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|. Overview of Einstein Relative Gravitation

@ Spacetime

@ Relative Gravitation
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Spacetime historical

Space and time are the most fundamental concepts of mechanics /
physics. Matter would be added.

@ Newton space and time (1686): There was absolute 1-continuum
time (same for all), absolute Euclidean 3-spatial continuum, but
no absolute rest frame;

@ Minkowski spacetime (1908): Space and time fused to form
Minkowskian flat spacetime to render compatible classical
mechanics and electromagnetism;

© Einstein spacetime (1915) : Space and time fused to form a

Riemanian 4-continuum spacetime, not an inert entity,;
Gravitation is a manifestation of spacetime geometry
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Spacetime continuum

@ Spacetime is a continuum (i.e. compact and connected) with

e a metric tensor g with components g, (x)

o an affine connection V with coefficients '}, ; (x)

@ Riemann and Ricci curvatures are:

A A
A arﬁv 8row

A A A
éRaﬂw — 8Xa - 8X5 + rg r - rg,\{rﬁu, §Ra6 = %)\aﬁ

v ap

© Metric compatible and torsionless (particular case)

= _1 g <8goz)\ L 98 8ga5>

M. ==
af ™ 9 OXB T aXe XA
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Newtonian spacetime

@ Classical spacetime of mechanics is described by metric h*5,
1-form 7, and a torsionless connection Flﬁ satisfying (e.g.

Bain 2004) 1:

hP g = 0
V,h*# = 0 and Va7 =0
R o 0

@ Elastic continuum has exactly the same characteristics, the
curvature %ZzﬁA =0 remains equal to zero regardless of the

elastic defomations (e.g. Marsden & Hughes, 1983).

'We define the 3-dimensional metric hos and 1-form 7, instead of gags.
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Einstein spacetime (Relative Gravitation)

© The Hilbert-Einstein action governs the gravitation:

1 — — —af
S = / Rwn, Ri=gus R
/), 8ap
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Gravitation in vacuum

© The variation induces the Einstein’s field equation:

A = i/ <§Raﬂ _ %ga5> 08ap wn +BT =0

@ Einstein field equation (not a conservation laws) holds after
Eulerian variation:

—= = %
¢ =R - g™ =0

© Poincaré’s Invariance. By considerirE variatign as Lie derivative
along the vector &, 6g8as = L¢8as = Vaép + Vg, we deduce the

conservation laws: 5
= =
VgG " =0
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Gravitation in vacuum

@ Einstein spacetime continuum:

_8ap such that Hilbert’s causality satisfied
§Raﬁx\ 7é 0

Torsion Nlﬁ = 0 may be eventually added for Riemann-Cartan
gravitation.

@ The conservation laws equation conforms to the Bianchi’s identity.
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Some remarks

@ Covariant Lagrangian for RG (Lovelock 1995) :

< <ga57ﬁiﬁ»3ArZﬂ> =2 (gaﬁ,ﬂm) - L= % R

@ Expression of curvature in Einstein Relative Gravitation :

=]

afp T (1/2)g>\0 (auaagoﬂ - auaﬂgoa + aaﬁﬁg;ta - 8aaaguﬂ)
(1/4)g)\0 (aozga’y + a’ygaa' - aagory) g'y/{ (85&-{# + augﬁrc - a/@gB,u)
- (1/4)g)\g (85&77 + 8'ygﬂa - 80g5’)’) g'yli (6(xgmt + augcw@ - ang(xu)

+

Spacetime in Relative Gravitation is a gradient continuum :

Z (ga[ja ay,gaﬁ7 5>\8Mga5)
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II. Historical of Continuum Plasticity

Hammer

X = . .
N C\== Exemple historique pour déter-

X—F="7 miner le critére de résistance des
=i métaux (d’apres Tresca).

Anvil

Figure: Shear bands of Tresca (1864).

@ Phenomenological Approach

Multiplicative decomposition

Geometric approaches

Plastic deformation : Physical basis
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Continuum Plasticity

O Plasticity as a science: Tresca (1864), St-Venant (1870) and Levy
(1870), Von Mises (1913)

@ Plasticity as continuum mechanics: Prager (1945), Drucker
(1947), Hill (1950) ...

© Continuum plasticity / small strain theory: Prager & Hodge
(1951), Drucker (1960), Lemaitre & Chaboche (1990), ... (Review:
Nagdhi 1990)

Q Internal State Variables: Moreau (1970), Halphen & Nguyen
(1975), Germain, Nguyen & Suquet (1983), ... (Review :
Horstmeyer & Bammann 2019)
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Phenomenological approach of plastic deformation

© Green & Nagdhi 1965 : E = E¢ + EP

e EP : primal variable
o ¢ (E,EP) : Helmholtz free energy
e E — EP : not necessarily an elastic strain (1966)

Application : Mostly only used for small deformations (despite
Nagdhi 1990)

© Lee & Liu 1967 : F = F¢FP
o Dislocations & crystallin backgrounds : Kondo (1949), Bilby
(1957), Kroner (1959)
o Incompatible intermediate deformation (non Euclidean
configuration)
e Existence of numerous partitions of rate of deformations :
D=D¢+DP, L=L®+LP, -, and problem of plastic spin.
Problem : Determination of intermediate configuration, choice of
plastic deformation and plastic spin and their objective rates
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More on the multiplicative decomposition F = F°F?

@ Recent results for multiplicative decomposition

o Rigorous relation with crystallin plasticity (Reina et al. 2017)

o Existence and uniqueness of FP (Reina & Conti 2017)

o Advances on rates of deformations : Lubarda (2004), Bruhns
(2009), Volokh (2013), ...

@ Geometrically Necessary Dislocation (GND)

o Measure of incompatibility G := (DetFP)~1FP RotFP
(Cermelli & Gurtin 2001, Reina & Conti 2014)
o .7 invariant iff Z (FP,VFP) = 7 (G)

Hypotheses : isovolume plastic strain, no plastic spin, strain
gradient with micro-stress...
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Geometric approach for plastic deformation

@ Continuum elastoplasticity based on defects : Kroner 1963, Le &
Stumpf 1996, Acharaya & Bassani, 2000, Yvari & Goriely 2012, ...

@ Elastoplasticity models based on incompatibility : Kondo 1968,
Steinmann 2015, Lychev 2019, ...

© Elastoplasticity models based on Riemann-Cartan geometry :
Kroner 1961, Noll 1967, Wang 1967, R 1995, Malyshev 2000, Lazar
2002, ...

Search of geometric foundations: RC geometry not sufficiently related
with phenomenological approach, considering deformation
incompatibilities and experimental observations may be interesting
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[I1. Physics of Plastic Deformation

Main Interest : Conductive line for modeling
e Adiabatic Shear band

@ Severe Plastic Deformation
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Deformation of material :

oy
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Figure: Stress o strain ¢ curves for typical materials : (a) rigid ; (b)
elastic; (c) rigid-plastic; (d) elastoplastic; (e) rigid plastic with hardening;
and (f) elastoplastic with hardening.
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Adiabatic Shear band

A

- ‘hear bands

- 50um

Figure: Identation : Primary Shear Band (PSB) and secondary (SSB) in
metallic glass ¢, = 50um . (from Chen & Lin, 2010)
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Adiabatic Shear Ban

Figure: Several types of brittle fracture of Adiabatic Shear Bands.
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Adiabatic Shear Band

Shear relaxed region
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Figure: Formation of Adiabatic Shear Bands depending on the loading
rate.
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Severe Plastic Deformation

Channel

Compressive force

Rotating punch

- . Billet
Fixed container

Disc

Figure: Material Processing with Grain Refinement by Severe Plastic
Deformation : Strengthening of material.
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evere Plastic Def

Flgu F€. Grain size refinement under SPD (Cao et al. 2018):
(1) Initial : formation of large size dislocations cell blocks containing dislocations and dislocation cells structures;
2) Formation of micro-bands and transformation of some nearly dislocations cells into cells blocks;

) Formation of lamellar sub-grains containing numerousdislocations;

) Formation of well-developed lamellar sub-grains and some equiaxed sub-grains;

)

(
3
(4
(5) Homogeneous distribution of equiaxed ultrafine grains or nano-grains..



Severe Plastic Deformation

@ SPD appears after repetitive cyclic plastic deformation (possibly
isovolumic). Significative changes occur at the microstructure level.

@ Physically, SPD in metallic systems is accompanied by grain
refinement (e.g. Zhylaiev & Langdon 2008), and by generation and
organization of high density of crystal defects (e.g. Cao et al.
2018).

Conclusion : Metric is the essential variable capturing deformation but
both the SPD and the ASB involve the deformation incompatibilities

and relative motions of sub-regions (grains) of the body.

L Rakotomanana



V. Geometric Foundations of Plastic Deformation

Motivation: Definition of the plastic deformation variable
from physics
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Plastic deformation : standard approach

Shear stress

—_—
-
- Original Elastic
Proportonal it =~ .., Fracture Lattice Deformation Plastic ‘
Point Deformation
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E Yield Paint
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Twinning y
direction
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Ind f
.y 7
load ||n;’, unload line »’fub:i
—
permanent Strain
(a) Twinning

deformation

Figure: Stress-strain curve; scheme of superposition for plastic (slip) and
elastic deformations, slip and twinning of sample. (Metric approach)
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Severe Plastic deformation : Example of HPT

) b
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]

l.

s

Figure: Hight Pressure Torsion Loadings : (a) Unconstrained; (b) and (c)




Exemples of HPT plastification

Position of
observation Number of turns
\ N= 5
center
(0 mm)

middle

(distance from center)

Figure: Optical Micrographs : Microstructures after HPT at the center,

half-way position and edge of the disk in a magnesium AZ61 alloy after
processing N turns at 423 K (Zhilayev & Langdon 2008).
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Plastic deformation : Some conclusions

@ Twinning and relative motions of grain with refinement are
mostly the mechanisms underlying plastic deformation.

© In addition, density of dislocation augments when the plastic
deformation increases.

© Asympotic response. For complicated deformation operating in
SPD, microstructure mostly reach a steady state at which further
deformation does not change the overall microstructure.
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V. Covariant models of Continuum Plasticity

Motivation : How to measure sharp gradients (defects and
grain refinement) in a continuum plasticity ?

Figure: (a) One Single Crystal Mg after one Equal Canal Angular Pressing (ECAP) (Sed3 et al. 2012); (b) a
Polycrystalline Mg after four ECAP (Biswas et al. 2010).
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Deformation : " Simple Material” continuum (Noll, 1958)

@ Metric g measures local deformation :  (length & angle) :

Hfa” = V1;_a '?a
gop =g(fa fs) =fu -y = cos (fa,fs) = Sl
[[facl[-[1Fal

e Triads F/ (X) defines local mapping f, = F E;
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Deformation : Nonhomogeneous Continuum (Noll 1967)

Grains move relatively each other (discontinuity).

Grains'

Figure: {Grains} (Gonseth, 1929), dfg = Vafgdx® and Vafg :=T,f,

@ Microcosm deformation is defined by tetrads : f, := FC’; E.

@ Relative motion of microcosms is defined by connection V,

with its coefficients : '], := f7 (V,fg).
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Dislocations density and relative motions

Consider a scalar field and vector field (Example : density field, velocity

field)
1
el fi (M + &9 £) M
M/
g9 £ (M) €9 fQ (]\/[ +eé1 fl)

M o
e1 i (M)

Figure: Parallelogram of Cartan. Calculus done at point M .

0 (x), and w (x) are scalar and vector fields on Z. We notice
¢ :=0(M), and 8" :=0(M"); and w' :=w (M), and w"’ :=w (M").
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Density of dislocations and grains relative motions

Theorem

Say an affinely connected manifold 2. Let consider two arbitrary vectors
f, and fy at a point M, they define two paths of length €1 and e;. Then:

0 — "
T G N N )
(61762)H0( //6162 /)
i w’ —w
o = R Tean

Proof (Partly R 1997, complete R 2021) With

N (fy, ) [6] (Vi fa — Vi, f1) [0] — [f1, F2] [0]
R (f17 fa, W) = Vf1Vf2W - vaVflw - v[fl-,fZ]w
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Sketch of the proof (1)

1) Consider a scalar field 8 (M), we have respectively the relations:

{ 9(/\/’1) = 9(M+€1 fl)ze(M)+V5lfl 9(/\/1)
(M) = 0(M +exfo(M+eif)) = 9(/\/71) + Vet (Mmiesy) 0 (M)

We obtain the value of scalar field at M’ in terms of its value at M ,

by noticing 6 (M') =6 and (M) =16,

9 = 0+ 51Vf19 + €2Vf29 + €2€1va1f29 + 5251Vf2Vf19
+ €2€§Vv,1f2Vfll9 (1)

2) Similarly, we also obtain:

0" = 0+ 62Vf29 + ElVfﬁ + €1€2va2f19 + 61€2Vf1Vf29
+ Elé‘gvvfzflV&@ (2)
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Sketch of the proof (2)

3) Following the same method, we have, with w :=w (M) ,:

/!

w = w +€1Vflw+€2szw+€2€1Vv,1fzw+€2€1Vf2Vf1W
+ €2givvf1f2 Viw (3)
and
w' = wHaViwteaViw + a6 Ve, W+ 16V Viw
+ €1€§Vv,2f1Vf2W (4)
4) Final step:

(1) - (2) induces the first relation on torsion.

(3) - (4) induces the second result on curvature (and torsion). O

Remarque

Calculus is done exculsively at point M (then 9y, %). Without
curvature but with torsion, we may have vector field discontinuities.
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Plasticity variables : Some conclusions

© Plastic deformation consists in local discontinuities of scalar and
vector fields. Continuum Plasticity requires a Riemann-Cartan
continuum as geometric foundations.

@ Torsion and curvature are variables measuring the density of these
discontinuities (dislocations density and grain refinement, relative
motions of grains) !

© The question is now if they are :

@ Internal variables

@ Primal Variables (as for metric / strain)
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Covariance of Lagrangian . (Antonio & R 2011)

The model of continuum defined by the Lagrangian

& = 2L(8up rlﬁ? akrlﬁ)

is covariant if and only if

f:f(gaﬁ, ngy m;id/\)

Remarks :
@ Primal / internal variables are metric 8aB . torsion Nlﬁ , and

curvature Dﬁﬁ/\ (Continuum physics : elasticity, fluid mechanics,
gravitation, electromagnetism, plastic deformation ... )

@ This theorem extends Cartan (1922) and Lovelock-Rund (1971,
1975) theorems from Riemann to Riemann-Cartan continuum.
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Differential geometry links RG and CP

@ Continuum elasticity
£ = Z(8ap)

where g,5 1= g (fa,f3) form the Cauchy-Green tensor.

@ Einstein Relative Gravitation

Z = z(gaﬁ7 mlﬂx\) as £ = (1/2X) op gR}uy?
extended to Einstein-Cartan ¥ = % (gag, aﬁ,%lm) .
@ Continuum Elastoplasticity ¥ =% (gaB,NZ‘ﬁ,ERZﬁQ
Question: Does metric include part of plastic deformation ?
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VI. Continuum Plasticity as Theory of Internal
. _ A
State Variables ¥ = £ (g3, Nlﬁ, R2s.)

JaB (Xa 0) 9ap (X f) = F‘(N (X f) Guv (X O) F‘,IJ]/ (Xa t)

dx =F (dX)

N;ﬂ (X,00=0 —

R (X 0)=0 = R (X 1) #0

Figure: Elastoplastic deformation includes : (1) variation of the metric
components; (2) variations of the torsion and curvature.
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Thermodynamic process (Coleman & Gurtin 1967)

Thermodynamical Process is defined by :

@ spatial position of each point M € Z . x = p (X, t);

@ temperature 6 (M, t);

© stress tensor field o (M, t) and external body force pb (M, t);
Q entropy s(M, t);

© Helmholtz free energy ¢ (M, t);

O heat flux q(M, t);

@ heat source r (M, t)

O (Extension) set of Internal Variables : torsion N and curvature
(Ramaniraka & R 2000, R 2003).
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Notion of objective rate of tensor fields (R 1997)

Definition

(%B-derivative) Let A be a tensor of type (p, g) on A. The time
derivative of A with respect to £ is a tensor of the same type as A,
which satisfies for any p-uplet of vectors (uy,...,u,) and for any g-uplet
of 1-forms (w?, ..., w9), macroscopically embedded in 4,:

d?A
dt

d
(ug, . up,wh, W) = E[A(ul,n- Jup,wh - w9)]

Plastic continuum: The %-derivatives of the geometric variables are
given by:

1d% [ _ 4N _ 47
2 dt YT T =gt

Definition includes all so-called objective rate of tensor of classical
continuum mechanics (and Lie derivatives on Riemann manifolds) !
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Constitutive laws of rate-independent plastic Continuum

Theorem

A Plastic Continuum of the rate type % is defined by constitutive tensor
functions : {0, ¢,s} :

S = (:}(g7N7§R7 Dg7 DN? D?R)

Then the free energy ¢ takes necessarily the form ¢ = ¢ (g, N, R) and the
entropy inequality as:

Je :Dg+Jy:Dy+Jg:Dg >0
with the dual variables defined by:

0 0 0
nga—2pa—z Iy = —pa—i sz—pa—;;

Proof Apply Coleman and Noll theorem (R 2003)C. To ensure the
entropy inequality, dissipation potential function 1) is positive, convex and
zero when the rates are equal to zero (Moreau 1970, Germain 1973).
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Steps of normal dissipation theory

N (X.0) =0 3 Iy (I, I)
R 50 (X,0) | 1

N7, (X,0) £0

Ropn (X ) £0

¢ (Ix, Ip)

Figure: Normal dissipation : " Stress-strain curve"; Convex set where no
nonholonomic variables change %’; Indicator function .
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Normal Dissipation (Ramaniraka & R 2000)

©@ The Helmholtz free energy ¢ takes the form of:
¢0=0(gRR)

@ The convex, homogeneous of degree one dissipation potential
1) = 1) (Dy, Dg) vanishes when rates are zero:

~

Y (Ix,Ir) = Supp, p, {JN : Dy + Js : Dy — % (Dy, Dm)}

B 0 if (JN,Jm)GCg
= Yoo if (I dp) ¢ @

© Rates of plastic variables are obtained as plastic flow rule :
Dy € 8’(&1 (JN7 J%) and Dg € 8’(/3}(% (JN7 J;}e)

Note: Dy and Dg are the covariant analogous of rates DP := FpP FP-1
and VDP in the framework of GND e.g. (Cermelli & Gurtin 2001).
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VII. Continuum Plasticity & Relative Gravitation
L = f(gag,Nzﬁ,%A )

afy

Figure: Left: Plastic deformation of (Metallic alloy, set of microcosms);
Middle: Spacetime in Loop Quantum Gravitation (set of "quanta”).

Note: Torsion and curvature are considered as primal variables
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Poincaré’s gauge invariance & Conservation laws

For the general case, we have.

@ Principle of General Covariance. 2 (e.g. Souriau 1975, Duval &
Kiinzle 1978, R 2018) The basic method is to express variation of
action resulting from the Lie derivatives, neglecting (d\),:

AS

dA /@ (U”ﬂ Legap + T3 LN 5 + Efﬁuﬁémﬁu) Wn

= 0

@ Conservation laws are obtained when the trajectory is shifted
while the action is left unchanged. Infinitesimal active
diffeomorphisms are defined by Lie derivative variations

(Efg(x[37 ‘CfNZBa ‘Cﬁg%())\(ﬁu)

2This Principle can be extended to Noether-Klein method and furnishes
identities in addition to conservation laws by pointing out the variations &, V¢,
VVE¢, ... Lompay & Petrov 2013
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Lagrangian of the form 2 (g3, 7:?3, /C(’M\)

© Modified Lagrangian. We consider a Lagrangian function with a
list of arguments is: ¥ = % (gag,mﬁ,ﬁ,\ﬁ@ where:

=
T = @6 - raﬁi
’Clm = VaT; — VaTy

le%

Note: This avoids the use of V.

@ Principle of General Covariance. For any local translation & (x),
we should have:

§ (Lwn) = |07 Legap+ X7 LeT )y + =308 LeVAT ]wn =0

Note: This principle includes the covariance and the gauge
invariance conditions.
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Hypermomenta / Stress, Micro-stress, and Polar stress

© Constitutive laws. For Riemann-Cartan continuum, The dual
variables are obtained from Lagrangian

o 02 &
g = - -
8ga5 2

0L =Aaf .__ 24
oty T OVAT s

af Z(x,ﬁ -
9 v oo

@ Correspondence with classical Plasticity Theory. The internal
virtual power is given by (Gurtin & Anand 2005), F := F¢F?, :

5%::/56:F6+T”:DP+TP:VDP, DP := FP FP~!
B

with stress, micro-stress and polar stress where conditions are :
DP = DPT, TrDP = 0.

Warning: To be covariant D and VDP should be merged into the
time rate of unique variable G where G := (DetFP)~1FP RotF?
(Cermelli & Gurtin 2001).
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Lagrangian of the form f(gaf/a)

Constitutive laws. The "stress” ¢ is defined as :

Consider a Riemann-Cartan continuum (%,g,V) with a Lagrangian

function £(gap). Then :
Vaaﬁ =0

Proof: 1. Local invariance. The PGC of the Lagrangian holds:

/Uaﬁ Legap wn

‘CE 8o = fﬂy v'ygaﬂy+ 8v5 Vaéﬂy +goc'y Vﬁg’y
+ & (gav N5+ 85 NY,)

AL

Integrate by parts and shift the boundary terms to obtain:

Va0l + R, 08 =0
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Proof (2)

2. Global Invariance. By considering a uniform vector field £ such that
V¢ = 0, we obtain an identity:

7P (gar N+ gus NY,) =200 N =0
We deduce the classical continuum conservation laws:

VQU;)‘ =0 O

@ The implicit presence of the torsion within the covariant derivative
should be accounted for (Futhazar et al. 2014).

@ Other conservation laws or identities may exist according to the
choice of the gauge field £ (x). (e.g. Lompay & Petrov 2013)
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Lagrangian of the form .2 := .Z(g.z, 7?3)

@ Constitutive laws. We remind the two dual variables :

op._ 0L L oy gep._ 0L
8gaﬂ 2 ’ v (97_073

For RG, dual variables 0*” and £27 are respectively called
energy-momentum and hypermomentum (Hehl et al. 1976).

@ Conservations laws.

Theorem

Consider a Riemann-Cartan continuum (%,g,V) with a Lagrangian
function £ (gap,T,3). Then :

Vdh =0
in which we have defined the generalized stress c"rf :

1
~B8._ B - (_sy«o B Ba afB
Tp '_UP+2( ):pﬂy Tav""zv 7;31""):7 7;70)
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Proof (1)

1. Invariance of Poincaré.

@ Express the gauge invariance as Lie derivative variation:
6 (L) = (0°7 Legop + T2 LT, )

as active diffeomorphism. The integrand should vanishes.

@ Compute the Lie derivatives of metric and contortion (tedious !)

»nga/ﬁ - vcﬁﬁ + vﬁga +7ga'y7-:[7’£p tg’yﬁﬁ’égp L
LeT)s = VT = TagVel + T sVa& + T3,V 8"

© We write the integrand (terms in brackets):
6 = 0% (Vals+ Vala) +0%° (gaﬂ,“]g + gwﬂ?a) S
+ (Z09, 1) ¢
+ I (“TLVE + TVt + Ta,Vse”) =0
It should vanish for all possible diffeomorphisms (as for PVP).
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Proof (2)

2. Global Invariance. By considering uniform field of gauge, we easily
deduce an identity:

0P (gav T}y + 8upnTin) + X3PV, T, =0

3. Local Invariance. We consider infinitesimal (non uniform)
translations & (x), factorize by Vg&”, integrate by part, and drop all
terms in divergence (for the sake of the simplicity) and obtain:

ﬁ/j (2 0’5 — 22"7 Tﬁ

ay

B B
+ 200 Too + 257 T4,

)=0
We deduce the result.
Remark: Other forms of conservation laws and identities may exist

depending on the choice of gauge field £ (x) (e.g. Lompay & Petrov
2013) (uniform, linear, nonlinear, ... )
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Some remarks (1)

© Literature. Similar equations were obtained in the past obtained for
Relative Gravitation e.g. (Souriau 1975, Hehl et al. 1975, Lompay
& Petrov 2013, ... ), and in Newton-Cartan Gravitation in e.g.
(Duval & Kiinzle, 1978)

@ The generalized stress tensor &g extends the classical Cauchy
symmetric stress Uff.

© The generalized stress includes two contributions : "macro” oy and
" micros” Zifwﬁg due to change of grain structure and dislocations
density due to plastic deformation. Generalized stress is not
necessarily symmetric.
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Some remarks (on the hyperstress / hypermomentum)

The hypermomentum / hyperstress Z‘;ﬁ consists in three terms (Mindlin
1964, Hehl et al 1976, 1977, Gordeeva et al. 2010):

(. 3)

8% s —
af __ o, Y B
Tof =k 1+72 +T

@ Spin-angular momentum / rotatory hyperstress

> [7‘1’5 ] skew symmetric part

@ Proper hypermomentum / proper hyperstress

<8

puC symmetric part and () =%" dilatational

@ Traceless proper hypermomentum / proper hyperstress
w(@8) _ «(a,8) 5?; =B
Y, =~ o >

L Rakotomanana



Lagrangian of the form £ := % (gu;3, ﬁivﬂj’g)

Theorem

Consider a Riemann-Cartan continuum (%,g, V) with a Lagrangian
function £ 1= Z(guap, Tojs, VaTyg)- Then :

Vsl =0

with the generalized stress &E :

1

= B «a B Ba af

% = % T3 (= Ty A T Tk T T
I = \ayT =BarT =\BaT =\afT

b DAL A OV, T + 2POVATL + ST

-

@ The generalized stress includes contributions : af, 2357'[7 , and

E:\/“ﬁvAW where E;\aﬂ corresponds to (mass) quadrupole moment
in RG (Dixon 1970, Souriau 1974, Bayley & Israel 1975).

@ The same form of conservation laws is obtained.
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Proof (1)

@ Express the active variation of Lagrangian:
0L =0 Legap + 57 LeT s + 2 LVAT

with the Lie derivatives Legap and LT .

@ Compute the Lie derivative of the covariant derivative:

ﬁfv/\ﬁyﬁ = épﬁﬁxfﬁg _vAmﬁvP{Y
+ ﬁpmﬂﬁ)\f’)+ﬁ>\%ﬁa£p+ﬁ>\mﬁ)vg§p

@ Consider a uniform gauge field, then we obtain the identity:

07 (Gar T, + 3T ) + T30V, Ty + 229V, Va7, = 0
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Proof (2)

@ usinf of same method as previously, we factorize the remaining term
by V3£, and obtain :

5L = % (Vals+ Vsta)
+ I (<TEVE + TVl + Ta,Vse’)
— D) VAT, Vel + 252V, T, Vpe?
+ I VAT Vpe? + 202 VT, Vpe?

@ The proof of the theorem follows. [

Note: As usual, choice of another gauge allows us to obtain other
conservation laws or identities (linear,, ...) Work in progress ...
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Comment on generalized stress

Roughly speaking, the generalized stress includes three contributions:

@ the classical Cauchy stress / energy-momentum ¢®? deforms the
underlying continuum point.

@ the hyperstress / hypermomentum current 2357;% (and

Zgﬁfjﬂ) induces change of density of dislocations / spacetime
defects at the continuum point (discontinuity of scalar field)

© the polar hyperstress / (mass) quadrupole moment :

=XaBT . T =BT T dpi : :
=09PVAT, 5 (and =597V, 7)) drives the relative motions of

grains / spacetime microcosms (discontinuity of vector field).
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Klein (1918) and Noether (1918) identities

At least three variations exist for continuum, say Lagrangian, Eulerian,
and Lie derivative variations, (e.g. Manoff 1999):

(o672 (). (Bt )

The change of the Lagrangian with dg,s and 57'075 gives:
§(Lwy) = (o—aﬂ 0gas + £2° 57735) wn

The contortion tensor may be expressed as 7.y := D, 5 + Q.5

01, =(1/2)(Ms = Tha), Dly=28"8an s +8" 8us N,

Research of other identities can be done by expressing the Lagrangian
variation as (e.g. Hehl et al. 1995, Fatibene et al. 2010, Vitagliano et al.
2011, Lompay & Petrov 2013, R 2018, ...):

5 (Ln) = (saﬁ 0gas +S2° 5rgﬁ) Wn,
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VIII. Concluding remarks

Figure: Plasticity, Gravitation and way of Life

Both the Relative Gravitation spacetime and the Elastoplastic
Continuum may be judiciously modeled as Riemann-Cartan manifold
with metric g5, torsion R ; (resp. contortion 7)), and curvature R 5,

(resp. gradient of contortion ?,\TJB).
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Other concluding remarks

@ Riemann-Cartan candidate model of (spacetime) continuum with
sharp gradients and Plastic Continuum (as a mosaic of little

microcosms of spacetime / grains ).

@ Plastic Continuum is a priori a gradient continuum as the
Relative Gravitation spacetime . The incompatibilities of
deformation are rigorously measured by torsion and curvature.

@ Beyond phenomenology, some methods of the RG available
since the seventies might be wisely and beneficially utilized for help
modeling Elastoplastic Continuum.

@ Spacetime model extended to matter continuum physics
(acoustic, elasticity, electromagnetism, gravitation, plasticity ...)
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Merci pour e attention !
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