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KINEMATIC DESCRIPTION OF THE SHELL

€ :={(¢,1): A CR*->R*x8%

F:={xER’|x=¢ + ¢t where (¢, )€€ and ¢E€[h™, h"]}

B:={x, € R | X0 = ¢, + &, with (@), t,)E € and £€[h7, h"]}

x=@(&, €7 &)= (£, €1) + E(E', £7)
& o x[h,h']->R?

X: B>

=P



KINEMATIC DESCRIPTION OF THE SHELL




TANGENT MAP - DEFORMATION GRADIENT

Configuration @: A X[h,h']>R

od
Tangentmap V@ := 5'5—1 ®EI"=‘g1®EI

(¢, + &t YRE* +t®F

g, =0d/a¢ " is the convected basis

Deformation gradient

F=Tyx:=Vdo(VP,)™"



Convected basis

Reciprocal basis

Surface convected frame

Metric tensor

Jacobians

SOME NOTATIONS

g, =o0d/a¢’

{gl}:ml,z,a

8:°8 T 0Oy

g, =V®E, and g' =V@ 'E’

{31}1=‘1,2,3

- « @ P
a=aza Pa”,

a,=¢, and a;=g,=t

aaﬁ = ‘0,92 ) ¢,,6

!
{a ,}1=1,2,3 dual basis

j:=det[VP],
J:=detF =jl/j,

f{}:: ”“m X %2“ )

Jjo 1= det[Va,],

ji=lla; x a,]|



STRESS AND COUPLE STRESS RESULTANTS

Given a motion X: BXR, - & X, = PP,

F* = {x€R | x=P|acconet>, @=1,2

d¥':= j[V®] 'E' dé° dé=jg' d¢? d¢

h* 1 ht 1
d¥ a . _ a:
L. _ _ 1 n® .= = og'jd
R : h‘odgz - ogjdé 7 gjdé
Rt dyl Bt
1, __ _ . 1. o 1
T =] (x (p)xo'dg - (x—¢)X ogjdé m = (x ©) X og?jdé

1 ("
l“—‘“*r—j_, og’j dé
] h






STRESS AND COUPLE STRESS RESULTANTS

Remarks:

1) Resultants can be also expressed in term of the first Piola Kirchhoff stress
n“—-}: og]d§~-~f“ Pg.j,dé

2) We have through the kinematic assumption (x — ¢) = ¢t

3) We therefore have

and there is no component of the stress couple resultant along the director



BALANCE EQUATIONS

Equilibrium is written solely in terms of the resultants quantities
1 <. _
=(jn"),tn=0
I
| G a . -
] , :

where 7 and m are the applied stress resultant and the applied stress couple
resultant

Remark: These relations are all it is needed for the formulation of the boundary value
problem or its weak formulation, allowing to avoid the introduction of
Christoffel symbols



BALANCE EQUATIONS

Balance equations can be further reduced using the symmetry of the Cauchy stress

e . Xn "+t Xm*+txl=0

m*=txXxm"

which leads
1 -, _
=(jn") ,+n=0
]
| - o~
;—:—(Jm Jo—l+m= 0
where m=mXt and

I=1+ At



EFFECTIVE RESULTANTS

~ - ??‘;3(1¢“8 + 3at
AP = pBa _ \Ban Effective membrane and effective shear

Stress resultants



KINEMATIC VARIABLES

Qg = Po"¥Pp > Qoo = Po,a * o,

Ya:m‘p,a.t’ 'YOaz‘oO,a.tO’
Kaﬁ = ¢,a ) t,,B b KOa,B - ‘pO,a * t{},ﬁ '
I |
£:=3(a,, — ag,,)a" ®a” membrane
0:=(v,~ Y, )a" , tranverse shear

P = (Kyp — Koap)a” ®a” . bending



STRESS POWER

W= LB P:Fd¥ = L [P 3d,, + Gy, + mP%,, 1dp

1 % cn B
8:”%(aaﬁ_a0aﬁ)aa®&§ LvE— 24,54 Ya
8 :=(7, ~ Y%.)a", L,o=va",

— _ o B8 — g a B
:"'"(Ka{; K{}aﬁ)a ®a » LUp Kaﬁa ®a .



CONSTITUTIVE RELATIONS

Hyperelasticy: Stored energy function + Standard arguments +...

Plasticity: Strain partition
Yield surface
Flow rule
Hardening rules



EXTENSIBLE DIRECTOR THEORY
Multiplicative decomposition of the director field

X = é(é‘l’ 62’ §) .= ¢(§l’ 62) + fd(gl’ 52)

d(&', %)= A&, £ ¢, £7)

§=(£,¢%) t s
P /\‘
/ (inextensible) ‘




GEOMETRICAL ASPECTS

Basic idea:

The nonlinear response of the shell in bending is intimately related to the rotation of the
director field

From a geometric point of view, it is convenient to view the rotation of the director field
as the motion of a point in the unit sphere

Use of the links between the unit sphere and the rotation group



