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Basics

Principe of beams

= Asymptotical model for elongated body L > /A

@ One dimensional body: (S,t) € [0,L] x R

@ Immersion of a 1D material manifold in a 3D euclidean space
@ Two methodologies

o Asymptotics from a 3 dimensional analysis
o Kinematical hypothesis: rigid section
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Basics

Characterization of beams

Material coordinates

Sclo L], (&,&)€l(S)

Configuration in £

©o(S) = 0G
0(S) € SO(3) | D; = Qe

Body B = Uscp,,y /(5)

Placement of any point M of B:
(&1,&,S) — OM =0G +GM
GM = & Dy + &Do

Mass density po(&1,&2,S)

G is the center of mass of S: {D;} principal basis
fSGM podA =0 IS(Di A\ GM) . (DJ A\ GM) podA = /,‘(Sij




Basics

Kinematics of a Timoshenko beam-like structure

Material coordinates

SE [Oa L]? (§17§2) € I(S)

Configuration in €

©(S,t) = 0G
Q(S,t) € SO(3) | di(S, t) = QD;

Body B = Uscp,y 1(5)
Placement ¢ of any point M of B
(&1,&,5,t) = OM = OG + GM
GM = &1d; + &d;

Section S is rigidly transformed
d3 is not tangent to C
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Problem construction

Gradient of the transformation:  How to compute D¢ =F ?

No commutation (Maurer-Cartan)

8d; ad; ok Ow
3 = di = i _— = =
K | 95 KA Jw | 3 wAd 9t 95 ANK
_ , ox' ox" d¢ A
Dd) B TBO — TBt, Wlth D¢ = WEi®EJ = 8XJ aX,. ®EJ = W@EJ

Classical mechanics Timoshenko-Cosserat

{Es} reference local basis in Bo
(X1, X2, X3) material coordinate (&1,&,S)
{ei} current local basis in B: {di}
¢ = xie; placement within current basis  &1d1(S) + £d2(S) + ¢(S)
¢ ¢ o9
D = —®D — ®D —®D
1o} 8§1® 1+6§2® 2+85® 3

_ od oy oo
= d1®D1+dz®D2+(§185 +€285+85)®D3

= d;®0i+(nAGM+g—‘§—d3)®Ds



Problem construction

Gradient of the transformation:  How to compute D¢ =F ?

No commutation (Maurer-Cartan)

od; od; ok  Ow
3 —kAd = : gr 8
K | 95 =KA Jw | 3 wAd 9t 95 ANK
) . _ox _ox' 0¢ _ 0¢
Dd) c TBy — TBt, with D¢ = TXJE.@EJ = X7 aXi®E 8XJ®EJ

Classical mechanics Timoshenko-Cosserat

{Es} reference local basis in Bo
(X1, X2, X3) material coordinate (&1,8,5)
{ei} current local basis in B: {di}
¢ = xie; placement within current basis  &1d1(S) + £d2(S) + ¢(S)
_ 99 ¢ ¢
D¢ = %6 ® Dy +65 ®D2+85®D3

- 0di | ,0d2 O
= d1®D1+d2®D2+(£185 +€2 +85)®Da
= di®Di+(R/\GM+% d3)®D3

with rigid section hypothesis

Classical mechanics .
on a non-convected current basis



Problem construction

Strain, stress, energy

Deformation gradient

F:di®0i+(nAGM+‘;—‘§—ds>®Ds

4

Green-Lagrange strain
E(¢1,6,5) = % (FTF - |) , E=E"D ®D,

k = kid;  Curvature (flexion, torsion)

ovenes) by €= g—? —ds =¢;di  Strain-vector (gliding, extension)




Problem construction

Strain, stress, energy

Deformation gradient

F:di®0i+(nAGM+a—‘°—ds>®Ds

oS
Green-Lagrange strain
E(¢1,6,5) = % (FTF - |) , E=E"D ®D,

9 k = kid;  Curvature (flexion, torsion)
ovenes) by e=2%2 _dy=cid Strain-vector (gliding, extension)

Second Piola-Kirchhoff stress tensor

Internal virtual power

ov oV
dej +

or;dV
Ba&?,‘ 0K &

’P,-(<D76<I>):/S:6EdV:/ﬂ6EUdV:
B BOEL




Problem construction

Other formulation

First Piola-Kirchhoff stress tensor: P = FS
Force acting on S:

N = /P(D3)dA = Nid;
s

Moment acting on S:

M = /GM A P(D3)dA := Md;
S

Internal virtual power

Pi(P,50) = /P L SFdV

B




Problem construction

Other formulation

First Piola-Kirchhoff stress tensor: P = FS
Force acting on S:

N = /P(D3)dA = Nid;
s

Moment acting on S:

M = /GM A P(D3)dA := Md;
S

Internal virtual power

Pi(P,50) = /P L SFdV

B
Virtual perturbation §¢ 6F = §d, ® D, + 5a;)TM ® D3
od; = 60 Ad; 600G = Jp
0GM = 66 AGM 0OM = Jp+ 356 AGM
‘ _ e o Op o
P0.00) = [P(s): (52000 5E) +(GMAPD:): G av

N (P2 5o n 22 4. 090
= /cN (85 69/\85)+M anS




Problem construction

Comparison formulation

P;(¢,6¢):/N (85“’ 50A8‘°>+M 99 s
C

oS oS oS

Corrotational perturbation of u = u;d;
> P De _ 595 2% _ srIP _ R,
5fu = u—80 Au aS oS oS
= (6u,-)di—|—u,-(60/\di)—69/\u @ :5RK,
= (Oui)d; oS

Dual vectors associated
Pi(P,60) = /N -8R+ M. 6fkdS with forces and torques are
¢ corotational strain and curvature




Problem construction

Comparison formulation

7>,-(¢,64>):/N (85“’ 50/\8L‘O>+M 99 4s
C

aS aS aS
Corrotational perturbation of u = u;d;
> P De _ 595 2% _ srIP _ R,
6"u = du—480 Au aS oS oS
= (6u,—)di—|—u;(60/\di)—69/\u @ :5RK,
= (Oui)d; oS

Dual vectors associated
Pi(P,60) = /N -8R+ M. 6fkdS with forces and torques are
¢ corotational strain and curvature

/N,'(SE,‘ + M;dk;dS
©

o
= 585, M; = / O

/ ov dA de;i + ov i dS
@

S 85; saﬁi

to energy variation along

Components are related
a given generalized strain. J




Problem construction

Weak formulation

Ao Op 0660
(0,00)= [N (22 5970 22) tm. 22
Pi(®,50) /C (35 59Aas)+ 5o ds
@ Integration by parts
B L [ON dp
P,(¢76¢)_[N 5o+ M 59]0 55 6¢+(M+85/\N> 50dS

@ Principle of Virtual Power:

Pein( @, 5P) + Pi(®, 6®) = Pexe(®, 50)

e Weak formulation V (d¢p, 60) € We:

L ON 9?
[N-5¢+M-6B]O:/c<£+quoA a—:;)~6god5 +..

oM Oy 0
/C<£+£ ><N+m—poﬁ(]lw)> -00dS



General problem

Analysis of the model



General problem

Strong formulation

ON 6250 shear N N
% ta = mA ot? N3 tension
oM Oy 0 d;
— +—xN = —(I d
os Tas < Ntm Poge (T w) 2\
a4 curvature K and 8—"0 spin w and
Depends on  9S’ ot ' p ¢ of ol
their spatial derivative | their time derivative bizd,-ﬁg l/J\/fne
¥
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G bending
A
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General problem

Strong formulation

ON P
a7 — AZTF
a5 +4q P0 12
oM Oy . 1o}
£+£XN+m = poE(Hw)
a4 curvature K and 8—"0 spin w and
Depends on  9S’ ot ' p

their spatial derivative | their time derivative

@ Any shape, geometry: beams, archs, rings
@ Any material, energy function
@ Small or large displacement, strain, slow or fast evolution

static linear non-linear
rigid ok ok spin-top / rocket
linear ok vibration rotor blade vib.
large elastica string difficult

Include bending, tension, torsion, shear with coupling

shear N N
N5 tension
dy
ds
G

out of plane
bending, M
»

My in plane
G bending
A

No commutation




General problem

Non-linearities

Example for static problem (no external load)

ON Remarks:
I 35 = % | N=Nd then Z—E:N,-'d;JrKAN
E—i—%xN = 0 g§=d3+€
Geometricaly non-linear (archs, rings) Geometricaly linear (straight)
Ni 4+ koNs — k3N = 0 N, = 0
Ny + k3Ny — k1N = 0 Ny, = 0
Nj 4+ kiNo — koN; = 0 Ny = 0
M{ — Ny + koMs — k3My + eaN3 —e3No = 0 M{—N, = 0
M5+ Ny + ksMy — k1Mz + 3Ny —etNs = 0 My+N, = 0
M+ k1Mo — koMy +e1No —eaNy = 0 M, = 0
out of plane
Materialy non-linear (constitutive law) iy x ) berdiy .
5 tension M torsion
Example: N = AEes(1+e3)(1+ %3) dlc 7 T e

bending



Vibrations



Vibrations

3D vibrations of straight beam

Linearized motion (Eulerian / Lagrangian equivalence) {Di} ~ {di} ~ {ei}

@ Micro-rotation: 6(S,t) € s0(3) |di=e+ 6 Ae
: ok Ow
= 0id; = 0;d; — - — =
me v ot~ S
@ Displacement: ¢(S,t) = u+ Ses
@ Strain " e1=ul — 6, K1 =6,
e d3_u,d +e3—d; = 52:U£+91 K= 52:%
- 0S o _p
€3 = U3 R3 = 03




Vibrations

3D vibrations of straight beam

Linearized motion (Eulerian / Lagrangian equivalence) {Di} ~ {di} ~ {ei}

@ Micro-rotation: 6(S,t) € s0(3) |di=e+ 6 Ae

L _ Aa ok  Ow
R—Q,d. w = 0;d; ot aS -
@ Displacement: ¢(S,t) = u+ Ses
@ Strain " e1=ul — 6, K1 =6,
e d3_u,d +es—d3s=|e2=u)+ 01 K=| k2 =03
- oS o _
€3 = U3 R3 = 93

<

Kirchhoff-Saint Venant hyperelastic material

v— %(Tr(E))Q )
Linear constitutive relation

N, = ,uAEl N, = ,uAEz N; = ()\ =+ 2/1,)AE3
= (A +2u)hikt Mo = (A +2u)loky Mz = puhsks




Vibrations

3D vibrations of straight beam

Linearized motion (Eulerian / Lagrangian equivalence) {Di} ~ {di} ~ {ei}
@ Micro-rotation: 6(S,t) € so(3) |di=e + 0 Ae;
Kk = 0id; w = 6;d; Ok 0w

ot 0S
@ Displacement: ¢(S,t) = u+ Ses
@ Strain 8 e1=ul — 6, K1 =6,
a4 —d3~uidi+es—ds=|e=ub+ 61 K=| k=03
- 9S _ _
€3 = U3 K3 = 93

Kirchhoff-Saint Venant hyperelastic material

v— %(Tr(E))Q )
Linear constitutive relation

N1 ,uAEl N, = ,uAEz N; = ()\ =+ 2/1,)AE3
()\ —+ 2#)/11161 M, = ()\ =+ 2/1,)/22!12

Ms = plssks
N, = GA(U{ = 92) Ny = GA(ué T 91) N; = EAu3
My = Eh:16; Mo = Elx»05 Ms = G(h1 + h2)63




Vibrations

Equation of vibrations

Ny = GA(U{ = 02) Ny = GA(ué + 91) N3 = EAU:;
M; = Eh16} My = Elx»0} Ms = G(h1 + h2)03
N{ = pAiiy . Nj = pAiix ) N; = pAiis )

M{ — No = ph16; Ms + N1 = plob; Ms = p(h1 + )03




Vibrations

Equation of vibrations

Ny = GA(U{ = 02) Ny = GA(ué + 91) N3 = EAU:;
M; = Eh16} My = Elx»0} Ms = G(h1 + h2)03
N{ = pAiiy . Nj = pAiix ) N; = pAiis )

M{ — No = ph16; Ms + N1 = plob; Ms = p(h1 + )03

G(h1 + /22)9§, = p(h1 + /22)53 EA ui = pA iz

Bending (e1, e3)-plane Bending (e2, e3)-plane

GA(u' — 03) = pA iy GA(u3 + 61) = pA lip
El>» 9&’ =+ GA(U{ — 92) = p/22 6> Eh1 9;’ — GA(ué =+ 91) = pln 01




Vibrations

Equation of vibrations

Ny = GA(U{ = 02) Ny = GA(ué + 91) N3 = EAU:;
M; = Eh16} My = Elx»0} Ms = G(h1 + h2)03
N{ = pAiiy . Nj = pAiix ) N; = pAiis )

M{ — No = ph16; Ms + N1 = plob; Ms = p(h1 + )03

G(h1 + /22)9§, = p(h1 + /22)53 EA ui = pA iz

Bending (e1, e3)-plane Bending (e2, e3)-plane
GA(ui' — 03) = pAiir GA(u5 + 01) = pAii
El>» 9&’ =+ GA(U{ — 92) = p/22 6> Eh1 9;’ — GA(ué =+ 91) = pln 01
= 6 degrees of freedom ui(S,t) and 6(S, t)

= 7 independent parameters: p, hi, b2, A, L, E and G



Vibrations

Non-dimensional form

Typical dimension

/ I / /
gyration radius [m] 0:=1/ % eccentricity [~] o WS

2h1
. P . . E
characteristic time [s] tc := o c material-ratio [~] g := c
S . (S, t
space: s= — displacement: u(s,7) = u'(s, 1)
% 0
. t . *
time: 7= - rotation: O(s,7) = 07(S,t)




Vibrations

Non-dimensional form

Typical dimension

I I / /
gyration radius [m] 0:=1/ 11;:4 2 eccentricity [~] e= =

2h1

E
characteristic time [s] tc := o % material-ratio [~] g := c
S . (S, t
space: s= — displacement: u(s,7) = u'(s, 1)
% 0
. t . *
time: 7= - rotation: O(s,7) = 07(S,t)

65 = 03 g us = iis

Bending (e1, e3)-plane

Bending (e2, e3)-plane

=i vy 401 = i
g0£'+u{702:92

g0y —e(uy +61) = b




Vibrations

Dispersion relation

Harmonic vibrations:  u(s, ) = Ue =7, 0(s, ) = g7

0 = 65 gui =i

Bending (e1, e3)-plane

Bending (e2, e3)-plane

uyl — 6 = iiy uy + 67 =i
g0y + v — 6, = 6, g0y —e(uy+61) =61




Vibrations

Dispersion relation

Harmonic vibrations:  u(s, ) = Ue =7, 0(s, ) = g7

K _w?=0 gk —w? =0

Bending (e1, e3)-plane

Bending (e2, e3)-plane

(K —w?)(ghk® —w?)—w?=0 (K —uw?)(ghk* —w?) —ew? =0




Vibrations

Dispersion relation

Harmonic vibrations:  u(s, ) = Ue =7, 0(s, ) = g7

Bending (e1, e3)-plane

(K —w?)(ghk® —w?)—w?=0 (K —uw?)(ghk* —w?) —ew? =0
3 T
Torsion (t)
Longitudinal (1)
251 Bending (a)
Bending (b)
ol
Flexural
*15¢
I
1
05F
0 Thickness-shear

0 0.5 1 1.5 2 25 3



Vibrations

Dispersion relation

Harmonic vibrations:  u(s, ) = Ue =7, 0(s, ) = g7

Bending (e1, e3)-plane

(K —w?)(ghk® —w?)—w?=0 (K —uw?)(ghk* —w?) —ew? =0
3 ‘
Torsion (t)
25l Iézgi‘l;‘;d‘(i;l @ 1 Low-wavenumber approximation:
Bending (b) Euler-Bernoulli model
ol 1
Flexural
Lq5f
I
Hi
05|
0 Thickness-shear 1

0 0.5 1 1.5 2 25 3




Modes and eigenvectors

Ex: bending
Ul(S, 7_) _ Ulei(k57w‘r) 92(5, 7_) _ 02ei(ksfwﬂ')’
Eigenvalue problem
uf — 0y = iiy —k? —ik U 2| U
17 ’ N :> . 2 = —
g02 —|—U1—92:92 ik —gk -1 6> 6>

@ w defines the eigenvalues and modes are eigenvectors.

3

T m
S | Pa/™
= U




Super-imposed wave

Small vibrations A® super-imposed on finite motion &



Super-imposed wave

Small vibrations A® super-imposed on finite motion ®

Principe of Virtual Power

Without vib. Pein(®, 50) + Pi(D,60) =  Pou(P, 5b)
With vib.  Pein(® + AD, 60) + Pi(® + AD,50) = Pog(P + AD, 5)
Then APein(D,60) + APi(D,60) =  APeu(d,5d)

where Gateau-Fréchet derivative is used

AP;(®,60) = lim (% (Pi(® + hAD, 5b) — 7),-(¢,5¢))> [AD]

V.

Perturbation of internal Virtual Power induced by vibrations

AP;(¢,5¢):/S:(AFT§F)+6E:C(AE) dv
B

Geometry Material

A\

@ Symmetry is respected
@ The evaluation of C is performed around the ®-state
o Integration over the beam section, is possible... but tricky



Super-imposed wave

Dead load / following load

For the external virtual power, the linearisation writes:
APet(P,00) = / Aq-dp + Am- 560 dS
c
Aq:/AbdA+ Af dL
s

oS
Am:/GMxAb+(A0><GM)><bdA+/ GM x Af + (A6 x GM) x fdL
S oS8
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APet(P,00) = / Aq-dp + Am- 560 dS
c

Aq:/AbdA+ Af dL
s as

Am:/GMxAb+(A0><GM)><bdA+ GM x Af 4 (A6 x GM) x fdL
s 88



Super-imposed wave

Dead load / following load

For the external virtual power, the linearisation writes:
APet(P,00) = / Aq-dp + Am- 560 dS
c

Aq:/AbdA+ Af dL
s as

Am:/GMxAb+(A0><GM)><bdA+ GM x Af 4 (A6 x GM) x fdL
s 88

Dead load, then Af =0

APeit(P,00) = / (/ (A6 x GM) x de) -0 dS
c \Jas

Following load, then Af = AG A f

AP (d,50) = /

( AG/\de> S+ (/ (f/\GM)/\AOdL) .56 dS
@ oS oS

v




Super-imposed wave

Dead load / following load

For the external virtual power, the linearisation writes:
APet(P,00) = / Aq-dp + Am- 560 dS
c
Aq:/AbdA+ Af dL
s

oS

Am:/GMxAb+(A0><GM)><bdA+ GM x Af 4 (A6 x GM) x fdL
s 88

Dead load, then Af =0

APeit(P,00) = / (/ (A6 x GM) x de) -0 dS
c \Jas

Following load, then Af = AG A f

AP (d,50) = /

( AGAde>-5<p+( (f/\GM)/\AOdL>~59dS
@ oS oS

May be used to define natural and essential boundary conditions !



Small vibrations A® super-imposed on finite motion ®

Example of Finite Pre-stretch

Buckling

String



Static finite pre-stretch ¢

@ Pre-stretch

€

€ 283d3 = 6d3

€

< 0 compression
> 0 tension

o Kinematics ds =e3 @ =5(1+¢)e3

o Kirchhoff-Saint Venant hyperelastic material

6

7
A 2 2
V= E(Tr(E)) + uTr(E®)
A+2
() = 2L+ Oy
Longitudinal static force
F(e) i
N = A(A+2u)e(1+¢)(1+5)ds 0

x10”

String

0.5




String

Vibration A® super-imposed on finite pre-strech ¢

o Pre-stretch of straight beam ® = (¢ = S(1 4 €)es, D3 = e3)
@ Super-imposed vibration AP = (u,0)
@ Virtual motion 0® = (6u,d0)

@ Virtual power, geometrical and material contribution

AR g f ou Dou 08, 256
/BS.(AF 5F) dV _e(1+2)((>\+2u)/cf485 55 TI5g) 5o dS

+ /\A/0-50+03603 dS)
c

90 8365 2. 904 8504
/ ’as 55 + (A +2p)(1 +€) Z]I 55 o5 ds

/6E:C(AE) v =
[ (G -+ om) (G - (14 )66s) <

+ uA/ (‘9“2 +(1+)0)(He 00, + (1 +¢€)d61) dS

oS oS

£ A+ 20)A(L + €) Ous 9ous

s ds
. 0S 0S




String

Equation for vibrations are still uncoupled

@ Bending in (di,d3)-plane

GAU! — GA®, pA iy
ELh6y + GAu; — GAO, = phbs
o Longitudinal vibes along d3
EAU] = pAds
@ Torsional vibes around ds3

Ghoy —2gA0s = plhbs



String

Equation for vibrations are still uncoupled

@ Bending in (di,d3)-plane

Aul — GAOY, = pAii
ELO) + GAu, — GAby = phb,
o Longitudinal vibes along d3
EAU] = pAds
@ Torsional vibes around ds3
L0y —2gA0; = plbs

o Effective rigidity moduli with respect to the finite strain:

E(c) = (>\+2,u)(1+3e(1+§)) (e) = u(1+ge(1+%)) G(e) = p(1l+e)
with a bulk-shear ratio

A +2p 2(1+v)

T oop 1-2v




String

Buckling

Impose harmonic displacement u1(S) = U™ and angle 6-(S) = Y,e*s
Stiffness matrix (symetric):

—KCA —ikGA
K= | "4 e
ikGA  —KEb — GA

Non-trivial solution appears for det(K) = 0, /e for
G(€)E(e)hk* — A(G(e)> — G(e)*) =0

For pinned boundary conditions k = m /¢, the critical longitudinal strain € may
be computed, and then the critical load F® can be computed

Fb(e) = A +2u)e(1 + €)(1 + £ ast[-~ F/E
() = A+ 20)e(1 + ) (1 + 5) o
1.25
@ Euler prediction 12 Fi——
// 1=
Fe — _ELK? H>5 L/h =100

@ Timoshenko and Gere estimation

B EhKk?
1+ E2k2 ‘ S

Ft =



String

String approximation

@ Vibration of a string, having a pre-tension F = (A +2u) Ae

F u{' = pAii

@ Bending of pre-stretch beam
GAU! — GA 6, pA iy
ELO) + GAU, — GAG, = phb,

Effective rigidity moduli with respect to the finite strain:
B = (+20)(1+3¢1+3))
~ _ A+2 €
Glo) = n(1+222e(1+3))
G = ui+o
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String

Asymptotics

@ Vibration of a string, having a pre-tension F(e) = (A +2u) Ae
F u{/ = pA Ul

@ Using some asymptotic the bending problem becomes

Fu{' = pAii
Hypl Large Poisson ratio p << A = I?(e) =(1+ %)F(e)
~ 1
Hyp2 Thin beam /hL/A <K L = F(e) = ﬁ[:(6)
~ 1
Hyp3 Neglecting gliding angle |u; — 62| < 1 = F(e) = =————F(e)

2(1—v)



Conclusion

Conclusion




Conclusion

Conclusion

@ The model is based on three-dimensionnal mechanics
@ Light hypotheses: on the geometry at rest, on the material

@ Strong hypothesis: rigid cross-section, one dimensional Cosserat body



Conclusion

Conclusion

@ The model is based on three-dimensionnal mechanics
@ Light hypotheses: on the geometry at rest, on the material
@ Strong hypothesis: rigid cross-section, one dimensional Cosserat body

1°* step The pertubation analyses is performed on the 3-dimensional problem...

2" step ... then integration over the cross-section is performed



Conclusion

@ The model is based on three-dimensionnal mechanics
@ Light hypotheses: on the geometry at rest, on the material
@ Strong hypothesis: rigid cross-section, one dimensional Cosserat body

1°* step The pertubation analyses is performed on the 3-dimensional problem...

2" step ... then integration over the cross-section is performed
@ Second variation gives a panorama of analytical problems

o Instabilities: buckling
o Super-imposed vibration on
o large strain: string

o large displacement: elastica, spin-tops, rockets, rotor blade

o Difficult problems especially if:

ok OAw 0Ak  Ow
a—wawAnyéO W*ﬁ*‘*)AAK/#O

Conclusion



