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Abstract

In the framework of defected medium

I T is identified with dislocation

I R is associated with disclination

Let (G,∇) defined on B st ∇G = 0. Undergoing transformation,
(g,∇) is defined to describe defects state in Φ(B).
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Model

Material transformation

Ξ : TB −→ S
(X,W ) 7−→ (Φ(X),Ψ(X)W )

I Φ ∈ C1-regular is the map of point.

I Ψ ∈ C1 with det Ψ 6= 0 is the map of vector.

Transformation is

I holonomic if Ψ = F,

I nonholonomic if Ψ 6= F.
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Model

I Recall F (or Φ∗) is the deformation gradient of Φ.

F(X) : TXB −→ TxS
V 7−→ F(X)V

In components,

F = F a
A ea ⊗ dXA, with F a

A = ∂AΦa.

I The linear map

Ψ(X) : TXB −→ TxS
V 7−→ Ψ(X)V

In components,

Ψ = Ψ a
A ea ⊗ dXA.
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Model

The induced (g,∇) on Φ(B)

Let u, v be vector fields on Φ(B).

By the construction, the induced connection is natural defined by

∇uv = Ψ∇Φ∗uΨ−1v.
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Model

The induced metric and connection are defined, respectively, by

g(u, v) = G(Ψ−1u,Ψ−1v),

∇uv = Ψ∇Φ∗uΨ−1v.

The metric compatibility ∇g = 0 is respected.

gab = (Ψ−1)Aa(Ψ
−1)BbGAB,

Γ
c
ba = Ψ c

C (F−1)Ab

(
(Ψ−1)BaΓ

C
AB + ∂A(Ψ−1)Ca

)
.
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Model

Connection, Torsion and Curvature

Connection Γ:

Γcba = Ψ c
C (F−1)Ab

(
(Ψ−1)BaΓ

C
AB + ∂A(Ψ−1)Ca

)
.

Curvature R: R(u, v)w = ∇u∇vw −∇v∇uw −∇[u,v]w ,

R(u, v)w = ΨR(Φ∗u,Φ∗v)Ψ−1w.

Torsion T :
T abc = Γabc − Γacb.

If Ψ = F, T (u, v) = Φ∗T (Φ∗u,Φ∗v).
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Model

Connection

Γ
c
ba = Ψ c

C (F−1)Ab

(
(Ψ−1)BaΓ

C
AB + ∂A(Ψ−1)Ca

)
.

Consider ΓCAB = 0. The induced connection is given by

Γcba = Ψ c
C ∂xb(Ψ

−1)Ca.

If Ψ = F, ⇒ T = Φ∗T , R = ΨR

⇒ T = 0, R = 0.

If Ψ 6= F, ⇒ R = ΨR

⇒ T 6= 0, R = 0.
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Incompatibility law

Incompatibility law

Given the reference manifold with Γ = 0,

which are the conditions for Ψ such that T vanishes?

The torsion T = 0 if and only if

Γcba = Γcab or Ψ c
C ∂xb(Ψ

−1)Ca = Ψ c
C ∂xa(Ψ−1)Cb.

It is equivalent to

curl(Ψ−1) = 0.

Notice: Ψ = F⇒ curl(Ψ−1) = 0, but curl(Ψ−1) = 0 ; Ψ = F.
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Strain measures

Strain measures (Mindlin)

(1) Classical elastic strain:

E =
1

2
(Φ∗g −G).

(2) Nonholonomic strain measures the difference
between the motion of point and vector:

E =
1

2
(Ψ− F)Fg.

E(U, V ) = 1
2g
(

(Ψ− F)U, (Ψ− F)V
)

.

E = 0⇔ Ψ = F. Moreover, E is invariant under body rotation.
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Strain measures

Other strain measures (Eringen)

(1) Microscopic strain:

E =
1

2
(Ψ∗g −G),

Ψ∗g(U, V ) = g(ΨU,ΨV ).

If Ψ = FQ with Q a rotation, E = E.

(2) Relative strain:

E =
1

2
(Φ∗g −G),

E(V,U) = 1
2G
(

Ψ−1FV − V,Ψ−1FU − U
)

.

Moreover, E = 0⇔ Ψ = F. It is invariant under body rotation.
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Example

Example

Flat reference configuration is defined by Γ = 0, g = δ.

Transformation: Φ is an identity and Ψ is given as

Ψ a
B =

1 −ψ 0
0 1 0
0 0 1

 ,

where ψ : B→ R is C∞.
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Example

The material transformation

F = I and Ψ a
B =

1 −ψ 0
0 1 0
0 0 1

 .

The strain measures (Mindlin)

I E = 0

I E22 = 1
2(Ψ− F) 1

2 (Ψ− F) 1
2 = 1

2ψ
2.

The strain measures (Eringen)

I E12 = −1
2ψ

I E22 = 1
2(Ψ−1F− I)1

2(Ψ−1F− I)1
2 = 1

2ψ
2.



Kinematics of defected material: a geometrical point of view

Example

The material transformation F = I and Ψ a
B =

1 −ψ 0
0 1 0
0 0 1

 .

Metric gab =

1 ψ 0
ψ 1 + ψ2 0
0 0 1

 .

Connection
Γ1
b2 = Ψ 1

1 ∂Xb(Ψ−1)1
2 = ∂Xbψ.

Torsion
T 1

α2 = ∂Xαψ, with α = {1, 3},

T 1
32 screw-type dislocation density. T 1

12 edge-type dislocation
density.
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Example

For ψ is a function of X2, the current state is defect free.
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Example

If ψ depends on X1, there is only edge-type dislocation density.
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Example

If ψ depends on X3, there is only screw-type dislocation density.
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Example

THANK FOR YOUR ATTENTION!
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