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Elasticité linéaire unidimensionnelle

Ressort de raideur 𝑘 (Hooke, 1676):

𝐹 = 𝑘∆𝑙, ∆𝑙 = 𝑙 − 𝑙0

Barreau de section 𝑆0, de longueur initiale 𝑙0, de module d’Young 𝐸:

𝜎 =
𝐹

𝑆0
= 𝐸

∆𝑙

𝑙0
= 𝐸𝜖, 𝐸 =

𝑘𝑙0
𝑆0

Contrainte 𝜎 et (petite) déformation 𝜖

𝜎 =
𝐹

𝑆0
, 𝜖 =

∆𝑙

𝑙0
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Essai de traction

Figure: Machine de traction (schéma).
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Essai de traction

Figure: Machine de traction (machine réelle 5t).
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Configurations – plongements

I Le body ℬ (Truesdell et Noll, 1965) est une variété à bord
compacte et orientable, munie d’une forme volume 𝜇, la mesure
de masse (telle que 𝑚 =

∫︀
ℬ 𝜇).

I Une configuration est un plongement 𝑝 du body ℬ dans l’espace
Euclidien (ℰ ,q).

I L’espace des configurations est noté Emb(ℬ, ℰ).

I Une configuration de référence (un plongement 𝑝0 fixé) est
nécessaire en mécanique du solide.

Plongement 𝑝 = 𝜙 ∘ 𝑝0 : ℬ → Ω𝑝

ℬ⏟ ⏞ 
variété à bord

𝑝0−→ Ω0
𝜙−→ Ω𝑝⏟  ⏞  

plongées dans (ℰ,q)

,

𝜙 est appelée la transformation
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Déplacement
I Lorsque l’espace ℰ est considéré comme une variété

Riemannienne, on introduit l’application exponentielle

𝑇ℰ → ℰ × ℰ
(x0, 𝛿x0) ↦→ (x0, expx0

𝛿x0)

qui est un difféomorphisme d’un voisinage de la section nulle sur
un voisinage de la diagonale.

I On définit alors le déplacement 𝜉𝜉𝜉, un champ de vecteur sur
Ω0 ⊂ ℰ , de manière univoque par la relation 𝜙(x0) = expx0

𝜉𝜉𝜉(x0)
tant que 𝑑(𝜙, id) reste assez petite (Grubic et al, 2014).

I Dans un espace affine euclidien (ℰ ,q), l’application exponentielle
est un difféomorphisme global et s’écrit expx0

𝛿x0 = x0 + 𝛿x0, de
sorte que

𝜙(x0) = expx0
𝜉𝜉𝜉(x0) = x0 + 𝜉𝜉𝜉(x0)

Le déplacement 𝜉𝜉𝜉 = 𝜙− id est un champ de vecteur sur Ω0 ⊂ ℰ .
L’application linéaire tangente s’écrit alors

𝑇𝜙 = Id + ∇𝜉𝜉𝜉
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Métriques – Petites déformations

Métrique sur Ω0 (tenseur de Cauchy Green-droit)

C = 𝜙*q = F⋆
𝜙qF𝜙 = qF𝑡

𝜙F𝜙, F𝜙 = 𝑇𝜙 = Id + ∇𝜉𝜉𝜉

On a alors classiquement

C =
1

2

(︀
F⋆

𝜙qF𝜙 − q
)︀

=
1

2
(q∇𝜉𝜉𝜉 + (∇𝜉𝜉𝜉)⋆q)⏟  ⏞  

L𝜉𝜉𝜉 q

+
1

2
(∇𝜉𝜉𝜉)⋆q∇𝜉𝜉𝜉

⏟  ⏞  
𝑜(‖∇𝜉𝜉𝜉‖)

soit

C ≈ 𝜖𝜖𝜖 :=
1

2
L𝜉𝜉𝜉 q

Tenseur des petites déformations

𝜖𝜖𝜖 :=
1

2
L𝜉𝜉𝜉 q =

1

2

(︁
(∇𝜉𝜉𝜉♭ + (∇𝜉𝜉𝜉♭)𝑡

)︁
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The stress tensor

Internal Forces

Internal forces (that ensure cohesion of the material) are traditionally
described by the stress tensor 𝜎𝜎𝜎 = (𝜎𝑖𝑗) introduced by Cauchy in
1822.

Elastic work (first gradient theory)

From a modern point of view, these internal forces are described by
their work, which is represented by the linear functional

𝑊 (𝑤) =

∫︁

Ω

𝜎𝜎𝜎 : 𝜖𝜖𝜖 volq, 𝜖𝜖𝜖 =
1

2
L𝑤 q

Refer to Epstein et Segev (1980, 1986...) for a geometrization (and

KD-2021), to Dell’Isola–Madeo–Seppecher (2016) for a generalization.
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Hooke’s Law – Linear elasticity

Hooke’s law (initialy for springs, 1676), nowadays linear elasticity law
𝜎 = 𝐸𝜖, is an example of a constitutive law: an empirical model 𝜎𝜎𝜎(𝜖𝜖𝜖)
which describes the mechanical behavior of a material.

Generalized Hooke’s Law
In linear elasticity, we assume a linear relation between the stress
tensor 𝜎𝜎𝜎 and the strain tensor 𝜖𝜖𝜖,

𝜎𝜎𝜎 = 𝜌
𝜕𝜓𝑒

𝜕𝜖𝜖𝜖
= E : 𝜖𝜖𝜖,

(︂
𝜎𝑖𝑗 = 𝜌

𝜕𝜓𝑒

𝜕𝜖𝑖𝑗
= 𝐸𝑖𝑗𝑘𝑙𝜖𝑘𝑙

)︂
.

that derives from an energy density 𝜌𝜓𝑒 = 1
2𝜖𝜖𝜖 : E : 𝜖𝜖𝜖.

Isotropic elasticity

𝜎𝜎𝜎 = 2𝜇𝜖𝜖𝜖♯ + 𝜆 tr(q−1𝜖𝜖𝜖)q−1, 𝜖𝜖𝜖♯ = q−1𝜖𝜖𝜖q−1

𝜆, 𝜇: Lamé constants.
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Action of SO(3) on Ela
Let

Ela :=
{︀
E ∈ ⊗4(R3); 𝐸𝑖𝑗𝑘𝑙 = 𝐸𝑘𝑙𝑖𝑗 = 𝐸𝑗𝑖𝑘𝑙

}︀
(dimEla = 21) ,

be the vector space of three-dimensional elasticity tensors.

Natural linear action (linear representation)

Ela is endowed with the natural SO(3) representation given by

(𝑔 ⋆E)𝑖𝑗𝑘𝑙 := 𝑔𝑖𝑝 𝑔
𝑗
𝑞 𝑔

𝑘
𝑟 𝑔

𝑙
𝑠𝐸

𝑝𝑞𝑟𝑠, 𝑔 ∈ SO(3).

From now on we consider an orthonormal basis (𝑒𝑖) so that we do not
have to distinguish between upper and lower indices.
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From now on we consider an orthonormal basis (𝑒𝑖) and that we do
not have to distinguish between covariant and contravariant tensors.
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Symmetry groups / classes / strata
Let X be a set of points 𝑥 (for example 𝑥 = E in vector space V = Ela)
and let ⋆ denote the action of a group 𝐺 on X.

I The orbit of the point 𝑥 ∈ X is defined as the set

Orb(𝑥) := {𝑔 ⋆ 𝑥, 𝑔 ∈ 𝐺} .

I The symmetry group of 𝑥 is defined as 𝐺𝑥 := {𝑔 ∈ 𝐺, 𝑔 ⋆ 𝑥 = 𝑥}.

I The symmetry class of 𝑥, noted [𝐺𝑥], is defined as the conjugacy
class of 𝐺𝑥 in 𝐺, i.e.

[𝐺𝑥] :=
{︀
𝑔𝐺𝑥𝑔

−1, 𝑔 ∈ 𝐺
}︀
.

I A symmetry stratum Σ[𝐻] is the set of all elements 𝑥 with
symmetry group 𝐺𝑥 conjugate to 𝐻:

Σ[𝐻] := {𝑥 ∈ 𝑋, 𝐺𝑥 ∈ [𝐻]} .

All 𝑥 in Orb(𝑥) belong to the same symmetry stratum, as 𝐺𝑔⋆𝑥 = 𝑔𝐺𝑥𝑔
−1.
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Quelques questions

I Quand est ce que 2 tenseurs E𝑖 représentent le même matériau ?
(Boehler-Kirillov–Onat 1994, ...)

I Quelles sont les classes de symétrie de l’élasticité ?
(Forte–Vianello, 1996)

I Comment les caractériser ?
(tentative par Bona–Bucataru–Slawinski, 2004, ...)

I Quelle est la distance d’un tenseur expérimental à une classe de
symétrie donnée ? (Gazis, 1963, M. François, 1995, ...)

I Quels sont les invariants pertinents du tenseur d’élasticité ?
(base d’intégrité par Olive, 2014, ... )

I Extension aux lois de comportement nonlinéaires ? Aux grandes
transformations ?
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(tentative par Bona–Bucataru–Slawinski, 2004, ...)

I Quelle est la distance d’un tenseur expérimental à une classe de
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When are two elastic materials ”the same”

Does there exists a rotation 𝑔 ∈ SO(3) such that

(E2)𝑖𝑗𝑘𝑙 = 𝑔𝑖𝑝𝑔𝑗𝑞𝑔𝑘𝑟𝑔𝑙𝑠(E1)𝑝𝑞𝑟𝑠 ?

a relation that we shall denote by

E2 = 𝑔 ⋆E1

and we say then that the two tensors are in the same orbit.

Acier 14%-Cr ODS (CEA)

Thématiques et Lois de Comportement Lois de Comportement Illustration d’anisotropies

Polycristaux (ex: métaux, céramiques)

Un matériau polycristallin est un matériau solide constitué d’une
multitude de petits (mono)cristaux de taille et d’orientation variées.

For(these(comparisons,(the(mean(hoop(stress( in(the(tube(has(to(be(evaluated.(The(method(

used(is(based(on([28].(The(external(pressure(being(negligible(compared(with(the(inner(pressure,(the(

mean(stress(tensor(in(the(tube(is(expressed(as:((

! = !!!
!!

−! − !² 0 0
0 1 − ! 0
0 0 !

! − ! + !²
((( Eq.(1(

where( P( is( the( internal( pressure,( Dm( the( mean( diameter( of( the( tube,( t( the( thickness((
and(! = ! !!(a(geometrical(parameter.(A(secondOorder(approximation( in(!( (as(opposed( to(a( firstO
order(approximation,(which(correspond(to(the(thin(wall(formula)(gives(the(evaluation(for(the(mean(

hoop(stress(in(the(wall(of(the(tube:((

!!! = ! !!!!! 1 − ! = 9.73 ∗ !(((( ( Eq.(2(

The(mean(hoop(strain( is(obtained(by(dividing(the(evolution(of(the(external(diameter(by(the(

initial(mean(diameter.(

!!! = ∆!!
!!(!)

≈ ∆!!"#
!!"# ! !!!(( ( ( Eq.(3(

Results'
Microstructure'
The(results(of( the(EBSD(analysis(are(shown( in(Figure(2.(The(9%Cr(ODS(steel( tube(exhibits(grains(of(

equiaxed(shape,(the(diameter(of(which(is(around(5(micrometers,(as(shown(on(both(the(longitudinal(

section((Figure(2( (c))(and(the(cross(section((Figure(2( (d))(of( the(tube.(RD(corresponds(to(the(rolling(

direction,( TD( being( the( transverse( direction( and( ND( the( normal( direction.( The( pole( figures( and(

orientation( maps( of( both( sections( also( suggest( an( almost( isotropic( texture,( but( with( a( slight(

orientation(of(the(<110>(direction(parallel(to(RD(and(the(<111>(direction(to(ND(in(the((RDOTD)(plane.(

This(type(of(microstructure(can(be(seen(on(other(martensitic(ODS(steels(obtained(at(CEA([21],([24].(

The( 14%Cr(ODS( steel( tube( exhibits( elongated( grains( in( the( rolling( direction.( These( grains( have( an(

average(diameter(around(500(nanometers(and(an(average( length(of(350(micrometers,(and(show(a(

strong(α(texture,(as(the(<110>(axes(of(the(grains(are(mostly(aligned(with(RD(and(the(<111>(axes(with(

TD,(as(seen(on(Figure(2((a)(and((b).(

(

(a)( (b)(

Figure: Acier ”14%Cr 14 ferritic ODS” (Oxide Dispersion Strengthened,
Fe-14Cr-1W-0.3Ti-0.25Y2O3, CEA, observation EBSD):
(a) longitudinal section, (b) transverse section.
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When such a rotation does not exist, the two tensors
describe different elastic materials.
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Quelques questions

I Quand est ce que 2 tenseurs E𝑖 représentent le même matériau ?
(Boehler-Kirillov–Onat 1994, ...)

I Quelles sont les classes de symétrie de l’élasticité ?
(Forte–Vianello, 1996)

I Comment les caractériser ?
(tentative par Bona–Bucataru–Slawinski, 2004, ...)

I Quelle est la distance d’un tenseur expérimental à une classe de
symétrie donnée ? (Gazis, 1963, M. François, 1995, ...)

I Quels sont les invariants pertinents du tenseur d’élasticité ?
(base d’intégrité par Olive, 2014, ... )

I Extension aux lois de comportement nonlinéaires ? Aux grandes
transformations ?
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Figure: Partial ordering set for symmetry classes of Ela (Forte–Vianello, 1996).
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Usefull tensor products

Let S1 ∈ S𝑛1(R3) and S2 ∈ S𝑛2(R3) be two totally symmetric tensors.

Symmetric tensor product

S1 ⊙ S2 := (S1 ⊗ S2)𝑠 ∈ S𝑛1+𝑛2(R3)

Generalized (Lie–Poisson) cross product

S1 × S2 := (S2 · 𝜀𝜀𝜀 · S1)𝑠 ∈ S𝑛1+𝑛2−1(R3),

where 𝜀𝜀𝜀 = (det(𝑒𝑖, 𝑒𝑗 , 𝑒𝑘)) is the third-order Levi-Civita tensor.

We have the property

S× q = 0, ∀S ∈ S𝑛(R3),

where q = (𝛿𝑖𝑗) is the Euclidean metric.
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Harmonic decomposition

Every three-dimensional tensor space V decomposes into irreducible
representations H𝑘 = H𝑘(R3) for O(3) (harmonic decomposition).

For the elasticity tensor, V = Ela (Backus, 1970)

E = (trd, trv,d′,v′,H) ∈ H0 ×H0 ×H2 ×H2 ×H4

with the dilatation and Voigt tensors

d := tr12 E, v := tr13 E,

d′ := d− 1
3 (trd)q, v′ := v − 1

3 (trv)q and with

H := (E𝑠)′ = E𝑠 − q⊙ a′ − 7

30
(tra)q⊙ q, with a :=

2

7
(d + 2v)

(q is the euclidian tensor and a⊙ b = (a⊗ b)𝑠)
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Harmonic components as linear covariants
of the elasticity tensor

The harmonic decomposition of E is equivariant. For any 𝑔 ∈ SO(3):

𝑔⋆E = (𝑔⋆trd, 𝑔⋆trv, 𝑔⋆d′, 𝑔⋆v′, 𝑔⋆H) = (trd, trv⏟  ⏞  
invariants

, 𝑔 ⋆ d′, 𝑔 ⋆ v′, 𝑔 ⋆H⏟  ⏞  
covariants

)

The harmonic components trd = tr(d(E)), trv = tr(v(E)) and

d′ = d′(E), v′ = v′(E), H = H(E),

are linear covariants C(E) of E.

24 / 55



Linear elasticity Covariant characterization Functional bases On symmetry strata Conclusion

Covariants of the elasticity tensor

The covariants of a tensor E satisfy the rule

C(𝑔 ⋆E) = 𝑔 ⋆C(E), ∀𝑔 ∈ SO(3).

There exist nonlinear covariants. For instance, the quadratic
covariant

d2(H) := tr13 H
2 = H

...H, ((d2)𝑖𝑗 = 𝐻𝑖𝑝𝑞𝑟𝐻𝑝𝑞𝑟𝑗)

and the cubic covariant

d3(H) := tr13 H
3, ((d3)𝑖𝑗 = 𝐻𝑘𝑖𝑝𝑞𝐻𝑝𝑞𝑟𝑠𝐻𝑟𝑠𝑘𝑗)

introduced by Boehler, Kirillov and Onat in 1994.
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Covariant characterization of elasticity symmetry classes

Theorem (Olive et al, MMS, 2021)

Let E = (trd, trv,d′,v′,H) ∈ Ela be an elasticity tensor. Then

1. E is isotropic if and only if d′ = v′ = d2 = 0.

2. E is cubic if and only if d′ = v′ = d′
2 = 0 and d2 ̸= 0.

3. E is transversely isotropic if and only if (d2,d,v) is transversely isotropic and

H × d2 = H × d = H × v = 0.

4. E is tetragonal if and only if (d2,d,v) is transversely isotropic,

tr(H × d2) = tr(H × d) = tr(H × v) = 0, and

H × d2 ̸= 0, or H × d ̸= 0, or H × v ̸= 0.

5. E is trigonal if and only if (d2,d,v) is transversely isotropic,

d2 × (H :d2) = d × (H :d) = v × (H :v) = 0, and

tr(H × d2) ̸= 0, or tr(H × d) ̸= 0, or tr(H × v) ̸= 0.

The characterization of orthotropic and monoclinic symmetry classes
involves more covariants.
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Interest of a characterization by covariants
Case of trigonal harmonic fourth order tensors2 𝐷 = H ∈ H4(R3)
(Auffray–Kolev–Petitot, 2014)18 N. Auffray et al.

Proposition 5.8. A harmonic tensor D 2H4 is in the closed stratum S [D3] if and only
if the invariants J2(D) · · ·J10(D) satisfy the following polynomial relations

192J6 = �51J2
3 +216J2J4 +10J3

2

36J7 = �2J2
2J3 +6J3J4 +27J2J5

768J4
2 = �99J2

4 +552J2
2J4 +10J2J3

2 +240J3J5

240J8 = �33J2
4 +96J2

2J4 +30J2J3
2 +40J3J5

576J4J5 = �41J2
3J3 +120J2J3J4 +216J2

2J5 +30J3
3

1152J9 = �99J2
3J3 +296J2J3J4 +648J2

2J5 +10J3
3

1440J5
2 = �11J2

5 +32J2
3J4 �70J2

2J3
2 +240J2J3J5 +240J3

2J4

8640J10 = �891J2
5 +2592J2

3J4 +730J2
2J3

2 +2160J2J3J5 +240J3
2J4

(21)

together with inequality (20). D is in the trigonal class [D3] if moreover 3J4 �J2
2 6= 0

and 98J4 �41J2
2 6= 0. In that case, it admits the normal form (18) where

d = �1
4

J5

J2
2 �3J4

and where s is the positive root of J2 = 280d 2 +16s2.

Remark 5.9. All 2nd-order tensors in H2 covariant to D are multiple of diag(1,1,�2)
and are eigenvectors of D corresponding to the eigenvalue 12d .

5.4 Tetragonal symmetry ([D4])

A D4-invariant tensor D 2 H4 has the following matrix representation:

D =

0
BBBBBB@

�s +3d s +d �4d 0 0 0
s +d �s +3d �4d 0 0 0
�4d �4d 8d 0 0 0

0 0 0 �8d 0 0
0 0 0 0 �8d 0
0 0 0 0 0 2s +2d

1
CCCCCCA

(22)

where (d ,s) 2 R2. As for the [D3] class, the monodromy group is S2, and the linear
slice is of degree 2. Therefore a choice has to be made between s and �s to define
the normal form.

2
Inequality (20) = 2𝐽2(𝐽2

2 − 3𝐽4)2 − 35𝐽2
5 ≥ 0. 27 / 55
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Notions from Invariant Theory

There are three concepts in Invariant Theory

I the concept of integrity basis (generating set of the invariant
algebra, here R[Ela]SO(3))

I the concepts of functional basis and separating set, which are
moreover equivalent (Wineman and Pipkin, 1964).

Remark
The notion of functional basis, introduced in Weyl’s classical book,
has become a key notion in the mechanical science literature related to
Invariant Theory (Smith (1971), Boehler (1987), Smith (1994), Zheng (1994)).
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The algebra of 𝐺-invariant functions

I The action of 𝐺 on a set X induces a linear action of 𝐺 on the
algebra ℱ(X) of real-valued functions on X, which writes

(𝑔 ⋆ 𝑓)(𝑥) := 𝑓(𝑔−1 ⋆ 𝑥),

where 𝑓 ∈ ℱ(X) and 𝑔 ∈ 𝐺.

I The subalgebra of 𝐺-invariant functions, noted ℱ(X)𝐺, is defined
by

ℱ(X)𝐺 := {𝑓 ∈ ℱ(X), 𝑔 ⋆ 𝑓 = 𝑓, ∀𝑔 ∈ 𝐺} .
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Functional bases

Definition (Functional basis)

A finite set F := {𝜙1, . . . , 𝜙𝑠} of 𝐺-invariant functions is a functional
basis of ℱ(X)𝐺 if for any 𝐺-invariant function 𝑓 ∈ ℱ(X)𝐺 there exists
a function 𝐹 : R𝑠 → R such that

𝑓(𝑥) = 𝐹 (𝜙1(𝑥), . . . , 𝜙𝑠(𝑥)), ∀𝑥 ∈ X.

A functional basis F is said to be minimal if no proper subset F ′ of
F is a functional basis.

Remark
As pointed out by Weyl the word function has to be understood in its
widest scope. Such a function 𝐹 may not even be continuous.
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Separating set

Definition (Separating set)

A finite set S := {𝜅1, . . . , 𝜅𝑟} of 𝐺-invariant functions is a separating
set if for any 𝑥, 𝑥 in X

Orb(𝑥) = Orb(𝑥) ⇐⇒ 𝜅𝑖(𝑥) = 𝜅𝑖(𝑥), 𝑖 = 1, . . . , 𝑟.

A separating set S is said to be minimal if no proper subset S ′ of
S is a separating set.

Remark

It is an answer to the question ”Are two (elastic) materials the same?”
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Remarks

I The cardinal of a minimal separating set/functional basis may
vary from one minimal set to another.

I A lower bound on the cardinal of such a set depends drastically
on the class of functions (continuous, differentiable, . . . ).

I By dropping off continuity, it is always possible to construct a
separating set of only one element (Wang, 1970).

I When the orbit space X/𝐺 is a topological manifold of
dimension 𝑑, the cardinal 𝑟 of any separating set of continuous
functions is bigger than 𝑑 (𝑟 ≥ 𝑑).
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Isotropy stratification

Consider a compact Lie group 𝐺 acting linearly on a vector space V.

Then, there exists only a finite number of symmetry classes
[𝐻1], . . . , [𝐻𝑙] and V splits into a disjoint union of strata (Bredon,

1960, 1972, Abud–Sartori, 1983).

V = Σ[𝐻1] ∪ . . . ∪ Σ[𝐻𝑙],

where each stratum Σ[𝐻] is a 𝐺-stable smooth submanifold of V.

𝑑 = dimΣ[𝐻]/𝐺 for some elasticity strata

dim(Σ[1]/SO(3)) = 18, dim(Σ[D4]/SO(3)) = 6, dim(Σ[D3]/SO(3)) = 6,

dim(Σ[O(2)]/SO(3)) = 5, dim(Σ[O]/SO(3)) = 3, dim(Σ[SO(3)]/SO(3)) = 2.
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Figure: Partial ordering set for symmetry classes of Ela (Forte–Vianello, 1996).
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Integrity basis

Let R[V] be the algebra of polynomial functions on V. The invariant
algebra of V is the subalgebra

R[V]𝐺 := {p ∈ R[V]; p(𝑔 ⋆ 𝑣) = p(𝑣), ∀𝑔 ∈ 𝐺, ∀𝑣 ∈ V} .

of polynomial invariants.

Definition (Integrity basis)

A finite set of invariant polynomials {𝐼1, . . . , 𝐼𝑘} is a generating set
(also called an integrity basis) of the invariant algebra R[V]𝐺 if each
polynomial invariant 𝐽 can be written as

𝐽(𝑣) = 𝑃 (𝐼1(𝑣), . . . , 𝐼𝑘(𝑣)), 𝑣 ∈ V,

where 𝑃 is a polynomial function in 𝑘 variables.
An integrity basis is minimal if no proper subset of it is an integrity
basis.
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A minimal integrity basis for R[Ela]SO(3)

(Olive et al, 2021, cardinal 294)
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Lemma B.5. Let H1 2 Hn(R3) and H2 2 Hp(R3) be two harmonic tensors. Then we have

(B.4) {��H1, �
�H2}2r = 2�r��((H1

(r)· H2)
s
0)

and

(B.5) {��H1, �
�H2}2r+1 = (n, p, r)��((trr(H1 ⇥ H2))0)

where

(n, p, r) =
1

22r+1

(n + p � 1)!(n � r � 1)!(p � r � 1)!

(n + p � 1 � 2r)!(n � 1)!(p � 1)!
.

Appendix C. Invariants of the Elasticity tensor

A minimal integrity basis for the Elasticity tensor E = (H,a,b, �, µ) was produced for the
first time in [65], using Gordan’s algorithm [61]. In this appendix, we provide an alternative
minimal integrity basis, using the covariants of H given in Table 2.

This basis has been checked to be correct using the Hilbert series of Inv(Ela) and using the
method which was outlined in section 5. This basis consists in:

(1) 15 simple invariants:
• trd, trv;
• the simple invariants of d and v: trd2, trd3, trv2, trv3:
• and the nine simple invariants of H, computed first in [15]:

trd2, trd3, trd2
2, tr (d2d3) , trd3

2,

tr
�
d2

2d3

�
, tr

�
d2d

2
3

�
, trd3

3, tr
�
d2

2d
2
3

�
;

(2) 4 joint invariants of (d,v):

tr (dv) , tr
�
d2v

�
, tr

�
dv2

�
, tr

�
d2v2

�

(3) 52 joint invariants of (H,d), and similarly 52 joint invariants of (H,v) given in Table 3,
where

3,3CCC = tr
�
H ⇥ d2

�
, 4b,5CCC =

�
H2

�s ⇥ d2, vvv5 = """ :
�
d2c3

�
.

(4) 174 joint invariant of (H,d,v) given in Table 4, Table 5 and Table 6, where
3,7CCC = H ⇥

�
H2

�s
, 3,9CCC =

��
H · H

�s ⇥ H
�
,

3,5CCC = H ⇥ d2,
4,7CCC =

�
H ⇥

�
H3

�s�
.
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# Deg. M. deg. Inv.

ja1 3 (2,1,0) tr
�
ad2

�

ja2 3 (1,2,0) a :H :a

ja3 4 (2,2,0) tr
�
a2d2

�

ja4 4 (3,1,0) tr
�
ad3

�

ja5 4 (1,3,0) a :H :a2

ja6 4 (2,2,0) a :
�
H2

�s
:a

ja7 5 (1,4,0) a2 :H :a2

ja8 5 (2,3,0) a :
�
H2

�s
:a2

ja9 5 (2,3,0) a :
�
a :

�
H · H

�s
:a

�

ja10 5 (3,2,0) a :(H3)s :a

ja11 5 (3,2,0) tr
�
a2d3

�

ja12 5 (4,1,0) tr
�
ad2

2

�

ja13 5 (4,1,0) a :
�
H2

�s
:d2

ja14 6 (2,4,0) a2 :
�
H2

�s
:a2

ja15 6 (2,4,0) a2 :
�
a :

�
H · H

�s
:a

�

ja16 6 (3,3,0) a :
�
a :

�
H2 · H

�s
:a

�

ja17 6 (3,3,0) a :
�
H3

�s
:a2

ja18 6 (3,3,0) tr
�
H ⇥ d2

� ...
�
a2 ⇥ a

�

ja19 6 (4,2,0) d2
2 :a2

ja20 6 (4,2,0) a :
�
H4

�s
:a

ja21 6 (4,2,0) a2 : c4

ja22 6 (5,1,0) a :(d2d3)

ja23 6 (5,1,0) a :
�
H3

�s
:d2

ja24 7 (2,5,0) a :
�
a2 :

�
H · H

�s
:a2

�

ja25 7 (3,4,0) a :
��

H ⇥ d2

� ...
�
a2 ⇥ a

��

ja26 7 (3,4,0) a :
�
a :

�
H2 · H

�s
:a2

�

ja27 7 (4,3,0) a :
�
H4

�s
:a2

# Deg. M. deg. Inv.

ja28 7 (4,3,0) tr
�
H ⇥ c3

� ...
�
a2 ⇥ a

�

ja29 7 (4,3,0) a :
�
a :

�
H2 · H2

�s
:a

�

ja30 7 (5,2,0) a :
�
H · d2

2

�s
:a

ja31 7 (5,2,0) c5 :a2

ja32 7 (5,2,0) (d2c3) :a2

ja33 7 (6,1,0) (d2c4) :a

ja34 7 (6,1,0) c2
3 :a

ja35 8 (7,1,0)
�
d2

2c3

�
:a

ja36 8 (7,1,0)
�
c4c3

�
:a

ja37 8 (6,2,0)
�
d2c4

�
:a2

ja38 8 (6,2,0) c2
3 :a2

ja39 8 (6,2,0) a :
�
H2 · d2

2

�s
:a

ja40 8 (5,3,0) tr
�
H ⇥ d2

2

� ...
�
a2 ⇥ a

�

ja41 8 (5,3,0) a :
�
H · d2

2

�s
:a2

ja42 8 (4,4,0) a :
�
4b,5CCC

...
�
a2 ⇥ a

��

ja43 8 (4,4,0) a :
�
a :

�
H2 · H2

�s
:a2

�

ja44 8 (3,5,0) a2 :
�
a2 :

�
H2 · H

�s
:a

�

ja45 9 (6,3,0)
�
3,3CCC :a

�
· a ·

�
3,3CCC :a

�

ja46 9 (7,2,0)
�
c4c3

�
:a2

ja47 9 (7,2,0)
�
d2

2c3

�
:a2

ja48 9 (8,1,0)
�
d2c

2
3

�
:a

ja49 9 (8,1,0) c2
4 :a

ja50 10 (8,2,0) c2
4 :a2

ja51 10 (9,1,0)
�
d2

2c5

�
:a

ja52 11 (10,1,0) vvv5 · a · vvv5

Table 3. Joint Invariants of (H,a)

a = d or v.
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Integrity bases are separating

Theorem (Abud–Sartori, 1983)

Let 𝐺 be a compact group acting linearly on a real vector space V.
Then, each integrity basis of R[V]𝐺 is a separating set.
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Reducing the cardinal of a polynomial separating set

2 M. OLIVE AND R. DESMORAT

As mentioned above, the continuum mechanics community [56, 60, 63, 77] did take up this theory
in the case of real tensorial representations V of the group O(3, R). One goal was to be able to get
parametrization of the associated orbit space, and thus find a finite set {s1, . . . , sp} of invariants,
called a separating set, such that for any two vectors (in fact, tensors or any family of tensors) vvv1,
vvv2 2 V

8i, si(vvv1) = si(vvv2) i↵ vvv1, vvv2 belong to the same orbit.

In the case of first order tensors, Weyl’s theorem on polarization [74, Theorem 2.9-A] was enough
to obtain polynomial separating sets of nR3 := R3 � . . . � R3 (n times), so the next question was to
find similar results for nS2(R3), where S2(R3) is the space of symmetric second order tensors. Being
in the case of a real representation of a compact group, it was noticed that the algebra of polynomial
invariants had this separating property [1] (while a separating set is not necessary an integrity basis).
By Hilbert’s theorem, it was therefore theoretically possible to obtain a finite separating set: the
possibly non–minimal one coming from a finite integrity basis. A notion of separating algebra was
then proposed in [24, 42], and Draisma et al. [23] obtained an algorithm to compute a polynomial
separating set of a direct sum of the same representation, using polarization procedure on separating
invariants.

It was therefore important to obtain an e↵ective construction of minimal integrity bases or minimal
separating sets for nS2(R3) := S2(R3) � . . . � S2(R3) endowed with the standard SO(3, R) diagonal
representation. By using a complexification process, the problem reduces in fact to the one of deter-
mining an SL(2, C) integrity basis of n quartic forms (see [6, 51]), first obtained by Young in 1899 [76].
Unfortunately, as recalled above, such results were unknown by the mechanical community, and they
were established back over the years [56, 60, 63].

The quite high number of elements in these minimal integrity bases and polynomial separating
sets was such that these results were not very useful in practice (see Table 1). There was then the
idea of returning to the notion of functional basis (that is to say a generating set of all invariant
functions [75]). It was in fact a question of taking up Weyl’s own ideas [74]: finding a finite set of
invariants {�1, . . . , �k} such that any other invariant function f can be expressed in terms of the �i’s.
As Weyl pointed out, the term function is here to be taken in its broadest sense.

The hard work carried out in [72, 60, 73, 5] made it possible to obtain minimal polynomial functional
bases (in the sense that any subset is no longer a functional basis), in the case of nS2(R3). Their
cardinals are given in Table 1 (minimality was obtained in [53]).

Cardinal n = 3 n = 4 n = 5 n = 6
Mininimal

integrity basis
3n + 4

✓
n

2

◆
+ 7

✓
n

3

◆
+ 20

✓
n

4

◆
28 84 261 684

+26

✓
n

5

◆
+ 10

✓
n

6

◆

Mininimal
separating set

3n + 4

✓
n

2

◆
+

✓
n

3

◆
=

n(n2 + 17)

6
22 40 65 98

Table 1. Cardinals of minimal integrity bases and minimal polynomial separating
sets for (nS2(R3), SO(3, R)).

If we further aim at reducing the cardinal of a separating set (i.e. a functional basis [75]), we have
to join the standard approach in invariant theory, introducing no longer polynomial invariants but
rational ones, and considering at first the complexification of the group and of its representation. In
that scope, the question then becomes the one of determining a generating set of the field of rational
invariants C(nS2(C3))SO(3,C).

Now, in the complex case, and only in this case (i.e. of an algebraically closed field), such generating
sets are obtained using a separating property of the orbits in general position, thanks to Popov’s
lemma 2.2 [54, p.155]. Indeed, for any complex linear representation (V, G) of a reductive group, if
one exhibits a finite set {r1, . . . , rs} of rational invariants and a dense open set X ⇢ V such that, for
all xxx1,xxx2 2 X,

8i ri(xxx1) = ri(xxx2) =) xxx1,xxx2 belong to the same orbit,

Figure: Cardinals for 𝑛 symmetric 2nd-order tensors (Pennisi–Trovato, 1987).

Remark

The (cardinal 294) minimal integrity basis of R[Ela]SO(3) has been
reduced to a set of 251 separating polynomial invariants by Ming et
al (2019).
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Other reductions

There are in the literature different strategies to reduce the number of
elements of a functional basis.

I change the class of its elements: usually polynomial invariants
are considered but this is not mandatory;

I look for local separating sets instead of global ones: the
separating property is then defined, not on the whole vector
space, but only on a neighbourhood of a given tensor.
I Bona et al (2008): 18 local algebraic invariants.
I DADKO-2019: 18 local polynomial invariants.

I restrict the separating property to a subset of generic tensors
→ weak functional bases.
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Other reductions for elasticity tensors

For three-dimensional elasticity tensors,

I a weak separating set of 39 global polynomial invariants has been
provided by Boehler–Kirillov–Onat (1994),

I and a weak separating set of 18 global rational invariants has
been obtained by us (2019).

To reduce the set from 294 elements to 39 and to only 18, a price
(genericity) has to be paid.
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Outline

Linear elasticity

Harmonic decomposition – Covariant characterization of elasticity

Functional bases and separating sets

Functional bases on symmetry strata of elasticity tensors
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Low dimensional elasticity symmetry strata

Pertinent invariants? Continuous. On an elasticity symmetry stratum.

Isotropic stratum Σ[SO(3)]: 𝑑 = 2,

Cubic stratum Σ[O]: 𝑑 = 3,

Transversely isotropic stratum Σ[O(2)]: 𝑑 = 5,

Tetragonal stratum Σ[D4]: 𝑑 = 6,

Trigonal stratum Σ[D3]: 𝑑 = 6.

Reminder

E = (trd, trv,d′,v′,H)

𝑎𝑛𝑑 d = tr12 E, v = tr13 E,

d2 = tr13 H
2, d3 = tr13 H

3,

𝐼2 = trd2 = ‖H‖2, 𝐼3 = trd3.
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Functional basis on cubic stratum

An elasticity tensor E = (trd, trv,d′,v′,H) ∈ Ela is cubic if and only
if

d′ = v′ = 0, d′
2 = 0 and 𝐼2 = trd2 = ‖H‖2 ̸= 0.

Let d3 = tr13 H
3 and 𝐼3 = trd3.

Theorem (DADOK-2021)

Let E = (trd, trv, 0, 0,H) be a cubic elasticity tensor. A minimal
functional basis for Σ[O] consists in the 3 rational invariants

𝜅1 := trd, 𝜅2 := trv, 𝜅3 :=
𝐼3
𝐼2
.
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A transversely isotropic second-order covariant

We define the deviatoric second-order rational covariant

t := 2
(‖d′‖2 d′2 + ‖v′‖2 v′2 + d′

2
2
)′

‖d′‖4 + ‖v′‖4 + ‖d′
2‖2

̸= 0

for every elasticity tensor which is either trigonal, tetragonal or
transversely isotropic, i.e. for any

E ∈ Σ[D3] ∪ Σ[D4] ∪ Σ[O(2)].
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Functional basis on transversely isotropic stratum

If E is transversely isotropic, then, the triplet (d′,v′,d′
2) is

transversely isotropic, and thus

‖d′‖4 + ‖v′‖4 + ‖d′
2‖2 ̸= 0.

Theorem (DADOK-2021)

Let E = (trd, trv,d′,v′,H) ∈ Σ[O(2)] be a transversely isotropic
elasticity tensor and

t = 2
(‖d′‖2 d′2 + ‖v′‖2 v′2 + d′

2
2
)′

‖d′‖4 + ‖v′‖4 + ‖d′
2‖2

∈ H2(R3).

A minimal functional basis for Σ[O(2)] consists in the 5 rational
invariants

𝜅1 := trd, 𝜅2 := trv, 𝜅3 := d : t, 𝜅4 := v : t, 𝜅5 := t : H : t.
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Functional basis on tetragonal stratum

Given a tetragonal elasticity tensor E = (trd, trv,d′,v′,H) ∈ Σ[D4],
the triplet (d′,v′,d′

2) is transversely isotropic and H ∈ H4(R3) is
either cubic or tetragonal.

Theorem (DADOK-2021)

Let E = (trd, trv,d′,v′,H) be a tetragonal elasticity tensor and

t = 2
(‖d′‖2 d′2 + ‖v′‖2 v′2 + d′

2
2
)′

‖d′‖4 + ‖v′‖4 + ‖d′
2‖2

.

A minimal functional basis for Σ[D4] consists in the 6 rational
invariants

𝜅1 := trd, 𝜅2 := trv, 𝜅3 := d : t,

𝜅4 := v : t, 𝜅5 := t : H : t, 𝜅6 := 𝐼2.
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Elasticity trigonal stratum

Given a trigonal elasticity tensor E = (trd, trv,d′,v′,H) ∈ Σ[D3], the
triplet (d′,v′,d′

2) is transversely isotropic and H ∈ H4(R3) is either
cubic or trigonal.

Theorem (DADOK-2021)

Let E = (trd, trv,d′,v′,H) be a trigonal elasticity tensor and

t = 2
(‖d′‖2 d′2 + ‖v′‖2 v′2 + d′

2
2
)′

‖d′‖4 + ‖v′‖4 + ‖d′
2‖2

.

A minimal functional basis for Σ[D3] consists in the 6 rational
invariants

𝜅1 := trd, 𝜅2 := trv, 𝜅3 := d : t,

𝜅4 := v : t, 𝜅5 := t : H : t, 𝜅6 = 𝐼2.
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A polynomial functional basis for elasticity tensors

at least tetragonal or trigonal

Theorem (DADOK-2021)

Let E = (trd, trv,d′,v′,H) be an elasticity tensor and

𝐾1 := trd, 𝐿1 := trv, 𝐼3 := trd3, 𝐾4 := ‖d′‖4 + ‖v′‖4 + ‖d′
2‖2,

𝐾5 := d : k4, 𝐿5 := v : k4, 𝐾9 := k4 : H : k4, 𝐾10 := ‖tr(H× k4)‖2.

where k4 := (‖d′‖2 d′2 + ‖v′‖2 v′2 + d′
2
2
)′.

1. A minimal functional basis for Σ[SO(3)] ∪ Σ[O] ∪ Σ[O(2)] ∪ Σ[D4] (i.e. at
least tetragonal elasticity tensors) consists in the 7 polynomial
invariants 𝐾1, 𝐿1, 𝐼3,𝐾4,𝐾5, 𝐿5 and 𝐾9.

2. A minimal functional basis for Σ[SO(3)] ∪ Σ[O] ∪ Σ[O(2)] ∪ Σ[D3] (i.e. at
least trigonal elasticity tensors) consists in the 7 polynomial invariants
𝐾1, 𝐿1, 𝐼3,𝐾4,𝐾5, 𝐿5 and 𝐾9.

3. A minimal functional basis for Σ[SO(3)] ∪ Σ[O] ∪ Σ[O(2)] ∪ Σ[D4] ∪ Σ[D3]

(i.e. at least tetragonal or trigonal elasticity tensors) consists in the 8
polynomial invariants 𝐾1, 𝐿1, 𝐼3,𝐾4,𝐾5, 𝐿5,𝐾9 and 𝐾10.
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Quelques questions

I Quand est ce que 2 tenseurs E𝑖 représentent le même matériau ?
(Boehler-Kirillov–Onat 1994, ...)

I Quelles sont les classes de symétrie de l’élasticité ?
(Forte–Vianello, 1996)

I Comment les caractériser ?
(tentative par Bona–Bucataru–Slawinski, 2004, ...)

I Quelle est la distance d’un tenseur expérimental à une classe de
symétrie donnée ? (Gazis, 1963, M. François, 1995, ...)

I Quels sont les invariants pertinents du tenseur d’élasticité ?
(base d’intégrité par Olive, 2014, ... )

I Extension aux lois de comportement nonlinéaires ? Aux grandes
transformations ?
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Travaux connexes
I Invariants des formes binaires, en lien avec la cryptographie

(R. Lercier . . . )
I Travaux sur les décompositions harmoniques

(N. Auffray–B. Desmorat), en lien avec les milieux à gradient et
les milieux architecturés . . .

I Bases d’intégrités (minimales) de 𝑛 tenseurs d’ordre quelconque
en 2D (𝐺 = SO(2) ou O(2))

I Bases fonctionnelles (minimales) de 𝑛 tenseurs d’ordre 2 en 3D
(avec M. Olive)

I Travaux sur la reconstruction d’un tenseur à l’aide de ses
covariants (élasticité – endommagement anisotrope, avec
C. Oliver-Leblond et B. Kolev)

I Travaux sur les couplages multiphysiques (Thèse J. Taurines)
I Travaux sur les distances aux classes de symétrie

(François–Geymonat–Berthaud (1995-1998), Thèse P. Azzi)
I Géométrisation (de l’anisotropie ?) des grandes transformations

(avec B. Kolev)
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Application exponentielle (1/2)
I Flot géodésique = solution 𝜑(𝑡, 𝑥, 𝑣0) de l’équation des

géodésiques ⎧
⎪⎪⎪⎨
⎪⎪⎪⎩

𝜕𝑡𝑥 = 𝑣

𝜕𝑡𝑣 = −Γ(𝑣, 𝑣)

𝑥(𝑡 = 0) = 𝑥0

𝑣(𝑡 = 0) = 𝑣0

I Pour un espace affine euclidien (ℰ ,q), Γ(𝑣, 𝑣) = 0 et

𝑥 = 𝑥0 + 𝑡𝑣0

I L’application exponentielle (difféomorphisme local) est le flot
géodésique au temps 1, soit

exp𝑥0
(𝑣0) := 𝜑(𝑡 = 1, 𝑥0, 𝑣0)

I Pour un espace affine euclidien,

exp𝑥0
(𝑣0) = 𝑥0 + 𝑣0
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Application exponentielle (2/2)

I Sur une variété Riemannienne 𝑀 ,

𝑇𝑀 →𝑀 ×𝑀

(𝑥, 𝛿𝑥) ↦→ (𝑥, exp𝑥 𝛿𝑥)

est un difféomorphisme d’un voisinage de la section nulle (0𝑥) sur
un voisinage de la diagonale (𝑥, 𝑥).

I Pour un espace affine euclidien (ℰ ,q),

𝑇ℰ = ℰ × 𝐸 → ℰ × ℰ
(𝑥, 𝛿𝑥) ↦→ (𝑥, exp𝑥 𝛿𝑥 = 𝑥+ 𝛿𝑥)

est un difféomorphisme global.
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Métriques – Tenseur des déformations

Métrique sur Ω0 (tenseur de Cauchy Green-droit)

C = 𝜙*q = F⋆
𝜙qF𝜙 = qF𝑡

𝜙F𝜙, F𝜙 = 𝑇𝜙

Déplacement infinitésimal: 𝑢

Soit 𝜙(𝑠) un chemin de transformation tel que 𝜙(0) = id.
𝑢, champ de vecteur sur Ω0, est défini par (Germain–Muller, 1980)

𝑢(x0) := 𝑠
𝜕

𝜕𝑠

⃒⃒
⃒⃒
𝑠=0

𝜙(𝑠,x0), 𝜙(𝑠) = id + 𝑢 + 𝑜(𝑠)

Tenseur des déformations infinitésimales: 𝜖𝜖𝜖

𝜖𝜖𝜖 := 𝑠
𝜕

𝜕𝑠

⃒⃒
⃒⃒
𝑠=0

1

2
(𝜙(𝑠)*q− q) =

1

2
L𝑢 q,

1

2
(C(𝑠) − q) =

1

2
(𝜙(𝑠)*q− q) = 𝜖𝜖𝜖+ 𝑜(𝑠)
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