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Introduction

Problem 1. u = (uy,---) : fluid velocity, p : pressure. Q : flow
domain, I : boundary of Q.

Navier-Stokes equations with a friction law

gl;—k(u-V)u—yAu—i—Vp:f in ]0, +00[x £,
V-u=0 in ]0, +o0[xQ,

u-n— on ]0,+OO[X[_7

7y37: = uH(|ul) on ]0, +oo[xT,

u(0,x) = ug(x) in €,

@ v > 0 is the kinematic viscosity,

@ V- =div is the divergence operator, A the Laplacian,
@ Q C R3 is an open bounded Lipschitz domain, I = 99,
o f is an external force, ug the initial velocity.
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Introduction

Problem 2.
Coupling of two fluids thru a rigid interface (rigid lid hypothesis)

7 A
(%, 1) oY)
da
4 Lo JML#M(
_
(4,.5) 0,5 <)
3 L

o (ul, UQ) = (ul(Xh,Zl), UQ(Xh,ZQ)), u, = (u,-,h, W),
ujp = (Ujx, ujy), velocities

@ x; € Ty, two dimensional torus, z; € J; = [0,zl+],
z€h=][z,0,z >0and z; <O,

o Interface : ['jp: = {(x4,0), x5 € T2},

o Top : 'y = {(xn,2),xn € T2}. Bottom :
= {(Xh,ZQ_),Xh € Tg},



Introduction

—viAu; + Vp; = f; in Ty x J;,
V.ui:O in’]I‘2><J,-,
wi=u;-n;=20 on Ty x [,
au,- . .
Vi an’_h = —()C(u,-7h = uJ'7h)7 on Ty X [Njpt (I #]),
u;, = 0 on T2 X F,-.
Questions :

@ Behavior of the solutions when o« — o0 ?

@ Stable numerical scheme and simulations
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Problem 1. Friction law : assumptions

0
_”87:“ = uH(Ju])|r = g(u). Assume

o (Hy):VveR3 0< C < H(v|) < G(L+|v]) or
Glv|* < H(lv]) < G(1+ v]), (0 <a <1),
o (Hy): He CY{R), H' € L*(R), and H' > 0 a.e.

Typical examples

H(|v|) = Cte = a : Navier's Law
H(|v|) = Cp|v| : Glauker-Manning's law

Cp : drag coefficient.
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Problem 1. Energy balance

Assume ug € L2(Q), ug-n|r =0, f € L2 (R4, H}(Q)Y).

loc

Let (u, p) such that V-u =0, u-n|r = 0 be a "strong" solution to
the Navier-Stokes equations. Then, Vt > 0,

1 t
g/mmnﬁm+u/ /Wm@@Fm¢+
2 Ja Jo JQ

_[ﬂmgnmmmjmw¢zéém@yw+4%@m@»¢

Hence for all T >0, as v — |\Vv||s27;0’1 + [|v||r.0,p is @ norm
equivalent to || - [jo:12 on HY(Q)3, 1 < p < 4,

[|ull 20, 77,12 (@)) + [ull Lo o, 11, 2(0)4) <

C([|uollez0,2, H, ||fHL2([O,T],H*1(Q)d): v),
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Problem 1. Function space

u-n|r = 0. Let Q € RY, bounded, of class C™ (m > 1, d = 2,3)

=3

W ={¢ € C"(Q)?, ¢ - n|r =0},
W={uecH(Q) u-njf=0}

%
Jullw = ([, (9uP + [10?)" ~ [lullaa

(Chacén-Lewandowski. 2014) W(Q) is dense in W(2).




Problem 1. Properties of the Friction law

Let
_{W—> w’

v— G(v)

Vwe W, (G(v),w)= /rv-wH(M)da.

Assume that (H1) and (H2) hold. Then G satisfies, for all
v,we W :

o [1GW)llwr < C(L+ [IvIEy),

° C||v||%;0’2 < (G(v),v) (coercivity),

e 0 < (G(v) — G(w),v —w) (monotony),

° ||G(v) = G(w)llwr < C(lIv]lw + |lwllw)llv — wl|w,

e G is continous and compact.

y
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Problem 1. Transport-diffusion operators

Let
_{Wx w— w

(v,w) = B(v,w)’ DA ST B0 = /Q(V V)w - z.

Vv,we W,
o [[B(v,w)l|w' < [Ivllwllwllw,
o WhenV -v =0, then (B(v,w),w) = 0.

W — w’
A: , VweW,(Av,w>:y/Vv:Vw.
v — Av Q
Momentum Equation : find u, p such that
Ou
a—kB(u,u)—kAu%—G(u)—i—Vp: f, V.-u=0
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Problem 1. Estimate for the pressure

Q@ = [0, T] x Q. The pressure is in L*/3(Q). More specifically : Let
(u, p) be a strong solution to the NSE. Then

: 4/3
(/] tetex2dxde ) = lIpllgaass < C(T Houo.f.0).

Essential ingredient of the proof. Solve

—AV = plp|?* inQ,

oV
% =0 on r,
/ W(x)dx = 0
Q

then take w = V'V as test function in the equation for the velocity.

Consequence :

dev e LY3([0, T, W), Wy =W n HYQ)*
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Problem 1. Variational formulation and existence result

Weak solution : Find
(u,p) € L2(W) N L=(L?) x L*3(Q), s.t. dwu e LY3([0, T], W)),

such that V (v, q) € L4(W,) x L3(L?),

T T
/o (Bpu(t) + B(u, u) + A(u) + G(u), v>dt5/0 p(t, X)V -w(t, X)dxdt+

/ q(t u(t,x)dxdt = '/(;T<f,v>dt

Chacén-Lewandowski, 2014. The NSE have a weak solution
(u,p) € L2(W) N L=®(L?) x L*3(Q).

Inspired by the work of Bulicek, M. and Malek, J. and Rajagopal,
K. R. 2007.



Problem 1. Proof by Regularization

Let
{W — HY(Q)
[Ps <
v — p. = P(v)

where

0
8?16 =0 onT, /Qpe(x)dx =0

and for a given mollifier p, = pa(x), for v € W, ¥ its extension to
HI(R3)3,

{ —eAp. +V-v=0 inQ,

Va(W)x) = (pa *9)() = | paly = x)5(y)dy
Then solve
Ou
VT + B(V,(u),u) + Au + G(u) + VP-(u) = f£.
and take the limit as («,€) — (0, 0).




Problem 2. Recall : coupled problem with friction

A A
(“&lrrd,\ j\‘»:‘g * \9*
o Lt Clw&-ﬁul
(_";2:.'[‘1) OL ]L’(g
: —
—viAu; + Vp; = f; in Ty x J;,
V'U,‘ZO inTQXJ,',
(Co./Fr) : wj = ua,- -n; =0 on Ty x [,
Ui h . .
Vige = —a(ujp —ujp), on Ty x i (i #J),
n;
u; = 0 on TQ X F,-.
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Problem 2. Functional framework

Wi = {U € COO(TQ X J,'), u‘r,. = 0, u- l’l,'||—mt = 0, V-u; = 0},

equipped with [[ul[;1 = |[Vul|2(7, - Let

Wi =Wl w = wa x ws,
Wo = {(u1,u2) € W, UL hFe = U pil e 3-€- iN Cint }s
U= (Ul,U2),V = (Vl,VQ) e W,
AU, V) = yl/

Vu; - Vv + 1/2/ Vuy - Vv,
. TQXJl

TQXJQ

Wy = ker trr,.nt(ul = U2), COdim(WO) =1,

W = WO @J— vect q), d = (¢17 ¢2)
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Problem 2. Weak Solutions

Let
/ f1 vy + f2-V2:(F,V)
Toxh Tox Jp

Definition

(weak solution) A couple U = (uj,u2) € W is a weak solution to
Problem (Co./Fr.) when YV = (vi,v2) € W,

AU, V) + oz/r (Uph — Uz p) - (Vip — vap) = (F, V).

Problem (Co./Fr.) has a unique weak solution, denoted Uy,.

Straightforward by Lax-Milgram Theorem.

Question : behavior of (Uy)a>0 Wwhen o« — 00?7
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Problem 2. Energy balance and consequence

The solution U, of Problem (Co./Fr.) verifies the energy balance :

/\(an U(y) + a/r |u1,h,a - u27h,a‘2 = (F U(x)

In particular :

@ The familly (U, )a>0 is bounded in W uniformly in «,
° / Ui ho — u27h’o¢|2 — 0 as a — o0.
int

Consequence : There exists (ap)pen , @n — T, Uec W,
such that (U,,)nen weakly converges to U in W.
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Problem 2. Limit problem when @ — oo : continuous BC's

—viAu; + Vp; = f; in Ty x J;,
V-u =0 in Ty x J;,
(Co./Con.) : wi=u;-nj=0 on Ty X [y,

u; = up, oOn Tg X F,-,,t

u,-:0 OnTQXF,'.

Theorem

(Legeais-Lewandowski, Applied Maths Letters, 2022.) The familly
(Ua)a>o0 strongly converges in W to the unique weak solution
U = (uy,uy) € Wy of Problem (Co./Con.), in the sense :

YV = (Vl,Vg) e Wo, /\(U,V) = (F/V)

v
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Problem 2. Algorithm -Initialization

Initialization : We solve the following initial problem on the upper
part to get a first field (u$"°, P{O)) :

i Au? + VPO =y (1)

V-ui® =0, (2)
Ou(y.o

VIOTT‘FW = 7()(“(11,‘[(1)7 uiﬁ ’ n1|rint 0 (3)

uylr, =0, (4)
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Problem 2. Schwarz like Algorithm-iterations

Once the upper field (u]"", Pgn)) is calculated for a given n > 0,

determine the bottom field (u3"", é")) by solving :
AU+ VP = f,, Vud" =0, (5)
OU;’: C C
Y2 o Ir, = —a(uyy —uly), uy, -np=0. (6)
ug,’lg‘rz =0, (7)
and go from nto n+ 1 in calculating (u?’"ﬂ, {"H)) by solving
—nAud™ P — gt — g (8)
Ou(ix.f:hLl
Ll 0“1 ‘r/'nt - 7a(uC1¥,7I:7+l - ug;:)? u(1177/,77+1 n; =0 (9)
u?,7:+1’r1 =0. (10)
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Problem 2. Numerical convergence

The simulations were carried out with the software FreeFem ++

(0% n
10 | 4026
10° | 984
103 | 408
10* | 221
10° | 137
10° | 54
10° ] 9

To check the numerical convergence of the
method, we study the error term [U®™Tl —
U®"||;2. On the left, for a given «, we have
the first value of n for which

Ut — g, < 1073,

The method is always converging, and the
convergence is almost instantaneous for large
a (> 10°).

The complete theoretical proof of the convergence is in progress.
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Problem 2. Simulations

FIGURE — Velocities, f; = (1,—-1) = f, n =9, a = 10°
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