro et al., 2021], [Daghia et al., in preparation]

2

Context

[Daghia et al. 2015]

Fibres:

elastic

Matrix:

viscoelastic


(in shear)
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Modelling the transverse isotropy through a Cartan decomposition 
Define a Cartan decomposition of the stress and strain tensors

Deduce the minimal integrity basis

Formulate the free energy

Derive the elastic constitutive law


A new transversely isotropic viscoelastic model for polymer matrix composites 
An ansatz on the link between the new elastic parameters and the constituents’ response

Verification via analytical homogenisation results

Formulation of the viscoelastic behaviour


Numerical homogenisation for identification and validation 
Periodic homogenisation for general loading paths

Relaxation tests: identification of the transversely isotropic model

Creep tests: validation of the transversely isotropic model


Conclusions and Perspectives

3

Outline
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Modelling the transverse isotropy 
 unit vector in the fibres’ direction,  transverse isotropy plane


The transverse isotropy is modelled on the group O(2):

Rotations around  
Change of direction of  

Starting from geometry, we have an irreducible decomposition for the stress and strain tensors

<latexit sha1_base64="AEJhio499G+1DHOwTfgOyNDi6sI=">AAAB6XicdVDLSsNAFL3xWeur6tLNYBFchSRqmu4KblxWsA9oSplMJ+3QyYOZSaGEfoQbETcK/oy/4N84aeuiogcGDuec4d5zg5QzqSzry9jY3Nre2S3tlfcPDo+OKyenbZlkgtAWSXgiugGWlLOYthRTnHZTQXEUcNoJJneF35lSIVkSP6pZSvsRHsUsZAQrLfl+hNU4CPPpfBAOKlXLtNyafeshy7Qtr153NXFqjus5yDatBaqwQnNQ+fSHCckiGivCsZQ920pVP8dCMcLpvOxnkqaYTPCI5otN5+hSS0MUJkK/WKGFupbDkZSzKNDJYjP52yvEv7xepkKvn7M4zRSNyXJQmHGkElTURkMmKFF8pgkmgukNERljgYnSxynr6j/90P+k7Zi2a14/3FQbjdURSnAOF3AFNtSgAffQhBYQSOEZ3uDdmBhPxovxuoxuGKs/Z7AG4+Mbu0GN+w==</latexit>vf
<latexit sha1_base64="cxpqPt7Qlir18HeoIOtErNUnZFI=">AAACBXicdVDLSgMxFM3UV62vqks3waJUkGFmqn3sCm5cVrC10Cklk2ba0MyD5E6hlK7d+CtuRNwouPUX/BvTh2BFDwRuzjkh9xwvFlyBZX0aqZXVtfWN9GZma3tndy+7f9BQUSIpq9NIRLLpEcUED1kdOAjWjCUjgSfYnTe4mup3QyYVj8JbGMWsHZBeyH1OCWiqkz11BfMh7wYE+p4/Hk46zvmPS8GVvNeHs042Z5lWsWRflrFl2la5UinqwSk5xbKDbdOaIYcWqHWyH243oknAQqCCKNWyrRjaYyKBU8EmGTdRLCZ0QHpsPEsxwSea6mI/kvqEgGfsko8ESo0CTzunC6rf2pT8S2sl4JfbYx7GCbCQzj/yE4EhwtNKcJdLRkGM9ECo5HpDTPtEEgq6uIyO/p0P/z80HNMumoWbi1y1uighjY7QMcojG5VQFV2jGqojih7QE3pFb8a98Wg8Gy9za8pYvDlESzDevwAXS5jI</latexit>

(v2,v3)

<latexit sha1_base64="/GiXyqP3oDIIIUImPQ+vR0WeOJ8=">AAAB6XicdVDLSsNAFL2pr1pfVZduBovgKiRtWnUjBTcuK9gHNKVMppN26OTBzKRQQj/CjYgbBX/GX/BvnKR1UdEDA4dzznDvuV7MmVSW9WUUNja3tneKu6W9/YPDo/LxSUdGiSC0TSIeiZ6HJeUspG3FFKe9WFAceJx2veld5ndnVEgWhY9qHtNBgMch8xnBSkuuG2A18fx0thj6w3LFMp1avV5toIxYtuPkxLmxLGSbVo4KrNAalj/dUUSSgIaKcCxl37ZiNUixUIxwuii5iaQxJlM8pmm+6QJdaGmE/EjoFyqUq2s5HEg5DzydzDaTv71M/MvrJ8q/HqQsjBNFQ7Ic5CccqQhltdGICUoUn2uCiWB6Q0QmWGCi9HFKuvpPP/Q/6VRNu2HWHpxK83Z1hCKcwTlcgg1X0IR7aEEbCMTwDG/wbkyNJ+PFeF1GC8bqzymswfj4BpZrjd8=</latexit>vf
<latexit sha1_base64="/GiXyqP3oDIIIUImPQ+vR0WeOJ8=">AAAB6XicdVDLSsNAFL2pr1pfVZduBovgKiRtWnUjBTcuK9gHNKVMppN26OTBzKRQQj/CjYgbBX/GX/BvnKR1UdEDA4dzznDvuV7MmVSW9WUUNja3tneKu6W9/YPDo/LxSUdGiSC0TSIeiZ6HJeUspG3FFKe9WFAceJx2veld5ndnVEgWhY9qHtNBgMch8xnBSkuuG2A18fx0thj6w3LFMp1avV5toIxYtuPkxLmxLGSbVo4KrNAalj/dUUSSgIaKcCxl37ZiNUixUIxwuii5iaQxJlM8pmm+6QJdaGmE/EjoFyqUq2s5HEg5DzydzDaTv71M/MvrJ8q/HqQsjBNFQ7Ic5CccqQhltdGICUoUn2uCiWB6Q0QmWGCi9HFKuvpPP/Q/6VRNu2HWHpxK83Z1hCKcwTlcgg1X0IR7aEEbCMTwDG/wbkyNJ+PFeF1GC8bqzymswfj4BpZrjd8=</latexit>vf

4

A Cartan decomposition of the stress and strain tensors

<latexit sha1_base64="t/fHNvHZ/lHRpmq1c+NfQLc+HJk="></latexit>

��� = sfMf + shMh + (sf2Mf2 + sf3Mf3) + (sdMd + s23M23)

<latexit sha1_base64="zrUeVSFZ/7Xk/6tjlBWwy3KGo7M="></latexit>

Mf = vf ⌦ vf ,

Mh =
1p
2
(v2 ⌦ v2 + v3 ⌦ v3) ,

<latexit sha1_base64="BdhWPfoUViDht9zEmvSniiJsnnc="></latexit>

Mf2 =
1p
2
(vf ⌦ v2 + v2 ⌦ vf ) ,

Mf3 =
1p
2
(vf ⌦ v3 + v3 ⌦ vf ) ,

<latexit sha1_base64="IaHQdtQ2vZ8767Dgys4wQ0PpDsY="></latexit>

Md =
1p
2
(v2 ⌦ v2 � v3 ⌦ v3) ,

M23 =
1p
2
(v2 ⌦ v3 + v3 ⌦ v2) .

<latexit sha1_base64="Xj0Lv3crpKY2WfnFF9jJLX+864s="></latexit>

M• : M• = 1,M• : M� = 0 if • 6= �

scalar scalar vector vector
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Relation with the classical components: consider 

      normal in the fibres’ direction

                          shear along the fibres’ direction

      hydrostatic in the transverse isotropy plane

                       deviatoric in the transverse isotropy plane


Similar to the classical hydrostatic/deviatoric decomposition for isotropy, 
but it concerns the transverse isotropy plane

5

A Cartan decomposition of the stress and strain tensors

<latexit sha1_base64="t/fHNvHZ/lHRpmq1c+NfQLc+HJk="></latexit>

��� = sfMf + shMh + (sf2Mf2 + sf3Mf3) + (sdMd + s23M23)

<latexit sha1_base64="u04yMJ0H+K1ER9n76IW2r8nEdjg="></latexit>

��� =

2
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sf

p
2
2 sf2

p
2
2 sf3p

2
2 (sh + sd)

p
2
2 s23

sym
p
2
2 (sh � sd)

3

75

<latexit sha1_base64="svGuYzyrt1M0nUfdepe44k42zeM="></latexit>

(vf ,v2,v3) = (e1, e2, e3)

<latexit sha1_base64="B4EtmSeUypfliAEI3FTSCI3YhYc=">AAAB4HicdVDLTgIxFL2DLwQfqEs3jWjiajIzPIQd0Y1LjPJIgJBO6UBD55G2Q0IIezfGuNHED/EH3PgLfoiuLaALjJ6kyck5p7n3XDfiTCrLejcSK6tr6xvJzVR6a3tnN7O3X5dhLAitkZCHouliSTkLaE0xxWkzEhT7LqcNd3gx8xsjKiQLgxs1jmjHx/2AeYxgpaVr2fW6maxlWoVywSkgTUrFXL6siWPZRSePbNOaI1s5/nh5HaU/q93MW7sXktingSIcS9myrUh1JlgoRjidptqxpBEmQ9ynk/mCU3SipR7yQqFfoNBcXcphX8qx7+qkj9VA/vZm4l9eK1ZeqTNhQRQrGpDFIC/mSIVo1hb1mKBE8bEmmAimN0RkgAUmSt8kpav/9EP/k7pj2kUzd6VvcA4LJOEQjuAUbDiDClxCFWpAoA938AhPhmvcGvfGwyKaML7/HMASjOcvP66ODw==</latexit>sf

<latexit sha1_base64="CooPfiSQorWzkKzNkz+EncNwT8k=">AAAB4HicdVDLSgMxFL1TX7U+WhXcuAkWwdUwM33Y7krduGzRPqAtJZNm2tDMgyQjlNK9GxE3Cv6Df+HCX3Djt5i2uqjogcDhnBPuPdeNOJPKsj6MxNr6xuZWcju1s7u3n84cHDZlGAtCGyTkoWi7WFLOAtpQTHHajgTFvstpyx1fzv3WLRWShcGNmkS05+NhwDxGsNLSteyP+pmsZVqFcsEpIE1KxVy+rIlj2UUnj2zTWiBbOa5/stfqW62fee8OQhL7NFCEYyk7thWp3hQLxQins1Q3ljTCZIyHdLpYcIbOtDRAXij0CxRaqCs57Es58V2d9LEayd/eXPzL68TKK/WmLIhiRQOyHOTFHKkQzduiAROUKD7RBBPB9IaIjLDAROmbpHT1n37of9J0TLto5ur6BlVYIgkncArnYMMFVOAKatAAAkO4hyd4NlzjzngwHpfRhPH95whWYLx8AWYKjWk=</latexit>sh

<latexit sha1_base64="hCNTFkt0rftp2pMgmBmwnWSwzSo="></latexit>sf2, sf3 ! sfs

<latexit sha1_base64="vs4bS1hdCCTYBfdWCRw/C2p/63c="></latexit>sd, s23 ! sd
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Polynomial invariants: minimal integrity basis 

From the Cartan decomposition, we can derive the following minimal integrity basis [Desmorat et al., 2020] 
(any polynomial invariant can be constructed from these five invariants)


Such a basis is different from the typical invariants used in mechanics (not based on a decomposition a priori) 
- The link between the two sets is not trivial

6

Minimal integrity basis

<latexit sha1_base64="AumwG3zY6fdzOHExBEciSkQaMJY="></latexit>

Ī1 = tr ���, Ī2 =
1

2

�
Ī21 � tr ���2

�
,

Ī3 = det ���, Ī4 = tr (MMMf���) ,

Ī5 = tr
�
MMMf���

2
�
.

<latexit sha1_base64="uk8Xt6D1x2lx0OYdGVNGj4TBB38="></latexit>

��� = sfMf + shMh + sfs + sd

0

<latexit sha1_base64="hjrDsMHnhrQIUPxIO3rfnP36HaI="></latexit>

I1 := sf , J1 := sh,

I2 := ||sfs||2 , J2 := ||sd||2 ,
I3 := tr

�
s2fssd

�
.
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The Gibbs free energy for linear elasticity can be written as 

This yields the following elastic constitutive law 

It is nicely uncoupled (except f,h due to Poisson’s effect)

it introduces a new set of 5 material parameters (compliances)

What is their relation to the typical material parameters for transverse isotropy?

7

Gibbs free energy and elastic constitutive law

<latexit sha1_base64="mnqFmPmhulzNE+rkp0ZopeiR7l0="></latexit>

w̄ =
1

2
SF I

2
1 + SFHI1J1 +

1

2
SHJ2

1 + SFSI2 + SDJ2

=
1

2
SF s

2
f
+ SFHsfsh +

1

2
SHs2

h
+

1

2µL

||sssfs||2 +
1

2µT

||sssd||2 .

<latexit sha1_base64="ICv7+6Z5E4div1zPYAp2uX3y/qQ="></latexit>
ef
eh

�
=


SF SFH

SFH SH

� 
sf
sh

�
,

efs = SFSsfs,

ed = SDsd.

<latexit sha1_base64="P/cdbs1N6u3T/t5TKBhYO0nmInI="></latexit>

(SF , SFH , SH , SFS , SD)
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Relation with the classical elastic parameters: consider 
The compliance tensor reads (stress and strain in Mandel notation)


We have the following correspondence between                                 and 

8

On the different choices of elastic parameters
<latexit sha1_base64="svGuYzyrt1M0nUfdepe44k42zeM="></latexit>

(vf ,v2,v3) = (e1, e2, e3)

<latexit sha1_base64="wGmYstmNcAgtldjA2BnFMIpI7M8="></latexit>

S =

2

66666664

SF
SFHp

2
SFHp

2
0 0 0

SFHp
2

SH+SD

2
SH�SD

2 0 0 0
SFHp

2
SH�SD

2
SH+SD

2 0 0 0

0 0 0 SD 0 0
0 0 0 0 SFS 0
0 0 0 0 0 SFS

3

77777775

=

2

66666664

1
EL

� ⌫LT

EL

� ⌫LT

EL

0 0 0
� ⌫LT

EL

1
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� ⌫TT

ET

0 0 0
� ⌫LT

EL

� ⌫TT

ET

1
ET

0 0 0
0 0 0 1

2µT

0 0
0 0 0 0 1

2µL

0
0 0 0 0 0 1
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3

77777775

<latexit sha1_base64="xQVdEghD4mPMeYYReUn0H0rz83s="></latexit>

El =
1

SF

, Et =
2

SH + SD

, ⌫lt = � SFHp
2SF

,

µl =
1

2SFS

, µt =
1

2SD

.

<latexit sha1_base64="L9aCYBretL+6c8Om7ynMbMuxr3A="></latexit>

(El, Et, ⌫lt, µl, µt)
<latexit sha1_base64="P/cdbs1N6u3T/t5TKBhYO0nmInI="></latexit>

(SF , SFH , SH , SFS , SD)
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Outline
Modelling the transverse isotropy through a Cartan decomposition 

Define a Cartan decomposition of the stress and strain tensors

Deduce the minimal integrity basis

Formulate the free energy

Derive the elastic constitutive law


A new transversely isotropic viscoelastic model for polymer matrix composites 
An ansatz on the link between the new elastic parameters and the constituents’ response

Verification via analytical homogenisation results

Formulation of the viscoelastic behaviour


Numerical homogenisation for identification and validation 
Periodic homogenisation for general loading paths

Relaxation tests: identification of the transversely isotropic model

Creep tests: validation of the transversely isotropic model


Conclusions and Perspectives
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Ansatz: how are the new set of elastic parameters influenced by the constituents’ behaviour? 
Recall that we have 
very stiff fibres and 
very compliant matrix 
in similar proportions


        axial response in the fibres’ direction                               - fibres

         hydrostatic response in the transverse isotropy plane   - fibres, matrix bulk response

         coupling term                                                                     - fibres, matrix bulk response


         shear response in the fibres’ direction                             - matrix shear response

         shear response in the transverse isotropy plane             - matrix shear response


Approximation: the viscoelastic shear response of the matrix affects only the terms 

10

Ansatz on the micro-meso link

<latexit sha1_base64="ICv7+6Z5E4div1zPYAp2uX3y/qQ="></latexit>
ef
eh

�
=


SF SFH

SFH SH

� 
sf
sh

�
,

efs = SFSsfs,

ed = SDsd.

<latexit sha1_base64="YOQpuXZ0jV/IgLR3iIvIgt+LbqY=">AAAB4HicdVBLS0JBGP2uvcxeVtCmzZAErS73Xh/pTgyipWKaoCJzx7k6OPfBzNxAxH2biDYF/Yf+RYv+Qpt+S6PWwqgDA4dzzvB953MjzqSyrA8jsbK6tr6R3Extbe/s7qX3D5oyjAWhDRLyULRcLClnAW0opjhtRYJi3+X0xh1dzPybWyokC4NrNY5o18eDgHmMYKWler132UtnLNPKl/JOHmlSLGRzJU0cyy44OWSb1hyZ8lHtk71W3qq99HunH5LYp4EiHEvZtq1IdSdYKEY4naY6saQRJiM8oJP5glN0qqU+8kKhX6DQXF3KYV/Kse/qpI/VUP72ZuJfXjtWXrE7YUEUKxqQxSAv5kiFaNYW9ZmgRPGxJpgIpjdEZIgFJkrfJKWr//RD/5OmY9oFM1vTN6jAAkk4hhM4AxvOoQxXUIUGEBjAPTzBs+Ead8aD8biIJozvP4ewBOPlCwRWjSc=</latexit>

SF
<latexit sha1_base64="saLOOk2+KMs1WtjlQFp2p9X/y/U=">AAAB4HicdVBLS0JBGP2uvcxeVtCmzZAErS73Xh/pTmzjUjE1UJG541wdnPtgZm4g4r5NRJuC/kP/okV/oU2/pVFrYdSBgcM5Z/i+87kRZ1JZ1oeRWFvf2NxKbqd2dvf2D9KHRy0ZxoLQJgl5KG5cLClnAW0qpji9iQTFvstp2x1fzf32LRWShcG1mkS05+NhwDxGsNJSo9Gv9tMZy7TypbyTR5oUC9lcSRPHsgtODtmmtUCmfFL/ZK+Vt1o//d4dhCT2aaAIx1J2bCtSvSkWihFOZ6luLGmEyRgP6XSx4Ayda2mAvFDoFyi0UFdy2Jdy4rs66WM1kr+9ufiX14mVV+xNWRDFigZkOciLOVIhmrdFAyYoUXyiCSaC6Q0RGWGBidI3SenqP/3Q/6TlmHbBzNb1DSqwRBJO4QwuwIZLKEMVatAEAkO4hyd4NlzjzngwHpfRhPH95xhWYLx8AQdKjSk=</latexit>

SH
<latexit sha1_base64="rFeVITUtpD3hCa0mkU4uguCClxw=">AAAB43icdVDLSgMxFL1TX7W+qoIbN8EiuBpm+rLdlQrSZYv2AW0pmTRtYzMPkoxQhn6BGxE3Cn6Cf+HCX3Djt5i2uqjogcDhnBPuPdcJOJPKsj6M2Mrq2vpGfDOxtb2zu5fcP2hIPxSE1onPfdFysKScebSumOK0FQiKXYfTpjO+mPnNWyok871rNQlo18VDjw0YwUpLjatedFmZ9pIpy7RyxVw6hzQp5DPZoiZpy86ns8g2rTlSpaPaJ3stv1V7yfdO3yehSz1FOJaybVuB6kZYKEY4nSY6oaQBJmM8pNF8xyk61VIfDXyhn6fQXF3KYVfKievopIvVSP72ZuJfXjtUg0I3Yl4QKuqRxaBByJHy0aww6jNBieITTTARTG+IyAgLTJQ+S0JX/+mH/ieNtGnnzUxN36AMC8ThGE7gDGw4hxJUoAp1IHAD9/AEzwY17owH43ERjRnffw5hCcbLF0/vjoU=</latexit>

SFH

<latexit sha1_base64="LAy6tdFUHp03SDeUiIVBQu0rQ2g=">AAAB43icdVDLSgMxFL1TX7W+qoIbN8EiuBpm+rLdlQrisqX2AW0pmTRtYzMPkoxQhn6BGxE3Cn6Cf+HCX3Djt5i2uqjogcDhnBPuPdcJOJPKsj6M2Mrq2vpGfDOxtb2zu5fcP2hIPxSE1onPfdFysKScebSumOK0FQiKXYfTpjO+mPnNWyok871rNQlo18VDjw0YwUpLjVovuqxNe8mUZVq5Yi6dQ5oU8plsUZO0ZefTWWSb1hyp0lH1k72W3yq95Hun75PQpZ4iHEvZtq1AdSMsFCOcThOdUNIAkzEe0mi+4xSdaqmPBr7Qz1Nori7lsCvlxHV00sVqJH97M/Evrx2qQaEbMS8IFfXIYtAg5Ej5aFYY9ZmgRPGJJpgIpjdEZIQFJkqfJaGr//RD/5NG2rTzZqaqb1CGBeJwDCdwBjacQwmuoAJ1IHAD9/AEzwY17owH43ERjRnffw5hCcbLF2A4jpA=</latexit>

SFS
<latexit sha1_base64="yIshIx7/H0wdw1JMBmyKhE6x7R4=">AAAB4nicdVDNSkJBGP2u/Zn9WUGbNkMStJJ7/Ut3Yi1aKnVVUJG5c+fq4NwfZuYGIr5Am4g2Bb1Cb9GiV2jTszRqLYw6MHA45wzfdz4n4kwq0/wwEiura+sbyc3U1vbO7l56/6Apw1gQapOQh6LtYEk5C6itmOK0HQmKfYfTljO6mPmtWyokC4MbNY5oz8eDgHmMYKUl+7o/uZz20xkzaxYrxVwRaVIu5QsVTXKmVcoVkJU158hUjxqf7LX2Vu+n37tuSGKfBopwLGXHMiPVm2ChGOF0murGkkaYjPCATuYrTtGpllzkhUK/QKG5upTDvpRj39FJH6uh/O3NxL+8Tqy8cm/CgihWNCCLQV7MkQrRrC9ymaBE8bEmmAimN0RkiAUmSl8lpav/9EP/k2Yua5Wy+Ya+QQ0WSMIxnMAZWHAOVbiCOthAgME9PMGz4Rp3xoPxuIgmjO8/h7AE4+ULu/2OMQ==</latexit>

SD

<latexit sha1_base64="dYBJVgU71pRHa/Rwkpx8WIzVnBA=">AAAB6nicdVDLSgMxFM3UV62vqktFgiK4kDIzfdjuioq4bKl9QDuUTJppQzMPk4xQhln6A25E3Cj4Ef0Ef8Fv8CdMW11U9EDI4ZwTcs+1A0aF1PUPLbGwuLS8klxNra1vbG6lt3cawg85JnXsM5+3bCQIox6pSyoZaQWcINdmpGkPLyZ+845wQX3vRo4CYrmo71GHYiSVZNW60VUtPoXqvoy76SM9o+dLeTMPFSkWsrmSIqZuFMwcNDL6FEfl/XH18/5gXOmm3zs9H4cu8SRmSIi2oQfSihCXFDMSpzqhIAHCQ9Qn0XTUGB4rqQcdn6vjSThV53LIFWLk2irpIjkQv72J+JfXDqVTtCLqBaEkHp595IQMSh9OesMe5QRLNlIEYU7VhBAPEEdYqu2kVPWffvB/0jAzRiGTraodnIMZkmAPHIITYIAzUAbXoALqAINb8AhewKvGtAftSXueRRPa95tdMAft7QvPkZEa</latexit>

SFS , SD
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How to check the pertinence of this approximation? Analytical homogenisation results 
A cylindrical model yields closed form expressions 
for the transversely isotropic elastic properties 
based on the constituents’ properties [Hashin, 1970]


Two sets of parameters with different behaviours for              :

      
                    remain finite 

All of the terms evolve with      … how significant is this evolution?

Possible simplifications depend on the ratio 
between the constituents’ material properties and volume fractions
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Verification: analytical homogenisation results
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How to check the pertinence of this approximation? Analytical homogenisation results 
Evolution of the composite’s properties as       decreases

Constituents’ properties and volume fractions for a typical carbon fibres / polymer matrix composite


Ef = 248 GPa, 𝜐f = 0.2 
Em = 3.24 GPa, 𝜐m = 0.4 
vf = 0.5

12

Verification: analytical homogenisation results
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How to check the pertinence of this approximation? Analytical homogenisation results 
Neglecting the evolution of      , we can still capture      quite accurately 

13

Verification: analytical homogenisation results
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Many possible formulations for viscoelasticity. 
Here, we choose a Generalised Maxwell (GM) model with integral formulation 

Rheological representation


Model equation


Reasons behind these choices:

Generalised Maxwell vs Generalised Kelvin-Voigt: GM elements are uncoupled with strain-driven integration (FEM) 
Integral vs Differential formulation: an efficient and accurate integration algorithm is available for the former [Taylor et al. 1970]

14

Formulation of the viscoelastic model
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Outline
Modelling the transverse isotropy through a Cartan decomposition 

Define a Cartan decomposition of the stress and strain tensors

Deduce the minimal integrity basis

Formulate the free energy

Derive the elastic constitutive law


A new transversely isotropic viscoelastic model for polymer matrix composites 
An ansatz on the link between the new elastic parameters and the constituents’ response

Verification via analytical homogenisation results

Formulation of the viscoelastic behaviour


Numerical homogenisation for identification and validation 
Periodic homogenisation for general loading paths

Relaxation tests: identification of the transversely isotropic model

Creep tests: validation of the transversely isotropic model


Conclusions and Perspectives
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Numerical homogenisation: a convenient tool for identification and validation 
Elements of numerical homogenisation: 

Representative Volume Element - RVE (random or periodic)


Boundary Value Problem on the RVE:                                      Field equations (𝜴)       +      Boundary Conditions (𝜕𝜴)

Kinematic Uniform Boundary Conditions (KUBC) - too stiff 
Static Uniform Boundary Conditions (SUBC) - too compliant 
Periodic Boundary Conditions (PBC) - the best 

Obtain the macroscopic stress and strain by averaging over the RVE

16

Numerical homogenisation
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Numerical homogenisation for elasticity 
Compute 6 elementary problems (for PBC, in macroscopic strain control)

Identify the stiffness matrix and the elastic parameters


Numerical homogenisation for viscoelasticity: different strategies 
Laplace domain:


Analogous to an elastic problem, BUT need the reverse Laplace transform [Suquet 1985] 
Time domain:


Reformulation as a variational problem with internal variables [Lahellec, Suquet 2007] 
Compute 6 elementary problems in macroscopic strain control and identify a general relaxation tensor [Tran et al. 2011] 
… 

Here: we use the RVE as a virtual testing machine 
General driving strategy (macroscopic strain OR stress components)

Relaxation tests: identification of the transversely isotropic GM model parameters

Creep tests: validation of the transversely isotropic GM model assumptions

17

Numerical homogenisation
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How to implement a general driving strategy for Periodic Boundary Conditions (PBC)? 
Formulation of the PBC via dummy nodes: 
for each side, add a list of linear constraints as follows


All couple of nodes are related to the same dummy node, 
so the stiffness associated to this node corresponds to the macroscopic RVE stiffness 

The force and displacement at this node 
are related to the macroscopic strain and stress


For each component, either the macroscopic strain or the macroscopic stress can be controlled

x x

o o

M1

M2

N1

N2

P
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A general driving strategy for PBC
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Elastic tests on the RVE: identification of the instantaneous properties 
The analytical results by [Hashin 1970] are extremely accurate for most parameters

Discrepancies are observed for the (2,3) shear response (upper bound) - and on the transverse Young’s modulus

19

Results
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Relaxation tests on the RVE: identification of the viscoelastic response 
Tests at constant macroscopic strain enable us to identify the relaxation tensor


For a simple matrix relaxation behaviour 
(max relaxation 50% of the instantaneous response, characteristic time 10s) 
we have the following homogenised response


Identification:

We neglect relaxation of 
For the other two parameters, we get 
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Results

<latexit sha1_base64="WAX3s5s4fbGfWehEYy0uxfOCn6E="></latexit>

E(t) = H(t)E0

⌃⌃⌃(t) =

Z t

0
��� (t� t

0)
dE (t0)

dt0
dt0 =

Z t

0
��� (t� t

0) �(t0)E0dt
0 = ���(t)E0

<latexit sha1_base64="oimF2USK6F2/PTIJVPZE30A/Q/A=">AAAB63icdVDLSgMxFM3UV62PVl24cBMsggsZMn2pIFIQSpeV2ge0dcikmTY08yDJCKX0K9yIuFHwC/wJf8EPcNtvMG11UdEDIYdzTsg91wk5kwqhDyO2tLyyuhZfT2xsbm0nUzu7dRlEgtAaCXggmg6WlDOf1hRTnDZDQbHncNpwBldTv3FHhWSBf6OGIe14uOczlxGstHRbtUsnVXtUKo/1VbZTaWTmsvl8pgCnBFm53IzkzhGClolmSBf3J5PkxdtnxU69t7sBiTzqK8KxlC0LhaozwkIxwuk40Y4kDTEZ4B4dzWYdwyMtdaEbCH18BWfqQg57Ug49Ryc9rPrytzcV//JakXLPOiPmh5GiPpl/5EYcqgBOi8MuE5QoPtQEE8H0hJD0scBE6fUkdPWffvB/Us+YVsHMXusdXII54uAAHIJjYIFTUARlUAE1QIAAD+AZvBiecW88Gk/zaMz4frMHFmC8fgF6apGG</latexit>

SF , SFH , SH

<latexit sha1_base64="1x64I+3NviT4OF2DYVlET8r2GeE="></latexit>✓
1

SFS

◆

1

= 0.4926

✓
1

SFS

◆

inst

, ⌧1 = 10.14 s;

✓
1

SD

◆

1

= 0.4523

✓
1

SD

◆

inst

, ⌧1 = 10.77 s.



/23

Creep tests on the RVE: validation of the proposed model 
Comparison of the RVE response and the transversely isotropic model response for creep tests in different directions


Unconstrained: 
Constrained: 

Unconstrained uniaxial creep tests 
- very good agreement
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Results

Constrained uniaxial creep tests 
- the approximation is more visible but still acceptable
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A geometrical description of the constitutive behaviour 
The Cartan decomposition, based on the geometric modelling of the transverse isotropy, 
yields uncoupled constitutive laws with a clearer link to the underlying constituents’ properties

An ansatz on the properties affected by the viscoelastic response 
results in a good approximation of the Representative Volume Element response

A better description can be obtained by introducing viscoelasticity on the other parameters 
(but more material parameters are required!)


Perspectives 
For transverse isotropy:


Damage modelling in laminated composites? 
Finite transformation modelling with the new set of invariants? 

For orthotropy / other material symmetries:

How do the formulated laws change? 
What can these formulations teach us about the underlying mechanics?
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Conclusions and perspectives
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