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Outline

* Thermodynamic approach of relaxation and time-temperature superposition
principle from Lie symmetries (direct approach)

* Inverse modeling approach: constitutive laws from Lie groups as a general
strategy

* Example: acrylic polymer stickes under low velocity impact

e Outlook



A thermodynamic approach of relaxation

Basic assumption :
“The Gibbs relation is valid for situations outside equilibrium”

dE=6:d(Ve)+TdS+udN  Gibbs relation
Ve:do +SdAT + Ndu=0 Gibbs-Duhem relation

I—> Internal energy potential £ = E(y, z)

y : extensive controlled variables ~~ (s, )

z : extensive internal variables (microstructure)

— Extensity property E(A\y,\z) = A\E(y, 2) (Callen)

l I

Fuler relation Intensive. observable y- _ (9_E
variables oy
— 5 X
F = 8E cY + §E .z Generalized non OF
dy 0z x equilibrium forces A = s
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Thermodynamic framework of relaxation

dN, =dN; +dN,

N, = Zvjkgj, &; degre d'avancement reaction chimique
J

Y _ @ @ . Thermodynamic
_A o bl @ P information
., O°FE O’E O0°F
Oy? 0z2 Oyoz

Tisza matrix Coupling matrix

Dissipation matrix

L _

e ) ) E remains a
0O°F _ O°F thermodynamic
Maxwell relations dzr;0r;  Ox;0x; — potential
for K '
or (where 2 = y or 2) during .the
evolution




Kinetic equations for the internal variables

z : non controlled variables outside equilibrium
(internal reorganizations)

L;; = Lj;
(Onsager’s properties)

—— Kinetics law z=L-A

—, Relaxed state _AT =0

—A=bT . y+g- -2 =

A 4

T=(L-g)! Internal variables . 2 — 2F
evolution fk = T -
Relaxation time (kinetic information)




Constitutive law and least action principle

Challenge : conciliate Hamiltonian dynamics with irreversible thermodynamics

-

PLA : 65 = 0 with respect to the variations of the d.o.f. dqg;
L =L((qi,qi,Vqi,...), i =1... N Lagrange density

— KEuler-Lagrange equations (necessary conditions) :

A (9L _ (LY, 9L _,
dt \ 0g; "\ 0Vg; Oq;




Least action principle: historical perspective

e Helmholz : first attempts to reduce the principle of TIP to general principles
of mechanics

* Onsager (1931) : principle of least dissipation or energy,
cornerstone of modern TIP

e Gyarmati : integral principle of thermodynamics — force variation at constant
fluxes combined with energy balance

Lagrange densities having arguments not being of the type {q, ¢}
oL OL

_|_
oVg; 0qi

= (0 truncated from their

— FEuler-Lagrange equations —V. (

temporal dimensions

— Non-Hamiltonian action S = / LdS)
Qy



Lagrangian formulation of the constitutive laws

/

Py (y,2) =Y —ey 9y —€y,.2=0

Constitutive law in rate form : P =<

Pa (y,2) = A — €.y.Y — €772 =0

N~
Self-adjunction condition of the Frechet derivative of P :
Dp — Dp* — e,:cjﬂci — e,a:ia:jax E {y? Z}
—— Maxwell conditions for internal energy satisfied due to its status of potential
—— Existence theorem of a Lagrangian [Santilli] :
P(u) = {P; (x, u(n)) ,i=1...q} system of PDE’s for the dependent variables u.

System P(u) = 0 extremum of a functional integral S = / LdS2,
Q

1 1
Possible Lagrangian L = / uP(A\u)d\ = / w; P;(Au)dA
0 0

1
R L:/ [v.Py (\y, Az) + z. P (\y, A\z)] :
0



Lagrangian formulation of the constitutive laws (2)

Account for extensity of order —1 of second derivatives of e :

e , 2 ey (y, 2
€.yy (AY, A2) = €Y, 2) e.y. (A\y, A\z) = 22 (v, 2)

A A
e .y (Y, 2 €.x(2,2
€2y (AY, A2) = % €.z (Ay, A\z) = %

and extensity order 0 of the intensive variables :
Y (A\y,\z) =Y (y,2); A(\y,A\z) = A(y, z)

. : . . d
—L=yY—-zA+e,y+e,z+ % (ey.y +e,.2)

Equivalent Lagrangian : the Euler-Lagrange equations are nil, viz
E;(U)=0,Vi=1...q,iff U is the generalized divergence of a quadrivector P :

“\dP, dP, dP, dP, dP,

DiwvP = =
YT L, T T Ty T




Lagrangian formulation of the constitutive laws (3)

de(y, z)
dt

— use Gibbs-Duhem relation : y.Y —z.A =0=L = eyy+e,z=

t d t
— Stationarity condition of the action integral 05 = de = ¢ / d_idt =0 / de =0
0 0

Physical sense

internal energy keeps its status of a potential function during dynamic evolution.

Generalization of Poincaré lemma to functional forms [Olver, 1993] :
dw = / [du A (D5 — Dp)]dx) P ={P(x,u™),i=1.q}
Q

let one-form w = / (P.du)dx Dp Frechet derivative of P
Q

if w is written in the form w = d¢ with ¢ = [, L(x,u®™)dx
—— Get following equivalence : w = d9 =9 [, L(x, u™)dx < dw = §6y =0
Form is exact equivalent to the fact that it is closed

0%y 0%
8ui8uj B 8u38uz

2
ddp = > ( oY % )du; A duj =0 <

1<1<9<q

— Maxwell’s conditions for the functional v
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Lagrange formalism associated to the internal energy

(yﬂ z)

M
aQE’ 02E (yl'.' Z1 ) B _’,__————“"ffr
8$¢8$j - 8:1:38@ 02 - ]fyafﬁz}/ i
(where x = y or z) (s, 20) |77 | __(_]1 i
t(} tl !
| :
t1
/ dE(y,Z)=/ dE(y, z) — 5»/750 =
i Cs A\
= Lagrangian L = E
OE  d (OF ) -
ok _ 4 <_) — 0 .
dy  dt\ 0y S (Y)_(a'“’ b)(y)
o6 _ 4 0k) _, A A g A
0z dt\0z J (Euler-Lagrange equations)

True for any thermodynamic potential (according to the choice of control variables) »



Incorporation of the kinetics of internal variables

2k — 2

Tk

relations 2, = — not contained in the lagrangian L = w

t1 ST
—— considered as N constraints / (Zk n 2k Zk) dt =0
(N dissipative modes) to Tk

—— Constrained lagrangian (lagrangian multipliers \y) :

N
0P oY . , 2k — 2,
L = + —-z+ A +
(9")/ ’Y 0z k:z::l g (Zk Tk )
N J L /)
Y hd
Thermodynamic information Kinetic information

Stationarity condition of S = state laws and kinetic evolution equations for the

internal variables
12



Symmetries and master response for viscous materials

Time temperature superposition for a viscous behaviour

Isothermal stress relaxation

- €

s N
N\ S In a¢* Shift depends on T

Will be determined later on

Master curve at strain rate ¢ obtained by shifting (shifts a;)
- 13



Variational symmetry condition

Invariance of the functional under a group of symmetry :

ty

t1
/ Lt 4D, 20 30, A0 gy / LEAD, 20, 3V 40) g

to to

s  prWuL + LDivE =0 (*)

0 0
First prolongation : o v—v—i——-|— 2 —_|_ - —
prolong p ¢-' ¢s' 3 ¢A8A
¢ d .
P~ :E(Qb'y_f")’)"‘f")’
N

Find all v satisfying (*) with L=8-4—A -2+ g (2 + ZkT_ Zk)
k
k=1
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Variational symmetry condition

Profound difference in the status of variables in TIP versus Lie groups:

In TIP, time t is a parameter, control variables (S,T,Zk), observable variables (G,S,Ak)

V e) n =V +v — — ¢€ ¢ Zx o Ag
ector ge erator v con obs <€ ¢ Zk) + <¢ 2 + §b a + §b 5 !k)

Components of the observable vector field v
calculated from those of the controllable field v, :

-

o= feT,2) (50 = feebe+ fredT + £, 02

Use state laws : { s = —fr(6,T,2) ——< ds=—f 0 — frrdT + f., 702

A’&' — _f,Zi <€7 T? Z) \ 5141 — _f,eziae - f,Tzi(ST + f,zkzz(szk:

\

-

¢a — f,66¢€ + f,Te¢T + f,zke¢zk
¢° = —ferd® — frrd" — ford*
L ¢Ai — _f,ezi ¢€ - f,Tzi ¢T - f,zkzi ¢Zk

N

— search for symmetries on a subset of the total jet space .



Symmetry condition from the kinetic Lagrangian

Independent variable : time ¢ dependent variables : control variables (e, T, zx)

Variational invariance of [;jermo automatically satisfied :

since the generator includes the state laws
pr(l)v (Lthermo) + LthermDivf =0

— search for vector fields v satisfying invariance condition

p""(l)v (Lkine) + LkzineDiUS — 07 on Optimal Path (Lk’ine — O)

Equivalent to local symmetry condition pr(Vv (Lkine) =0
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Application: linear viscous behavior

Control variablfs:s Observable variables
(can be controlled during a test) (function of control variables)

uniaxial strain tensor ¢ «—  Cauchy stress o
v = =0

absolute temperature T +«—  entropy s

Helmholtz free energy : f(e,T, zx)

- L=océ¢—sT— ZAka‘I'Z)‘k( k_Zk>

Tk

Z —
~

f‘

Experimental conditions (assumptions) :

T =0 € = constant Tk (WRTA&

activation enthalpy activation entropy of k" dissipative mode
17




Time-temperature superposition principle

Particular solution vg v , 0 RT? 0
0= —
satisfying prWwvoL + LDivé :v()__ ot RT + AHOT

(= ett
_ T—TIn(T*)+44 %
G 4 T:exp(LW(ATHeXp(“ gp 1+ ))—M-I-IH(T)_%_IJ{)
oO=0
\ E=2¢€
o(t,T
—> [Invariance property for the secant modulus Es (t,T) — 5((t T))
Ey(logt,T) = Es(logt + %5, T) Es  w
A In10
_ AH(T — T) T
M(Tv T) — T +1n = T
RTT T T T gt




Validation with experimental data

-

393K
. . . 34 oweee
Constitutive equations : 413K
2.5
s | 433K
S Tl P e eeeas 453K
© 5]
()] |
a |
v S 7 — ke 51 |
. . o~k — Ck ) |
N S =S+ ayEl+ )y by =0 _o0 |
e ; Tk 0.5 Es -0 |
- Z Tk N |
k=1 A gl Rk T CkE 0 0.05 0.1 0.15 02
Ai —bje + Z Yik - =0 Strain €
\ k=1
oo experimental data
— DNLR curves
71— v
- . o(t) Fit of isothermal tensile
E, : instantaneous modulus curves (PA66)
< FE, : relaxed modulus

D (A = TASE
7 T

Relaxation spectrum : 7, =

19



E.(t.T)=

o(t,T)

Construction of master curve

module sécant

e(t,T)

8.7-
8.61
_ 8.5
S Z o
u $ 8
3 393K §) 8.2
RN — ol
o 433K o T = 393K
‘ ‘ ‘ ‘ 453K ? \
22 24 26 28 3 32 79 T22 24 26 28 3 32 34
Logt Logt
Groupe de Lie : t = cht =0 £=
T — Tla(T*) + AL*
T = exp (LW(Ag—F exp('UT Ll (;F s )) —p+In(T") — A§+)
— AH(T —T T
u(T,T) = ( - ) +In= = AH=128+1.4%kJmol™!
RTT T
OAH Néglige variation de volume
OT ~(0 = Validity of the Lie group engendrée par la var. de T,

9  RT? 0
ot RT + AH 0T

’Uozt

hypothese faite aussi par WLF

20




Comparison with the WLF model
Williams, Landel, Ferry empirical formulation for polymers (early seventies)
States equivalence property for the secant modulus or relaxation

Ey(t,T) = Bi(tar 7, T') i

shift factor given by logar 7 = (_Ciljg::%

Reference temperature = glass transition temperature (here 363°K)

C1, Cy material coefficients specific to each polymer

0.1] _
] TiK)
1 380 400 420 440 460
1 1 1 1 1

C1=3,C3=530°K

"typical values’ of WLF coefficients :

2<(Cy <30 35K < (5 < 220K differences due to
temperature dependence of mechanical properties

L WITTY In 10

|
=
[+

log g

|
(=]
]

L
=

Thus, empirical WLF formula and time—temperature equivalence principle consequence
of a particular symmetry of the constitutive equations 21



Lie symmetries in mechanics of materials :
identification of a constitutive law

Measurements data (mechanical tests)
[

Analyse data using Lie groups :
construct & identify material’s constitutive law

!

Exploit constitutive law :
predict behavior when control parameters vary (7', €)

direct problem : Lie group as an extrapolation method

22




Lie groups construction of material’s constitutive law
EU project ‘ScreenClean’: glue shall be separated from paper fibers during paper recycling

Analyse mechanical response of acrylic stickies under impact

—» specimen casted in a cylindrical mould ; stick cooled to remove air bubbles

Hp L_T___i
i massatt=10

| = upper plate

T el specimen

placement senso} | | .

load cell

mass M = 1kg dropped (Vp = 0) from height H
measure displacement S(t) (laser sensor) / compression force F(t) (load sensor)

__, assume isochoric deformation, thus S(t) = 20% | with h(t) = ho — 6(t)

h(t)
—» strain rate € = %

23



log o*

Experimental results

Experiments with 5 heights :
Hy = 15cm, Hy = 30cm, Hy = 50cm, Hy = 60cm, Hy = 90cm

—» associated initial strain rates : é(0) = Y522 Q}f’OHO

20 [ HO=15Cm —_—

de/dt

"~
‘‘‘‘‘‘

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35

stress vs. strain strain rate vs. strain

Noise filtering has been done o



log de /dt

Superposition of measurements : master curve

Superposition of data in (e, €) plane :

Parameter | log a15—90 log a30—90

log ego = log a,—g0 +1loge,
logegg = loga; .90 +loge,

logasp—go logago—oo logagp—oo

Value |  0.52 0.36

.....

log de /dt

i
Direction of translation ".
1 '. i
Hy=15cm —— '.
0 Hp =30cm --------. .: |
Hp =50cm --oooeeeee '.
Hg = 60cm i
1
1L Hp =90cm ----- [
5 -4.5 4 3.5 3 -2.5 -2 1.5 1 -0.5
log €

0.36 0.22 0

log

Height of 90cm selected as reference response for the master curve

25




log o

Superposition of measurements : master curve (2)

*

o o
Superposition of data in (o, €) plane : log | —2 | = by_g0 log [ —£
90 90
Parameter | bis—o0 bso—o0 bs0-00 beo—oo bao—oo O
Value | 248 197  1.53 1.53 1 59900

log o

log € + log a log €+ log a

Height 90cm: reference response 26



One parameter Lie group

by—go = Be*108%—9 with B = 1.045, o = 1.687 (R? = 99.24)

€90 = et X Hy = In Ay 90 (1)

o = el 2
Lie group for stickies: . A\ Behw

0= (= (3)

a9 o

Viscoplastic constitutive law for acrylic (dynamical loading)
(Naik and Perla, 2008) : 0* = k; (£*)ek2(¢")

e, ¥ independent variables ; accounting for (1),(2),(3) gives symmetry generator

_ -0 kO * o o)
V=é5 +E 55 tao log( )80*

7
Symmetry condition gives o = oy (cl (8%)62)(6 ) , with 09 = o3 X 1Pa
material parameters obtained by least square adjustment with data :
ci =105 , ¢ =0.053

27



One parameter Lie group (2)

Powerfullness of proposed modelling strategy :
account for a limited set of experimental data in a synthetic manner
(Lie group structure)

prediction of material’s reponse under various conditions

1.6e+06

1.4e+06

T

o

Increasing strain rate from 1.0 s't015.0s"

[

1.2e+06

1.0e+06

8.0e+05

o (Pa)

\\\m

6.0e+05

4.0e+05

2.0e+05

0.0e+00 1 1 1 1 1 1 1 1
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45

€

Typical response of viscous polymers



Lie groups method to build constitutive laws: general strategy

P1. EXPERIMENTS

» controlled loading paths

(selected controlled and
observed state variables)

l

P2. EXPERIMENTAL DATA

» physical properties
» dependent & independent variables
= malerial behavior

Y
P3. PROPOSITION OF SYMMETRY GROUPS

Y
P4. SYMMETRY ANALYSIS (LIE GROUPS THEORY)

» theoretical coherence of the expected groups
(axioms, Lie algebra structure)

Y

P5. FORMULATION OF CONSTITUTIVE EQUATIONS
SATISFYING THE SYMMETRIES

l

P6. CHECK THE THERMODYNAMICAL COHERENCE

Y




Lie groups method to build constitutive laws: general strategy

Validate the model on experimental data

__________________________ . Generate Lie groups {77, ... (7" STEP 1 :
' from observed master curves
1
: ! FORMULATION OF
: Compute the set of associated generators LIE SYMMETRIES
i F={o e
1
: ¥
1
! - Formulate a general structure of the LB
= constitutive equations © A, = ()
ENUMERATION
l AND
Find the sets i, suchthat 7j : CLASSIFICATION
pritef A, =0 whenever A, =0, ¥k e K, OF SYMMETRY
CONDITIONS
Case A : One or several generators are applied Case B : Only one generator is applied
to one or several consfitutive equations to one or several constitutive equations
=~
- | Compute the invariants ] of the given generator
% Solbve the differential system : - l. STEP 3 -
& priu A, =0 whenever &, =10, ¥k e K é g z —— ——
r ; Look for relevant combinations of these invariants EORMULATION OF
- if only one iy Ai=DiH) =0, i=1,..n
5 generatoris | ' R/ e THE CONSTITUTIVE
v Validate the model on experimental data | considered & Jf EQUATIONS &"
T
i

For all A;
Compute the Lie algebra of symmetries

l. STEP 4:
— Predict new master curves COMPUTATION OF
—= Compute theoretical charts LIE ALGEBRAS
J‘ AND PREDICTIONS
Check the experimental validity of the predicted
master curves or charts




Creep and rupture of ferritic martensitic steels (9Cr1Mo)

Step 1: construct master

.l oo | responses for creep and rupture
T T T® |748 773 798 823 48 873
= L | 0 25 -50 75 -100 -125
A IR T o) | 0 09 20 29 41 51
= T=773K e bi(p) | 0 015 032 045 055 074
al 1f;ggﬁ | .“. / i Table. Values of the shifts aq(g) and b () to superpose a given curve at
T - BABK - Qirection of transiation T on the reference response & T = 748K, p being defined by T =T+ .
T=873K --o--
39 F T=748K -« 1 _
s Ie B 1|0 1I2 14 1I6 18 _T = T+ K
log  (h) log th = (1-1(#) + log tr
Experimental master curve for rupture logg = bi(p) +logo
Observable variables: strain rate, time to rupture.
Control variables: applied stress, temperature.
T = T+p
Observed Lie group: g% . ¢ Tp = e%itp —>  group generator:
= _ By
& e Ha obs _ s 5 & 3
e T A T
a = —0.0403636, [ =—0.00684727 tr a

31



Conservation laws for the creep of ferritic martensitic steels

5.8 . ’
£=50% ——
AT MEREIRANE  ES0 Ses ¥ s@) |50 20 10 05 02 0l
54| :;;go’/; ] © | 0 092 161 230 322 301
' e=02% ——u-- so(p) | 0 115 218 333 471 678
92 ¢ c=01% o 1 bo(p) | O 0023 -0032 -0046 -0.053 -0.062

Table Values ofthe shifts ao ) and ba( ) to superpose a given curve at £

© i
% 2 on the reference response at 2 = 5%, pbeing defined by 2 = ete
b 48
=
- 46
44t Previous symmetry group for
42 " direction of rupture still holds:
L translation
4+ - >
6 8 10 12 14 16 18 obs a a ad
log ¢ (h) vy =@ R atR + 18 "‘T + aT
Master curve obtained at the reference strain £ = 5.0% by shifting
the different responses along the log? and log o axis.
e = oz —> Group generator:
Observed Lie group: nga : t = e
= — e a a
& 85 & ob.s_,rt__l_laﬂ.__l_g_.

at aa dz

v= 1567167, &= —0.0172415.
32



Two strategies for the construction of the constitutive law

zﬁi = fR—f(l‘.T._.T)=0
Aoy = - h(t,g,8T)=0

Step 2: Express constitutive law formally as

f, h unknown functions

apply the symmetry condition v{*® to Ay and v§"° to Ag.

Wy — otpd 1 gs 2 4 2
pfr':i:'uib‘*ﬂi = 0, whenever Ay =0 P ™ R atn thrastar
(1),,0bs _ _ a a a | a
rHus Ay = 0, whenever Ay =10 Woobs — 2 Lo 152 | — ) —.
vt 4 : : preve Yo t005, tog Tl -5

Symmetry generator has been built so far by considering experimental response data
and assuming a Lie group structure.

Two possible strategies:
1. Solve previous system with respect to A.

2. Find the invariants associated to symmetry generators.
Express constitutive law in terms of suitable combination of invariants.
advantage of identifying constitutive law without solving differential equations

33



Step 3: Construction of the constitutive law using invariants

pobs Z ¢p;¢ + Z ¢uh Observable variables u,
Let Parameters p,
. @ Fn AP
alw p=0 1 aJu' p=0

If v°* has s non vanishing components amongst ¢ and ¢“, it then has s — 1
wwariants Iy, In, .-+, I;,_4 given by the solution of the characteristic system:

dp; duz'.

¢Pi P
It is straightforward to show that any function f(I4, Iy, -, Is_41) of the invariants
is also nvariant under ¢

Obﬁ[f(fiﬁ o s 1)]_Z¢Pk +Z uk

Jc_i
af 8L — af an
Z‘ﬁpkzaf N ;"f’ukzaf.;a—%_
1o c':’I; al
Z 5‘1’5 Z ‘i’vk Z e Fup | 0

k=1 k=1
‘U°b‘5l:&:l=u




Step 3: Construction of the constitutive law using invariants

Search for functions 2, %, of invariants I, I,, I;, such that:

i1, 1) =0 & A3 =0
o(J1,J0,/3) =0 & Ay=0

Iy, I, the irwariants of v$*® given by the solution of the system
dtg de dT

ot fo T

Ji, Jo, Js the irwariants of ©5°° given by the solution of the same characteris-

tic system:
do ds dz

di |
v s &  (1—)8

i =logtp—al, Ip=logo—p£T

Ji=logt —vlogs, Jy=logo—dlogs, Jyz=logé— (1—y)loge

35



Step 3: Construction of the rupture law using invariants (2)

Considering rupture, we suggest a relation having the form:

Fi(o)
T

logtg = + Falo).

Leads to the functional relation between invariants

K.
211, I) = —21 + Kolj + K3lo =0

—— Expression of rupture time versus temperature & stress:

)
logtg = g0 — AT + bloge + (@ — b8)T

with o = — K3/ K9 and b = — K3/ Ko new constants. .

Good agreement with experimental data.

Linear term in T when combining I, & I,: slight difference with Larson-Miller relations.
36



Step 3: Construction of the creep law using invariants (3)

To(Ji, Jo, Ja) = e’ — et ¢ = g5V _ Aptsmpds ¥ =
Leads to strain versus time, stress and temperature:

£(t) = (1 +07 [(1 + (o, T)” + Avtetisd] o

go(o,T) =

E(T)

Hence the isostrain responses:

e+ 1)(=" = o E(@)=)
Avg?

t{g) = [

Coefficients E(T), a,c,d are adjusted.

37



Step 4: Lie analysis of the creep constitutive laws

Recall creep and rupture constitutive laws of 9Cr1Mo stainless steel:

2 = AttglslTrer¥  fi < ¢p

tR = i b e ln:rg :t—ﬁT +(&_ b"@)T .

Lie algebra of the creep model:

a a
(1),,1 _ dy—e Lo dy—e—1
priviey = @'t —at+c5crt 32
a

p'r':i)‘!}% - crdgi"’é +(1- u)crdg"’gfg

a c+1 a c+1—wvy @
pr“)vg ta+( ” >EE+( ” )EE

a 1 a a
;mﬂ':i)vg = fe- (C_I_ )U——Ef

In particular, get a master curve:

logf = p+logt
logd = - (“—'%_—”)p-i—logcr
logg = upu+logs

v} v3 v3 v
v 0 0 (c+ vy 2(c+ 1)v]
v3 0 0 (c+1)vd  (c+1)v3
v] | —(c+ vl —(c+1)vé 0 0
vi | —2(c+ v} —(c+1)vé 0 0

Commutator table ofthe Lie algebra
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Step 4: Lie algebra of the rupture law

2 _
ol = tg b(logeg — 8T) — o +cr(logar—ﬁT)i
Two generators: logg — T dtr aa
© . P (@ —bf) (loga — BT 4+ 08 @ a
vi = iR ]og-:r AT . + (loge — '@T)ﬁ
| ”% 1 |
vy 0 fvi + vf
'”% —ﬁl’i - U% 0

Commutator tahle ofthe Lie algebra

logt = u+logt
In particular, get a master curve: logg = - (a—'%_—u) p+loga
logg = p+logs:
Authors Invariant(s)
Larson & Miller T(logt + log Bs)
Dom % —logt
Monkman-Grant logtp + mlogé,,in

Modified Monkman-Grant log ( 11;) + m’ log € min

Table Some creep invariants encountered in the literature.

[llustrates the general procedure for constructing iso-observables responses
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Summary and perspectives (open questions)

* Lie symmetries powerful tool in mechanics of materials: predictive nature, condense
mechanical behavior into invariance relations & master responses, thus provide economy of
experiments.

* Clarify fundamental significance of symmetries inherent to thermodynamic potentials for
materials having a complex rheological behavior.

* Find symmetries for BVP in integro-differential form (hereditary formulations, e.g.
viscoelasticity).

* Find approximate symmetries for materials & systems presenting an uncertainty in their
behavior (statistical variability in their material properties, ex. biological tissues)

-> stochastic models, approximate symmetries.

* Numerical schemes preserving symmetries & conservation laws for dissipative systems.
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