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Geometric integrators

Schemes preserving the geometrical structure of equations

Better reproduction of physical properties
B (Multi)-symplectic integrators

Hamiltonian formulation ιXω = d H ω ∈ Λ2

+ Preservation of ω, Φ∗ω = ω

B Invariant schemes
Flows and dissipative systems

+ Schemes that preserve symmetries at the discrete level

D. Razafindralandy et al, A review of some geometric integrators, AMSES Journal, vol 5, 2018.

B Discrete Exterior Calculs
Follows exactly the cohomological structure

+Preservation of the property d2 = 0

Rama AYOUB Projection scheme in DEC
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Illustration, relation between Exterior Calculus and tensor calculus

Exterior Calculus Calculus in R3

Differential forms ω ∈ Λk vector fields/tensors

u[ = (ui = gijuj) ∈ Λ1 u = (ui) ∈ R3

],[←→

R
grad−−→ R3

curl−−→ R3
div−−→ RΛ0

d−→ Λ1
d−→ Λ2

d−→ Λ3

curlgrad = 0, divcurl = 0d2 = 0 ∫
∂V ιu.dS =

∫
V div udV, ...

∫
∂V ω =

∫
V dω Stokes

Hodge Star operator

B Hodge Operator ? is an isomorphisme of Λk(M) −→ Λn−k(M)

By definition τ ∧ ?ω = g(τ, ω)Vol where g metric and Vol volume form

In R2 using Euclidean metric and Vol = dx∧ dy
?1 = dx∧ dy, ?dx = dy, ?dy = −dx

In R3 using Euclidean metric and Vol = dx∧ dy∧ dz
?1 = dx∧ dy∧ dz, ?dx = dy∧ dz, ?(dx∧ dy) = dz, ...

*

*

Rama AYOUB Projection scheme in DEC
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Domain Discretization: Primal mesh and Dual mesh

Simplicial complex K in RN ≡ Collection of simplices
- Each k-simplex is associated to a (n− k)-cell.
B Primal simplices and their corresponding dual cells in 2D

B Primal simplices and their corresponding dual cells in 3D

The simplices and the dual cells are oriented.
Kk: set of k-oriented simplices ∗Kk: set of (n− k)-oriented cells
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Discretization of differential forms

From K differential forms to cochains: De Rham

R :
Λk(M) −→ Λk(K)

ω 7−→ Rω
Where Rω : σ ∈ Kk 7−→ 〈Rω, σ〉 =


∫
σ

ω si k ≥ 1

ω(σ) si k = 0

Primal k-cochain Dual k-cochain

Λk(K) = { ∑
σ∈Kk

zσσ, zσ ∈ Z} Λk(∗K) = { ∑
∗σ∈∗Kk

z∗σ ∗ σ, z∗σ ∈ Z}

Λk(K) = Hom(Λk(K), R) Λk(∗K) = Hom(Λk(∗K), R)

ω ∈ Λk(K) : σ ∈ Kk 7−→ 〈ω, σ〉 ∈ R ω ∈ Λk(∗K) : σ ∈ ∗Kk 7−→ 〈ω, ∗σ〉 ∈ R

0-form 1-form 2-form 0-form 1-form 2-form
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Discrete Exterior Derivative and Boundary operator

Stokes

∫
σ

d ω =
∫

∂σ
ω

〈dω, σ〉 = 〈ω, ∂σ〉

Boundary operator ∂
Λk(K)=SpanKk = {k-chaines}.
∂k : ΛK −→ Λk−1

∂k
[
v0 ...vk

]
= ∑k

i=0
(−1)i[v0 ...v̂i ...vk

]
∂
[
v0v1

]
= v1 − v0

∂
[
v1v2

]
= v2 − v1

∂
[
v0v2

]
= v2 − v0

∂
[
v0v1v2

]
=
[
v1v2

]
−
[
v0v2

]
+
[
v0v1

]

Discrete Hodge Operator

Diagonal Hodge ? : k-forms−→ n− k-forms
< ?ω, ∗σ >

| ∗ σ| =
< ω, σ >

|σ|

[H]ij =
| ∗ σk

i |
|σk

j |
, H1 =


| ∗ e1 |
|e1 |

0 0

0

| ∗ e2 |
|e2 |

0

0 0

| ∗ e3 |
|e3 |


Analytical discrete Hodge

R. AYOUB et al, ’A new Hodge operator in Discrete Exterior Calculus, Application to fluid mechanics’, 2020- Pure and Applied
Analysis
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Tensor Formulation⇒ Exterior Calculus Formulation (Stream Function)

Tensor
formulation


∂u
∂t

+ div(u⊗ u) +
1

ρ
grad p− ν∆u + βgθ ey = 0,

div u = 0,
∂θ

∂t
+ div(uθ)− k∆θ = 0.

Exterior calculus
formulation


∂v
∂t

+ iv] d v +
1

ρ
d p− νδdv + βgθ d y = 0,

δv = 0,
∂θ

∂t
− δ(θv) + kδ d θ = 0. p = p + 1

2
ρu2


∂

∂t
d ?d ψ + d(iv] d ?d ψ)− ν d δ d ?d ψ− βg d(θ d y) = 0,

v = − ? d ψ,
∂θ

∂t
− δ(θv) + kδ d θ = 0.

[, (v = u[)
grad p[ = d p, (curl u)[ = ?d v, (∆u)[ = d δv + δ d v

d to eliminate the pressure
(d2 p = 0)δv = 0 =⇒ v = − ? dψ

Stream function formulation
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Tensor Calculus

Step 1:



ũn+1 − un

∆t
+

3

2

div(un ⊗ un)− 1

2

div(un−1 ⊗ un−1)

+
1

ρ
grad pn − ν∆ũn+1 = gn+1

M
, in M

ũn+1 = un+1

Γ
, on Γ

Step 2:


∆p̃n+1 =

ρ

∆t
div ũn+1 , in M

∇p̃n+1 ·N = 0, on Γ

Where N is the exterior normal to Γ.
Step 3:

pn+1 = p̃n+1 + pn

un+1 = ũn+1 − ∆t
ρ
∇p̃n+1

Exterior Calculus

Step 1:



ṽn+1 − vn

∆t
− ν(δ d+d δ)ṽn+1 = gn+1

M
−

( 3

2
iun d vn − 1

2
iun−1 d vn−1)− 1

ρ
d pn , in M

ṽn+1 = u[
n+1

Γ
, sur Γ

Step 2: 
?d ?d p̃n+1

=
ρ

∆t
δṽn+1 , in M

tr(?d p̃n+1

) = 0, sur Γ
Where tr trace operator on Γ (tr ω = ω|Γ

)

Step 3:

pn+1 = p̃n+1

+ pn

vn+1 = ṽn+1 − ∆t
ρ

d p̃n+1

A.J. Chorin, ’Numerical solution of the Navier–Stokes equations’, mathematics and computing journal
R. Temam, ’Navier–Stokes Equations: Theory and Numerical Analysis’, North-Holland, Amsterdam
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un+1 = ũn+1 − ∆t
ρ
∇p̃n+1

Exterior Calculus

Step 1:
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div ũn+1 , in M

∇p̃n+1 ·N = 0, on Γ

Where N is the exterior normal to Γ.
Step 3:

pn+1 = p̃n+1 + pn

un+1 = ũn+1 − ∆t
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Formulation of the Neumann boundary condition in DEC{
?d ?d p = gM , in M

tr ?d p = gΓ volΓ, on Γ

p primal cochain{
?(di +db) ? d p = gM , in M

tr ?d p = gΓ , on Γ

⇓{
?di ? d p + ?db(?d p)b = gM , in M

tr ?d p = gΓ , on Γ

⇓

?di ?d p = gM − ?db gΓ , dans M

p dual cochain{
?d ?(di +db)p = gM , in M

tr ?(di +db)p = gΓ , on Γ

⇓{
?d ?dip + ?d ?dbpb = gM , in M

tr ?dip + tr ?dbpb = gΓ , on Γ

Rama AYOUB Projection scheme in DEC
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Taylor-Green Vortex solution in primary variables in DEC{
u = − cos(x) sin(y)ex + sin(x) cos(y)ey

p = − ρ
4
(cos(2x) + cos(2y)) Domaine [−π, π]× [−π, π]

Velocity and pressure profliles along x = 0 and y = 0 (Barycentric dual)
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Lid-driven cavity, solution for Re = 100

Illustration of the Lid-driven cavity problem.

Urmila Ghia et al, High- Resolutions for incompressible flow using
the Navier-Stokes equations and a multigrid method, Application to
fluid mechanics, Journal of Computational Physics
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Lid-driven cavity, solution for Re = 1000

Solution on a right mesh with dual barycentric

Isovaleurs
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Hirani Anil ’ Discrete Exterior Calculus, ’2003- Dissertation (Ph.D.), California Institute of Technology

Mamdouh S. Mohamed ’Discrete exterior calculus discretization of incompressible Navier–Stokes equations over surface
simplicial meshes’, 2016 - Journal of Computational Physics

R. AYOUB et al, ’A new Hodge operator in Discrete Exterior Calculus, Application to fluid mechanics’, 2020- Pure and Applied
Analysis

Thank You
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