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Motivations and introduction of DEC

Geometric integrators

@ Schemes preserving the geometrical structure of equations

@ Better reproduction of physical properties
> (Multi)-symplectic integrators
Hamiltonian formulation txw =dH w € A?
1> Preservation of w, @ w — w

> Invariant schemes

Flows and dissipative systems
1 Schemes that preserve symmetries at the discrete level

@ D. Razafindralandy et al, A review of some geometric integrators, AMSES Journal, vol 5, 2018.

> Discrete Exterior Calculs
Follows exactly the cohomological structure

wwPreservation of the property d* = o
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Motivations and introduction of DEC

Illustration, relation between Exterior Calculus and tensor calculus

Exterior Calculus Calculus in R3
Differential forms w € A* b vector fields/tensors
W = (u; = gi]-uj) e Nt A u=(u) € R3
d i
A° G AT 4 A2 4 A3 R £ g3 <ol g3 div, g
d*=o grad = o, div =0
Lyw = [,dw Stokes Joy mdS = [, divudV, ..
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Illustration, relation between Exterior Calculus and tensor calculus

Exterior Calculus Calculus in R3
Differential forms w € A* b vector fields/tensors
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b
Hodge Star operator

> Hodge Operator * is an isomorphisme of AX(M) — A" K(M)

By definition T Axw = g(T,w)V0l  where § metric and VO volume form

In R* using Euclidean metric and Vol = dx A dy / Dﬂ:
*1=dxANdy, *dx=dy, *dy= —dx

In R3 using Euclidean metric and Vol = dx Ady A dz &
*1=dxANdyNdz, *dx=dyAdz, *(dxAdy)=dz,..
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Motivations and introduction of DEC

Domain Discretization: Primal mesh and Dual mesh

@ Simplicial complex K in RN = Collection of simplices
- Each k-simplex is associated to a (n — k)-cell.
> Primal simplices and their corresponding dual cells in 2D

AN
NN/

> Primal simplices and their corresponding dual cells in 3D

Ll e

xe ol Lsimplexe o2, 2-simplexe o, 3-simplexe

" ! “ g ‘ ‘
Dual(c®) Dual(o') Dual(a?) Dual(o®)

@ The simplices and the dual cells are oriented.

Kj: set of k-oriented simplices xKy: set of (n — k)-oriented cells
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Domain Discretization: Primal mesh and Dual mesh
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Motivations and introduction of DEC

Domain Discretization: Primal mesh and Dual mesh

@ Simplicial complex K in RN = Collection of simplices
- Each k-simplex is associated to a (n — k)-cell.
> Primal simplices and their corresponding dual cells in 2D

> Primal simplices and their corresponding dual cells in 3D

‘ ‘ L& KX

xe ol Lsimplexe o2, 2-simplexe o, 3-simplexe < KLl B s

‘ ‘
Dual(c®) Dual(o") Dual(c?) Dual(a®)
@ The simplices and the dual cells are oriented.
Kj: set of k-oriented simplices xKy: set of (n — k)-oriented cells
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Motivations and introduction of DEC

Discretization of differential forms

@ From K differential forms to cochains:

h L w sik>1
R: AWM — A Reie € Ky — (Rw,0) = !
w — Rw w(o) si k=0
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Motivations and introduction of DEC

Discretization of differential forms

@ From K differential forms to cochains:
ANM)  — AKK)

R:
w — Rw

Where Rw : 0 € Ky — (Rw,0) = {

.

Primal k-cochain

A(K)={) z0, z,€Z}
ceKy

AK(K) = Hom(Ax(K),R)
w€AK): o€k — (w,0) ER
0.5

o-form 1-form 2-form
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Motivations and introduction of DEC

Discretization of differential forms

@ From K differential forms to cochains:
k k w sik>1
R: AM) - — AR Where Rw : 0 € Ky — (Rw,0) = !
w s Re w(0o) si k=o
V.
Primal k-cochain Dual k-cochain
A(K)={) z0, z,€Z} AGK)={ Y zw*0, 20 €Z}
ceKy *rExKy
AK(K) = Hom(A¢(K), R) AF(+K) = Hom(A(+K), R)
w€AK): o€k — (w,0) ER w € AF(xK) : o € %K — (w,*0) €R
0.5
3 4
-3 v
1
o-form 1-form 2-form o-form 1-form
4
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Discrete Exterior De pe

@ Boundary operator 0
Ay (K)=SpanK}, = {k-chaines}.

Ot Ak — Ay Og[vovi] = ):fzo(—l)i[vo...fzi...vk]
[ /a dw = /a Vw }
'
[ (dw, o) = (w,d0) ]

y
Discrete Hodge Operator

< w,x0 > < W,0>

@ Diagonal Hodge * : k-forms—s n — k-forms

[xal o]
[*e1] ® ®
| ok| Jer| ‘
[Hlj = ==~ H=|[ 5 -
|o| o o |l

@ Analytical discrete Hodge

@ R. AYOUB et al, ‘A new Hodge operator in Discrete Exterior Calculus, Application to fluid mechanics’, 2020- Pure and Applied
Analysis
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and introduction of DEC

Tensor Formulation = Exterior Calculus Formulation (Stream Function)

ou +div(u®u) + %gradp— vAu+ Bgbe, =o,

ot
Tensor divu =o,
f lati
ormuaton % + div(uf) — kA6 = o.

|

5t ot i = el = 6,
. a v 14
Exterior calculus

. ov =0,
formulation ’
C C 30

L 5(0v) +k6dO = o.

ot
Stream function formulation @l i afminsie @ pressure
=0 = v=—*dy
% dxdyp+d(iydxdyp) —vddidxdy — pgd(6dy) =o,

a
v=—*di,
g —3(6v) +k6d6 = o.
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Resolution in primary

© Resolution in primary variables in DEC
@ Prediction correction schema

@ DEC Neumann condition 2D
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Prediction correction schema

Resolution in primary variables in DEC

)EC Neumann condition 2D

Step 1:
frica - ut B 1 .l-}n+1 —o"
3 di n my _ I g n—1 n—1 _ 1 _ ont1_
g + ; iv(u" @ u") > v teu"t) — v(6d+dd) 1gM
+; grad p"" — vAT" T = g;‘;l, in M (%iu” do" — 2ip—y do"7t) — 0 dp", inM
a1 — u?*l, onT g1 — u'{le, sur T
Yy 4

@ AJ. Chorin, 'Numerical solution of the Navier-Stokes equations’, mathematics and computing journal
R. Temam, 'Navier-Stokes Equations: Theory and Numerical Analysis’, North-Holland, Amsterdam




Prediction correction schema

Resolution in primary variables in DEC

)EC Neumann condition 2D

erior Calculus

Step 1:
-1 om A1 _ on
“ — LA %div(u” ®u) — z div(u" T @ u" 1) % —v(Ed+d o)t = g
1 .
+; grad p"" — vAT" T = g;‘;l, in M (i dot — Sin—1 do"TT) — % dp", inM
a1 — u?*l, onT g1 — u'{le, sur T
Step 2: Step 2:
A = L v, M *dxdp"" = Log"1, inm
At !
VPt N =o, onT tr(xdp") = o, sur T

Where tr trace operatoron I’ (trw = w‘r)
Where N is the exterior normal to T

4 4

@ AJ. Chorin, 'Numerical solution of the Navier-Stokes equations’, mathematics and computing journal
R. Temam, 'Navier-Stokes Equations: Theory and Numerical Analysis’, North-Holland, Amsterdam
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Resolution in primary variables in DEC

a3 n T g n—1 n—1
T‘F;dlv(ld ®u)7;d1v(u @u't)

+% grad p"" — vAT" T = g;‘;l, in M

At = u?*l, onT
Step 2:
AP = % diva't, in M
V't .N =o, onT
Where N is the exterior normal to T
Step 3:
pn+1 — f’n+1 +pn
et — gt %vr—;II‘FI

4

Prediction correction schema

)EC Neumann condition 2D

Step 1:

gt ot 5d +d o)ttt — gt
T —v(6d+do) ng -
(Ziyndo" — Liy q do"t) — . dp", inM
FOT = u'{j”rl, sur T’
Step 2:
wdxd7"t = %5:‘/’“, in M

tr(xdp") = o, sur T
Where tr trace operatoron I’ (trw = w‘r)

Step 3:

=i =141

PP

g1 _ E dﬁn+l

n+1

@ AJ. Chorin, 'Numerical solution of the Navier-Stokes equations’, mathematics and computing journal

R. Temam, 'Navier-Stokes Equations: Theory and Numerical Analysis’, North-Holland, Amsterdam
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Prediction correction schema
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PP

g1 _ E dﬁn+l

n+1

@ AJ. Chorin, 'Numerical solution of the Navier-Stokes equations’, mathematics and computing journal

R. Temam, 'Navier-Stokes Equations: Theory and Numerical Analysis’, North-Holland, Amsterdam
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Resolution in primary variables in DEC

Tensor Calculus

Step 1:

L T P n T g n—1 n—1
T‘F;dlv(ld ®u)7;d1v(u ®@u't)

+% grad p"" — vAT" T = g;‘;l, in M

L—ln+1 — u¥+1, onT
Step 2:

AP = % diva"™, inM

Vp't1.N =o, onT
Where N is the exterior normal to T.
Step 3:
pn+1 — i’n+1 +pn
et — gt gvr—,r&l

4

Prediction correction schema

)EC Neumann condition 2D

ot — ot HM+1 n+1
T*V(§d+d§)v =1gM -
(Ziyndo" — Lijy—q do"71) — 0 dp", inM
g1 u'}wrl, sur I’
Step 2:
*dxdf™tt = iw“, in M

tr(*df)wrl) =0, sur I’

Where tr trace operatoron ' (trw = wh_)

Step 3:

ﬁn+1+?n

At =n+1
—d
P

ﬁ"+1 —

n+1 Fii

@ A]. Chorin, 'Numerical solution of the Navier-Stokes equations’, mathematics and computing journal
R. Temam, 'Navier-Stokes Equations: Theory and Numerical Analysis’, North-Holland, Amsterdam
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Prediction correction schema

Resolution in primary variables in DEC

DEC Neumann condition 2D

Formula of the Neumann boundary condition in DEC

*dxdp =g, in M
trxdp = g vol, onT
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Prediction correc

tion in primary s in DEC

DEC Neumann condition 2|

Formula of the Neumann boundary condition in DEC

*dxdp =g, in M

trxdp = g vol, onT
p primal cochain

*(di+db)*dp = 8m in M
trxdp =g, onT

Rama



Resolution in primary

of the Neumann boundary condition in DEC

*dxdp =g, in M

trxdp = g vol, onT
p primal cochain

*(di+db)*dp = 8m in M
trxdp =g, onT

K
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Resolution in primary

of the Neumann boundary condition in DEC

*dxdp =g, in M

trxdp = g vol, onT
p primal cochain

*(di+db)*dp = 8m in M
trxdp =g, onT

I
*d;xdp ++dy(xdp)y =g, in M
trxdp =g, on I'

K
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Prediction correction schema

Resolution in primary variables in DEC

DEC Neumann condition 2D

Formulation of the Neumann boundary condition in DEC

{*d*dng, in M

trxdp = g vol, onT
p primal cochain

*(di+db)*dp = 8m in M
trxdp =g, onT
I
*d;xdp ++dy(xdp)y =g, in M
trxdp =g, on I'
I
*dixdp =g, —xdpg;, dansM

Rama AYOUB Projection scheme in DEC



Prediction correction schema

Resolution in primary variables in DEC
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Prediction correction schema

Resolution in primary variables in DEC

DEC Neumann condition 2D

Formulation of the Neumann boundary condition in DEC

{*d*dng, in M

trxdp = g vol, onT
p primal cochain

*(d;+dp)xdp=g,, in M p dual cochain
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Prediction correction schema

Resolution in primary variables in DEC

DEC Neumann condition 2D

Formulation of the Neumann boundary condition in DEC
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trxdp =g vol, onT
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o 1y M p dual cochain
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4 Y
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Prediction correction schema
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Numerical tests

© Numerical tests
@ Taylor-Green Vortex
@ Lid-driven cavity flow

Rama AYO! Projectios



Taylor-Green Vortex

Lic en cavit
Numerical tests

lor-Green Vortex solution in primary variables in DEC

u = — cos(x) sin(y)ex + sin(x) cos(y)ey

14

p = —L (cos(2x) + cos(2y)) Domaine [—7t, 7] X [—7T, 7]
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Numerical tests

Taylor-Green Vortex

Taylor-Green Vortex solution in primary variables in DEC

u = — cos(x) sin(y)ex + sin(x) cos(y)ey
p = — 5 (cos(2x) + cos(2y))

Domaine [—7, 7] X [—7, 7T

@ Velocity and pressure profliles along x = 0 and y = o (Barycentric dual)

3 L et ! T
e : 2
1/ * 5 06 u X
exach * o —
PN & —* r o 7X VA B
e x L o2 \ ) \
= o ¥ 4 S i ot
x — 3 \ N
* ¢ T - 02 * %/
- i S 7 *
**x LA et
2 2 0.6 \ I
3 L o8 2
-3 * _— .
i 08 06 03 02 © o2 o3 o6 08 1 5 = o . B

gty p
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Taylor-Green Vortex

Numerical tests

Taylor-Green Vortex solution in primary variables in DEC

u = — cos(x) sin(y)ex + sin(x) cos(y)ey
p = — 5 (cos(2x) + cos(2y))
@ Velocity and pressure profliles along x = 0 and y = o (Barycentric dual)

Domaine [—7, 7] X [—7, 7T
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@ Evolution of the error on an acute mesh with the analytical Hodge

irconcentriane —w— e —
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centridue —v— hcentrique —e—
o
5 10 g
g g
z & 1o
Pt .p-""'.. &
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ven cavity flow

Numerical test:

H @ Urmila Ghia et al, High- Resolutions for incompressible flow using
the Navier-Stokes equations and a multigrid method, Application to
fluid mechanics, Journal of Computational Physics

00 00

Illustration of the Lid-driven cavity problem.
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Delaunay mesh streamlines horizontal velocity profile vertical velocity profile




ven cavity flow

00 00

Illustration of the Lid-driven cavity problem.

Delaunay mesh streamlines

Right mesh streamlines

Urmila Ghia et al, High- Resolutions for incompressible flow using
the Navier-Stokes equations and a multigrid method, Application to
fluid mechanics, Journal of Computational Physics
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horizontal vélocity profile vertical velocity profile

horizontal velocity profile vertical velocity profile
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Isovaleurs
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Vertical velocity profile

Horizontal velocity profile
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Lid-driven cavity flow

Numerical tests

Hirani Anil " Discrete Exterior Calculus, "2003- Dissertation (Ph.D.), California Institute of Technology

(=) =)

Mamdouh S. Mohamed 'Discrete exterior calculus discretization of incompressible Navier-Stokes equations over surface
simplicial meshes’, 2016 - Journal of Computational Physics

[=)

R. AYOUB et al, "A new Hodge operator in Discrete Exterior Calculus, Application to fluid mechanics’, 2020- Pure and Applied
Analysis

Thank You

Rama



	Motivations and introduction of DEC
	Resolution in primary variables in DEC
	Prediction correction schema
	DEC Neumann condition 2D

	Numerical tests
	Taylor-Green Vortex
	Lid-driven cavity flow


