
Kirchhoff plate theory 
revisited 

for large deformations

Michel POTIER-FERRY

LEM3, University of Lorraine,
Metz, France



An old theory
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Gustav KIRCHHOFF, 1824-1887Sophie GERMAIN, 1776-1831

!"!

#$(#&n") D
2w = q



Basic assumptions of KPT 

n Linearity (in the thickness). Not essential
n Conservation of normality: deduced from…
n Plane stress 
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𝜎!" ≈ 0       Þ µ ¶#!
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≈ 0
Plane stress Conservation of  normality

u! X", X#, Z = ,u! X", X# + Z d! X", X# d! = - ¶$!¶%"
u& X", X#, Z = ,u& X", X#

Solution of  this equation

??



Contradiction of KPT

n Impossible to deduce exactly the strain from 
the assumed displacement
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• If u!= "u! X", X# ,   then ϵ!! =
¶$!
¶% = 0 Plane strain ! 

• If 𝑢!= "𝑢! 𝑋", 𝑋# + Z 𝑑! 𝑋", 𝑋# ,   then 𝜖&! ≠ 0

Normality not satisfied !



𝐴𝑠𝑦𝑚𝑝𝑡𝑜𝑡𝑖𝑐 𝑎𝑛𝑎𝑙𝑦𝑠𝑒𝑠

n Displacement

n Plane Stress
n Normality in any case (Kirchhoff)

n Main deflection

n Linearity of    and   , not of 
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CIARLET (1980), DESTUYNDER (1982), etc

u! = O 𝜺𝟐 , u& =O(ε) ???

𝜎(& = O ε , 𝜎&& = O ε#

u& = ε,u& X", X# + O ε#

u ε 𝝈



Principle of a new plate model 

n Principle : Enhanced Assumed Strain (EAS) 
and plane stress

n EAS (Simo-Rifai 1990, Ramm et al 1994-
1998) : disconnect partially displacement 
and strain

n Plane stress 
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Enhanced Assumed Strain

n Assumed displacement

n Deduced deformation

n Enhanced deformation: B X#, X$ new unknown 
vector field
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x = #𝐱 X#, X$ + Z d X#, X$

𝐅 = Ñ𝒙 = Ñ#𝐱 + d Ä E4 + Z Ñd

𝐅 = Ñ#𝐱 + d Ä E4 + Z Ñd +Z B Ä E4



A hyperelastic plate model
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x = #𝐱 + Z d

𝐅 = Ñ#𝐱 + d Ä 𝐄4 + Z Ñd + B Ä E4

• Kinematics (3D ® 2D): 3 unknown vectors        

• Constitutive law (3D)
*
𝐂 = 𝒕𝐅 . 𝐅
𝐒 = .G 𝐂
𝐏 = 𝐅. 𝐒

• Plane stress assumption

𝐒. 𝐄4 =0  or 𝐏. 𝐄4 =0,   6𝐒
68
. 𝐄4 =0   for Z=0



Reduction of the number of unknowns
n Reduction at the incremental level  . ∗

n Incremental constitutive law at Z=0:

n First plane stress condition

n Elimination of the director (D. Steigmann):
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P9:∗=L9:<= #x<,=
∗ + L9:<4d<

∗

P9𝟑∗ =L9𝟑<= #x<,=∗ + L94<4d<∗=0

Acoustic tensor 𝐴)*

d9∗ = −A9:&#L:4<= #x<,=∗ = - K9<=#x<,=∗ 𝐝∗=−K:Ñ#𝐱∗

Tensor K  giving the director (normality and … )



Example of reduction 
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• First plane stress condition:    P'!=L+&,!,x,,! + L+&,&d, = 0

0 0 a
0 0 0
n 0 0

0 0 0
0 0 a
0 n 0

Ñ,x +
a 0 0
0 a 0
0 0 b

d = 
0
0
0

• Isotropic material, close to the stress state (a = ⁄" #− n, b = 1 − n)

• First one recovers the normality conservation     d! = − ,x&,!

• Next one gets the transverse strain d𝟑 = ϵ// = −
n

1 − n
,x"," + ,x#,#



Elimination of the EAS vector
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d𝐒
dZ
. 𝐄! =0 for Z=0

Þ F('
)*"!
)% = L'𝟑,-d,,- + L'𝟑,!B,= 0

n The second plane stress condition

n Þ The same relation, the same tensor 𝐊

𝐁 = −𝐊:Ñ𝐝



Assembling kinematics and material law
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5𝐅
∗ = Á𝑴:Ñ"𝐱∗ + ZÁ𝑩:Ñd∗ = Á: Ñ"𝐱∗

Z Ñd∗
with 𝐝∗ = −𝐊:�"𝐱∗

Kinematics

Constitutive law: 𝐏∗ = 𝐋(Z): Á: Ñ#𝐱∗
Z Ñd∗

Stiffness (bilinear form)

∬𝝎 Ñ𝜹#𝐱,Ñ𝛅𝐝 : 𝒕Á: ∫&𝒉/𝟐
𝒉/𝟐 𝐋 Z𝐋

Z 𝐭𝐋 Z$𝐋 dZ ∶ Á: Ñ#𝐱∗
Ñd∗

dω



3 PDE’s from the balance equations
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−P+01 = O
2

𝐏 : 𝛿 ,𝐅 + Z𝐏 : 𝛿 ,𝐅′ dωInternal power:

𝛿 ,𝐅 = Á3: Ñδ,𝐱 𝛿 X𝐅′ = Á4: Ñδ𝐝

Plate stress tensors:        𝐍 = 𝒕Á3: 𝐏 , M= 𝒕Á4: Z𝐏

Þ − P+01 = O
2

N+! 𝛿Xx ),( +M+! 𝛿d),( dω

The PDE’s: ]^#$
]_$

+ ]
]_%

K:9`
]a&$

]_$
+ f9 = 0



Summary
n A true Kirchhoff plate for large strains with the 

help of the EAS concept

n Finite elements?

n Extension to shells?

n Comparison with the approach by Taylor 
series (Steigmann, H.H. Dai, …)?

n Mathematical foundations? 
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