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Physical motivations

The elasticity tensor is an image of
the microstructure of the material.

Optimal design

• Response to specifications;

• Achieving non standard
properties;

• Controlling wave propagation;

• . . .

Evolution of the matter

• Damaging of the matter;

• Growth of bio-material;

• Control of smart materials;

• . . .
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Optimal design using invariants

2D anisotropic Elasticity, small strains, small displacements

Structural problem

l

Equivalent behavior
Invariant parametrization

l

Micro structure level
Geometrical parametrization

Structural optimization

Objective function : Mass, Buckling, Energy
Optimization parameters : Invariants

Optimal design of achitectured materials

Objective function : f(Invariants)
Optimization parameters : Geometry

3 / 53



Elasticity Polar formalism Theoretical results Laminates Designing anisotropy

Optimal design using invariants

2D anisotropic Elasticity, small strains, small displacements

Structural problem

l

Equivalent behavior
Invariant parametrization

l

Micro structure level
Geometrical parametrization

Structural optimization

Objective function : Mass, Buckling, Energy
Optimization parameters : Invariants

Optimal design of achitectured materials

Objective function : f(Invariants)
Optimization parameters : Geometry

3 / 53



Elasticity Polar formalism Theoretical results Laminates Designing anisotropy

Optimal design using invariants

2D anisotropic Elasticity, small strains, small displacements

Structural problem

l

Equivalent behavior
Invariant parametrization

l

Micro structure level
Geometrical parametrization

Structural optimization

Objective function : Mass, Buckling, Energy
Optimization parameters : Invariants

Optimal design of achitectured materials

Objective function : f(Invariants)
Optimization parameters : Geometry

3 / 53



Elasticity Polar formalism Theoretical results Laminates Designing anisotropy

Table of contents

1. Elastic material and Symmetry class

2. Fundamentals of the polar formalism

3. Some theoretical results

4. Anisotropic laminates, homogenization

5. Designing anisotropy

4 / 53



Elasticity Polar formalism Theoretical results Laminates Designing anisotropy

1. Elastic material and Symmetry class

2. Fundamentals of the polar formalism

3. Some theoretical results

4. Anisotropic laminates, homogenization

5. Designing anisotropy

5 / 53



Elasticity Polar formalism Theoretical results Laminates Designing anisotropy

What is elasticity ?

Consider :

• a domain Ω ⊂ Rd ;

• u the displacement field over Ω;

• f the bulk force field over Ω;

• ε the strain field over Ω;

• σ the stress field over Ω;

Ω is at rest provided:divσ + f = 0

σ · n = t

Constitutive law

A constitutive model is needed to relate σ to ε
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The elasticity tensor

Hooke’s law

Linear relation between the stress tensor σ ∈ S2(R2) and the strain tensor
ε ∈ S2(R2):

σ = C : ε

Properties

C is an element of the vector space Ela := S2(S2(R2));
C is positive definite :

∀ε 6= 0, ε : C : ε > 0
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An elastic material: a O(2) -orbit

O(2)-action

O(2) acts on Ela through standard ? defined by :

? : O(2)× Ela→ Ela

(Q,C) 7→ Q ? C := QipQjqQkrQlsCpqrs

Orbit

The set of tensors of Ela O(2)-conjugate to C constitutes its O(2)-orbit :

Orb(C) :=
{
C = Q ? C | Q ∈ O(2)

}
.

The orbits space is the quotient space Ela/O(2).
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Symmetry Class

Symmetry Group

Symmetry group of an elasticity tensor:

GC := {Q ∈ O(2), Q ? C = C} .

Symmetry Class

The class of symmetry is the conjugacy class of a symmetry group:

[GC] :=
{

QGCQ−1, Q ∈ O(2)
}
.

Ela is divided into strata of different symmetry classes.
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2D Symmetry classes

In 2D, the space of elasticity tensors is divided into 4 strata:

Ela = Σ[Z2] ∪Σ[D2] ∪Σ[D4] ∪Σ[O(2)]

• Z2: cyclic group generated by R(π), a rotation of angle π;

• Dk: dihedral group generated by R(2π/k)
and P(e2) (mirror transformation through the x axis),

• O(2): orthogonal group.

Biclinic Orthotropic Tetragonal Isotropic

[GC] [Z2] [D2] [D4] [O(2)]

#indep(C) 6 (5) 4 3 2
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The polar components

Following the work of Verchery, we introduce non polynomial quantities,
the polar components, to represent the Cartesian components.

Example of 2nd order symmetric tensors

T =
L11 + L22

2
,

Re2iΦ =
L11 − L22

2
+ iL12

L11 = T +R cos 2Φ

L22 = T −R cos 2Φ

L12 = R sin 2Φ

• T , R, and Φ are the so-called polar components

• T and R2 are polynomial invariants

• Φ is an angle that determines the tensor orientation

• T represents the spherical part and Re2iΦ the deviatoric part
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Case of 4th order elasticity tensor [Verchery 1979]

T0 =
1

8
(E1111 − 2E1122 + 4E1212 + E2222)

T1 =
1

8
(E1111 + 2E1122 + E2222)

R0e
4iΦ0 =

1

8
[E1111 − 2E1122 − 4E1212 + E2222 + 4i(E1112 − E12222)]

R1e
2iΦ1 =

1

8
[E1111 − E2222 + 2i(E1112 + E1222)]

E1111= T0+2T1 +R0 cos 4Φ0 +4R1 cos 2Φ1

E1112= R0 sin 4Φ0 +2R1 sin 2Φ1

E1122= −T0+2T1 −R0 cos 4Φ0

E1212= T0 −R0 cos 4Φ0

E1222= −R0 sin 4Φ0 +2R1 sin 2Φ1

E2222= T0+2T1 +R0 cos 4Φ0 −4R1 cos 2Φ1
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Transformation of a 4th order elasticity tensor

R(θ) :

(
cos θ − sin θ

sin θ cos θ

)
P(e2) :

(
1 0

0 −1

)

E = (T0, T1, R0e
4iΦ0 , R1e

2iΦ1)

R(θ) ? E= (T0, T1, R0e
4i(Φ0+θ), R1e

2i(Φ1+θ))

P(e1) ? E = (T0, T1, R0e
4iΦ0 , R1e

−2iΦ1)
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2D elasticity tensor invariants

O(2)-integrity basis of Ela
The following quantities

I1 = T1 J1 = T0 I2 = R2
1 J2 = R2

0 I3 = R0R
2
1 cos 4(Φ0 − Φ1)

• Constitute an integrity basis for the O(2)-action;

• The algebra R[Ela]O(2) is free.
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2D Symmetry classes

• Isotropy
R0 = 0 and R1 = 0

• Square symmetry (tetragonal)

R1 = 0

• Orthotropy

cos 4(Φ0 − Φ1) = ±1 ⇔ Φ0 − Φ1 = K
π

4
K ∈ {0, 1}

• Anisotropy (biclinic)
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Polar decomposition of the strain energy

• Putting the strain energy V = 1
2
σ : ε in the form V = Vsph + Vdev

Vsph :=
1

2
εsph : σsph = T t,

Vdev :=
1

2
εdev : σdev = R r cos 2(Φ− ϕ),

we get

Vsph = 4T1t
2 + 4R1r t cos 2(Φ1 − ϕ),

Vdev = 2r2 [T0 +R0 cos 4(Φ0 − ϕ)] + 4R1r t cos 2(Φ1 − ϕ).

• T1 affects only Vsph,
T0 and R0 only Vdev,
while R1 couples Vsph with Vdev.

• For materials with R1 = 0, the two parts are uncoupled.

17 / 53



Elasticity Polar formalism Theoretical results Laminates Designing anisotropy

Bounds on the polar invariants

• The positive definiteness of E can be expressed in terms of bounds on
its polar invariants

• It can be shown that the positive definiteness reduces to the following

T0 − |R0| > 0,

T1(T 2
0 −R2

0)− 2R2
1 [T0 −R0 cos 4(Φ0 − Φ1)] > 0

• The above conditions ⇒ T0 > 0, T1 > 0.
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Polar parameters of the inverse tensor

• The polar components of S = E−1, denoted by the lower-case letters
t0, t1, r0, r1 and ϕ0 − ϕ1, are:

t0 =
2

∆

(
T0T1 −R2

1

)
,

t1 =
1

2∆

(
T 2
0 −R2

0

)
,

r0e
4iϕ0 =

2

∆

[
(R1e

2iΦ1)2 − T1R0e
4iΦ0

]
,

r1e
2iϕ1 =

1

∆

[
R0e

4iΦ0R1e
−2iΦ1 − T0R1e

2iΦ1

]
.

• ∆ is an invariant positive quantity, defined by

∆ = 8T1

(
T 2
0 −R2

0

)
− 16R2

1 [T0 −R0 cos 4 (Φ0 − Φ1)]

• An important result for the symmetry analysis is the fact that

R1 = 0⇔ r1 = 0, R0 = 0 < r0 = 0.
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Are all the symmetries mechanically equivalent?

Let distinguish between ordinary orthotropies and a special orthotropy:

• Φ0 − Φ1 = K π
4
and R0 6= 0 → ordinary orthotropies (K ∈ {0, 1})

(determined by a polynomial cubic invariant);

• R0 = 0→ special orthotropy
(determined by a polynomial quadratic invariant).
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Ordinary orthotropies

• For the same set of invariants T0, T1, R0 and R1 two possible and
distinct ordinary orthotropies exist: one with K = 0 and the other one
with K = 1.

• For ordinary orthotropic materials

E1111= T0+2T1 +(−1)KR0 cos 4Φ1 +4R1 cos 2Φ1

E1112= R0 sin 4Φ1 +2R1 sin 2Φ1

E1122= −T0+2T1 −(−1)KR0 cos 4Φ1

E1212= T0 −(−1)KR0 cos 4Φ1

E1222= −(−1)KR0 sin 4Φ1 +2R1 sin 2Φ1

E2222= T0+2T1 +(−1)KR0 cos 4Φ1 −4R1 cos 2Φ1
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• E1111 can be of 3 types, depending upon K and ρ =
R0

R1

ρ < 1,K = 0, 1

ρ > 1,K = 0

Θ2

ρ > 1,K = 1

2Θ
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• The type of ordinary orthotropy is not necessarily the same for
stiffness and compliance:

K = 0 and R2
1 > T1R0

or

K = 1

 ⇒ k = 0,

K = 0 and R2
1 < T1R0 ⇒ k = 1.

the combination (K = 1, k = 1) cannot exist.

• The value of K strongly affects the solution of an optimal design with in
anisotropic elasticity: switching the value of K transforms the best in the
worst solution (or viceversa).
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R0 special-orthotropy

• R0 = 0 identifies the so-called R0 − orthotropy (J Elas, 2002).

• With R0 = 0, we get

E1111= T0+2T1 +4R1 cos 2Φ1

E1112= +2R1 sin 2Φ1

E1122= −T0+2T1

E1212= T0

E1222= +2R1 sin 2Φ1

E2222= T0+2T1 −4R1 cos 2Φ1

• Two components are isotropic,
the others rotates like those of a 2nd order tensor.
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• Because R0 = 0 < r0 = 0, the dual case exists too: r0-orthotropy.

• It concerns the compliance tensor S. In such a case, it can be shown
that

R0 =
R2

1

T1
, K = 0.

• It is interesting to notice that just the above relations distinguish this
case from that of ordinary orthotropy of E, otherwise indetectable.

• The invariance of S1212 implies that of G12:

G12 =
1

4S1212
=

1

4t0
.

• This is the special orthotropy typical of paper (J Elas, 2010)
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Some theoretical results obtained using the polar formalism

• Special orthotropies of planar materials (J Elas, 2002, 2010)

• Invariants of the piezoelectric tensor (Int J Sol Str, 2007)

• Polar invariants and optimal solutions (Int J Mech Sc, 2009)

• Optimization of the orthotropy directions (Vincenti & Desmorat, J Elas, 2009)

• Anisotropy of special elastic materials (Int J Sol Str, 2010; Math Meth Appl Sc, 2016)

• Bounds on the elastic moduli of laminates (J Elas, 2012)

• Interaction between geometry and anisotropy (Math Meth Appl Sc, 2012)

• General theory of thermostable anisotropic laminates (J Elas, 2013)

• Invariants of strength criteria for an anisotropic ply (Math Meth Appl Sc, 2012)

• Theory of wrinkled anisotropic membranes (J Elas, 2013)

• Tensor form of the polar method: the polar projectors (Math Meth Appl Sc, 2014)

• Bounds on damage-induced anisotropy (Int J Sol Str, 2015)

• Extrema of Young’s modulus for transverse isotropy (Appl Math & Comput, 2015)
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Beyond classical elasticity

• What about the anisotropy of non-classical elastic materials?

• Complex materials (Int J Sol Str, 2010), e.g.

σij 6= σji, εkl 6= εlk ⇒ Eijkl 6= Ejikl 6= Eijlk 6= Ejilk, Eijkl = Eklij

E1111 = T0 + T1 + T2 +R0 cos 4Φ0 +2R1 cos 2Φ1 +2R2 cos 2Φ2

E1112 = −T3 +R0 sin 4Φ0 +2R2 sin 2Φ2

E1121 = T3 +R0 sin 4Φ0 +2R1 sin 2Φ1

E1122 = −T0 + T1 + T2 −R0 cos 4Φ0

E1212 = T0 + T1 − T2 −R0 cos 4Φ0 +2R1 cos 2Φ1 −2R2 cos 2Φ2

E1221 = T0 − T1 + T2 −R0 cos 4Φ0

E1222 = −T3 −R0 sin 4Φ0 +2R1 sin 2Φ1

E2121 = T0 + T1 − T2 −R0 cos 4Φ0 −2R1 cos 2Φ1 +2R2 cos 2Φ2

E1112 = T3 −R0 sin 4Φ0 +2R2 sin 2Φ2

E2222 = T0 + T1 + T2 +R0 cos 4Φ0 −2R1 cos 2Φ1 −2R2 cos 2Φ2

• 10 components, 9 invariants, 1 ordinary orthotropy, 6 special orthotropies
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Elastic damage

• Problem: an initially isotropic layer, when stressed can be damaged and become
anisotropic; how much?

• Damage model (Chaboche 1979, Leckie and Onat 1980, Sidoroff 1980, Chow 1987):

Q: initial stiffness, Q̃: damaged stiffness, Q̂: loss of stiffness

Q̃ = [(I− D)Q]
Sym ⇒ Q̃ = Q− Q̂ with Q̂ =

QD + DQ
2

,

• Q and Q̃ are positive definite, while D and Q̂ are semi definite

• Imposing the positive semi definiteness of Q̂ and the positive definiteness of Q̃,

gives the bounds on D and Q̃ (the positive semi definiteness of Q̂ ⇒ that of D)

• Advantages of the polar formalism:

• the polar bounds on a fourth-rank tensor concern invariant quantities and
are valid for any type of anisotropy ⇒ any type of anisotropic damage can be
investigated

• each one of the polar parameters of Q̃ depends exclusively upon the
corresponding polar parameter of D ⇒ the polar formalism allows for

uncoupling the expressions of the parameters of Q̃ as functions of those of D:
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T̃0 = T0(1− 2D0), T̃1 = T1(1− 4D1), R̃0 = 2T0S0,

R̃1 = (T0 + 2T1)S1, Φ̃0 = Ψ0 +
π

4
, Φ̃1 = Ψ1 +

π

2
.

• D0, D1, S0, S1, Ψ0, Ψ1: polar parameters of D

• T̃0, T̃1, R̃0, R̃1, Φ̃0, Φ̃1: polar parameters of Q̃

• Minimal set of polar bounds for D in the completely anisotropic case

• 2(D0 + S0) < 1
• τ1

4(1+τ1)2
(1− 4D1)[(1− 2D0)2 − 4S2

0 ] > S2
1 [1− 2D0 + 2S0 cos 4(Ψ0 − Ψ1)]

• S0 ≥ 0
• S1 ≥ 0
• D0 ≥ S0

• D1(D2
0 − S

2
0) ≥ (1+τ1)2

2τ1
S2

1 [D0 − S0 cos 4(Ψ0 − Ψ1)]
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Abridged laminate mechanics
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Laminates by the polar method  

•  The Classical Laminated Plates Theory (CLPT) : it provides the 
constitutive law for a thin laminate under extension and bending 
actions: 
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Abridged laminate mechanics
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Laminates by the polar method  

•  The Classical Laminated Plates Theory (CLPT) : it provides the 
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The stiffness tensors

A→


TA0 = T0

TA1 = T1

RA0 e
4iΦA0 = R0e4iΦ0 (ξ1 + iξ3)

RA1 e
2iΦA1 = R1e2iΦ1 (ξ2 + iξ4)

B→


TB0 = 0

TB1 = 0

RB0 e
4iΦB0 = R0e4iΦ0 (ξ5 + iξ7)

RB1 e
2iΦB1 = R1e2iΦ1 (ξ6 + iξ8)

D→


TD0 = T0

TD1 = T1

RD0 e
4iΦD0 = R0e4iΦ0 (ξ9 + iξ11)

RD1 e
2iΦD1 = R1e2iΦ1 (ξ10 + iξ12)

Lamination parameters
ξ1+iξ3= 1

n

n∑
j=1

e4iδj

ξ2+iξ4= 1
n

n∑
j=1

e2iδj


ξ5+iξ7= 1

n2

n∑
j=1

bj e
4iδj

ξ6+iξ8= 1
n2

n∑
j=1

bj e
2iδj


ξ9+iξ11= 1

n3

n∑
j=1

dj e
4iδj

ξ10+iξ12= 1
n3

n∑
j=1

dj e
2iδj

——– ————
↓ ↓

material geometry
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Effects of homogenization on anisotropy

• The definition of the anisotropy behavior and of elastic symmetries can be
problematic in laminates:

• Generally speaking,
A 6= D and A 6= D

• B 6= 0→coupling
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• While B = B>, this is not true for compliance: B 6= B>.
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• If B 6= 0, the symmetries of A and D are lost for A and D
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• An elastic symmetry can exist also without any material symmetry. An
example with A orthotropic, B = 0, D anisotropic:
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• Geometrical bounds for polar components of a laminate (J Elas, 2013)

ρ=
R0

R1

, ρ0=
R
A,D
0

R0

, ρ1=
R
A,D
1

R1

, τ0=
T0

R0

, τ1=
T1

R1

.

0≤ρ0, 0≤ρ1, ρ0≤1, 2ρ21≤
1−ρ2

0

1−(−1)K
L
ρ0 c0

, 2ρ21 < ρτ0τ1
1−
(
ρ0
τ0

)2

1− ρ0
τ0

c0
.

	
  

E 
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G G 

ρ0	
   ρ0	
  
c0	
  

c0	
  

ρ1	
   ρ1	
  

0	
  
-­‐1	
  1	
  

0	
   1	
  

1	
  

Carbon-epoxy T-300/5208                   Braided carbon-epoxy BR45-a 
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Geometric interactions with anisotropy

• The concept of anisotropic behavior is an absolute one, but that of the
anisotropic response no: it depends upon geometry.

• E.g.: the flexural behavior of a rectangular uncoupled orthotropic laminate:

• Compliance:

J=
γpq

p4h3(1+χ2)2
√
R2

0+R2
1

1

ϕ (ξ0,ξ1)
;

• Buckling load multiplier for the mode pq:

λpq=
π2p2h3

12a2

(
1+χ2

)2√
R2

0+R2
1

Nx+Nyχ2
ϕ (ξ0,ξ1);

• Frequency of the transversal vibration for the mode pq

ω
2
pq=

π4p4h3

12µa4

(
1+χ

2
)2
√
R2

0+R2
1ϕ (ξ0,ξ1).
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Wavelengths ratio Isotropy-to-anisotropy ratio Anisotropy ratio

χ=
a

b

q

p
τ=

T0+2T1√
R2

0+R2
1

ρ =
R0

R1

ϕ (ξ0,ξ1) =τ+
1√

1+ρ2

[
(−1)

k
ρξ0

χ4−6χ2+1

(1+χ2)2
+4ξ1

1−χ2

1+χ2

]

• ξ0, ξ1: lamination parameters, defining geometrically the stack

• If ϕ (ξ0,ξ1) =τ the plate has an isotropic response

• Possible solutions:

• ρ = 0, χ = 1; e.g. p = q on square plates of R0-orthotropic plies
• ξ0 = 0, χ = 1; still p = q and stack [±(π/8)n/4,±(3π/8)n/4]

• ρ =∞, χ =
√

2± 1; layers with R1 = 0 and a
b= p

q

(√
2±1

)
.

• ξ1 = 0, χ =
√

2± 1; still ab= p
q

(√
2±1

)
and stack

[0n/4, (π/2)n/4,±(π/4)n/4]

• more generally, ξ0= 4

(−1)Kρ

χ4−1

χ4−6χ2+1
ξ1

• In some sense, geometry acts as a filter on the elastic phases
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1. Elastic material and Symmetry class

2. Fundamentals of the polar formalism

3. Some theoretical results

4. Anisotropic laminates, homogenization

5. Designing anisotropy
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Design of anisotropic laminates

• Design problem → optimization of a cost function: minx f(x)

• x: design variables (typically: n, δj , thicknesses etc.)

• usually, the material is chosen a priori → the isotropic part is
determined by this choice

• Be: P = {Pi, i = 1, ..., 12} = {R0, R1, Φ0 − Φ1, Φ1}A,B,D
• A = A(Pi), B = B(Pi), D = D(Pi), unique correspondence

• functions Pi = Pi(δj) are not bijective

• Each problem is split into 2 subproblems, linked together and to be solved in
sequence:

• Step 1: the Structure Problem: design of the optimal anisotropy
properties with respect to f(x); the problem is formulated in the space
of the Pis;

• Step 2: the Constitutive Law Problem: determination of a suitable
stacking sequence δj able to realize a laminate with the optimal Pis;
non-bijectivity ⇒ non-uniqueness.
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The advantages of the polar method

• The use of the polar parameters automatically eliminates the redundant
design variables, because

A→


TA0 = T0

TA1 = T1

RA0 e
4iΦA0 = R0e4iΦ0 (ξ1 + iξ3)

RA1 e
2iΦA1 = R1e2iΦ1 (ξ2 + iξ4)

D→


TD0 = T0

TD1 = T1

RD0 e
4iΦD0 = R0e4iΦ0 (ξ9 + iξ11)

RD1 e
2iΦD1 = R1e2iΦ1 (ξ10 + iξ12)

• The size of Step 1 problem is fixed and independent from the number of plies;
e.g. for orthotropic laminates made of identical plies, it is of only 3 polar
parameters ∀ tensor:

R0K = (−1)KR0, R1, Φ1

• The geometrical constraints are known in explicit form for the polar
parameters, ∀ type of anisotropy
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Optimization of modular systems
Exemple: an aircraft wing

• Objective: to minimize the weight of a box girder with stiffeners

• Constraint: limit on the buckling load

• Structure made by carbon-epoxy laminates

• Non fixed number of modules (stiffeners)
(same characteristics, different dimensions and mechanical properties)

• Two-step strategy

Long range aircraft typical wing 

Real wing section 

Approximate wing-box section 

Raidisseurs : 
N, dimensions, 
matériau 

Peau : 
épaisseur, 
matériau 

Stratifié : n plis, 
orientations 

(J Opt Th App, 2012)
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Results

• Optimal solution:

• W = 620N(−49%)

• λcr = λmin
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Step 2 results

Polar diagram for stiffeners Polar diagram for skin 
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Optimal anisotropic fields

• Idea: fibre placement

• Pb: properties (p. ex. B = 0) are local

• Mathematically: optimization of three tensor
fields of anisotropy, with local constraints

Fibre placement 

• Problems considered up till now:

• stiffness optimization
(PhD theses of C. Julien and A. Jibawy, 2010, Univ P6)

• stiffness and strength optimization
(PhD thesis of A. Catapano, 2013, Univ P6)
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• Example 1: optimization of an aircraft-like structure

• Objective: minimization of the compliance; angle-ply laminates

CHAPITRE 6. OPTIMISATION STRUCTURALE DE COQUES UTILISANT DES
STRATIFICATIONS REMARQUABLES 161

6.6.3 Présence d’un plancher au milieu du cylindre

La structure envisagée est toujours constituée d’un cylindre dans lequel est encastré un plancher
occupant la position d’un plan diamétral d’équation x = 0, comme présenté sur la figure 6.6.3.a. La
structure est encastrée en z = 0. Une pression interne P (voir tableau 6.7) est appliquée sur une moitié
du cylindre (x < 0).

Le plancher et le cylindre sont en stratifiées de même nature dont la couche de base est constituée
d’un unidirectionnel en Carbone/Epoxide définis dans le tableau 6.8.

Le calcul est initialisé par un unidirectionnel orienté de façon circonférentielle sur le cylindre et
orienté suivant le rayon dans le plancher (voir figure 6.15(b)).

Vu la symétrie de la structure, les figures dans cette section sont coupées suivant le plan de symétrie
y = 0.

(a) Vue 3D (b) Orientation des fibres à l’état initial

Figure 6.15: Représentation schématique du cylindre avec plancher soumis à une pression interne et encastré en
z = 0

6.6.3.a Cross ply

On se place dans le cas d’un cylindre avec plancher constitué de couches orthogonales. Les figures
6.16(a) et 6.16(b) montrent que l’énergie locale se décompose en 3 catégories (membrane, flexion et
mixte). Le plancher est soumis à des efforts sur ses deux bords de liaison avec le cylindre, ce qui
explique l’effet que l’énergie de flexion est dominante sur le plancher. Le critère local est présenté sur
la figure 6.16(c) .
La structure est découpée en trois zones pour pouvoir présenter les paramètres d’optimisation optimaux
hopt et θopt :

– partie du cylindre soumise à la pression P , (x < 0) : figure 6.17(a),
– partie du cylindre libre, (x > 0) : figure 6.17(b),
– plancher : figure 6.17(c).

Rappelons qu’à l’état initial les orientations sont circonférentielles (θ = 0). L’épaisseur relative est
répartie continûment. Les zones rouges et bleues sont équivalentes compte tenu de l’équivalence entre
(h = 0, θ) et (h = 1, θ + π/2).

On remarque dans la zone libre (non encastrée) du cylindre, l’unidirectionnel est optimal et il
est orienté suivant la circonférence et dans la zone proche de l’encastrement. L’énergie en flexion est
prépondérante sur le plancher et l’unidirectionnel est optimal et orienté suivant l’axe des y sur une
une grande partie en tenant compte de l’équivalence entre les zones rouges et bleues.
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164 6.6. EXEMPLE 2 : COQUE CYLINDRIQUE SOUMISE À UNE PRESSION INTERNE

6.6.3.b Angle ply

On considère maintenant un stratifié de type angle ply et on détermine les orientations optimales
αopt et Φopt

1 . Les figures 6.18(a) et 6.18(b) montrent respectivement les répartitions des valeurs opti-
males de α et de Φ1. On remarque d’après la figure 6.18(a) que αopt varie continûment entre 0 et π/4
dans la zone mixte et la zone dominée par l’énergie de flexion. Par contre dans la zone dominée par
l’énergie de membrane, on perçoit clairement le passage de αopt de 0 à π/4.

La figure 6.18(b) montre la répartition Φopt
1 . Dans les figures 6.19(b), 6.19(a) et 6.19(c), les orien-

tations des plis (Φ1 + α) et (Φ1 − α) sont présentées (le modèle est découpé en trois parties).
On remarque que l’unidirectionnel (α = 0) est optimal sur le bord encastré, puis on passe à

l’angle ply de type cross ply équilibré (α =
π

4
). Cette discontinuité est due au passage brutal de la

solution optimale αopt du cas 3 au cas 3.5 en membrane seul (cf. section 4.3.4). Sur le bord libre,
l’unidirectionnel est aussi solution optimale tandis que dans les zones mixtes (membrane et flexion),
l’angle ply avec α variable entre [0, π/4] constitue la solution optimale.

(a) Répartition de l’orientation optimale des fibres αopt

(b) Répartition des valeurs de Φopt
1

Figure 6.18: Orientations optimales : coupe suivant le plan de symétrie y = 0

CHAPITRE 6. OPTIMISATION STRUCTURALE DE COQUES UTILISANT DES
STRATIFICATIONS REMARQUABLES 167

nbiter = 20 Etat initial Etat optimal Baisse

Energie de membrane 26.3 2.9 89 %

Energie de flexion 1.2 1.1 8 %

Energie de cisaillement 0.020 0.024 −17 %

Critère global (en J) 27.5 4.0 86 %

Dépl. max. 3.4 mm 0.8 mm 76 %

Tableau 6.11: Cylindre et plancher en cross ply : Critères et déplacements maximaux

nbiter = 20 Etat initial Etat optimal Baisse

Energie de membrane 26.3 3.0 89 %

Energie de flexion 1.2 1.1 8 %

Energie de cisaillement 0.021 0.024 −13 %

Critère global (en J) 27.5 4.1 85 %

Dépl. max. 3.4 mm 0.8 mm 76 %

Tableau 6.12: Cylindre et plancher en angle ply : Critères et déplacements maximaux

Figure 6.20: Déformée (x100) à l’état initial et à l’état optimal (cross ply)
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• Example 2: maximize stiffness and strength; for a laminate having the minimal
compliance, determine the highest strength (or viceversa).
A. Catapano: Stiffness and strength optimisation of the anisotropy distribution for laminated

structures. PhD thesis, Univ P6, 2013

7.6. NUMERICAL EXAMPLES 127

a) b)

Figure 7.26: FLam
Hill distribution (a) and max(FP ly

Hill) of the generic ply (b) for the optimal
configuration, algorithm a priori version 2, square plate.

a) b)

Figure 7.27: Optimal orthotropy orientation ⌦
opt
1 (a) and solution type of local minimisation

of FLam
Hill (b), algorithm a priori version 2, square plate.

x 

y 

Fy 

u
x = u

y  = 0 

30° 

Figure 7.28: Geometry and boundary conditions, circular sector.

7.6. NUMERICAL EXAMPLES 135

Figure 7.43: Optimal orthotropy orientation ⌦
opt

1 , algorithm a priori version 2, circular
sector.

a)

b)

Figure 7.44: Direction of principal stress (a) and strain (b) components for the optimal config-
uration, algorithm a priori version 2, circular sector.

7.6. NUMERICAL EXAMPLES 129

Alg. posteriori Alg. priori v2

Starting Optimal cond., Optimal cond.,
condition (% reduction) (% reduction)

Wc [N mm] 1690.356 749.473, (55.6) 750.072, (55.6)

Max FLam
Hill 15.392 0.530, (96.5) 0.515, (96.6)

Max FP ly
Hill - 0.591 0.570

Max displacement [mm] 0.715 0.318, (55.5) 0.319, (55.4)

Table 7.6: Main results, circular sector.

a) b)

c)

Figure 7.29: Complementary energy distribution for the starting (a) and optimal configuration
using algorithm a posteriori (b) and algorithm a priori vers. 2 (c), circular sector.

a) b)

c)

Figure 7.30: FLam
Hill distribution for the starting (a) and optimal configuration using algorithm

a posteriori (b) and algorithm a priori vers. 2 (c), circular sector.
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Designing geometry and anisotropy

• Industrial research (RENAULT) (PhD thesis of F. Kpadonou, 2017)

• Problem: determine the optimal shape and field of anisotropy for a
shell to be designed with respect to a given criterion and constraints

• Such a research touches to the interaction between anisotropy and
geometry.
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Une structure conique

La structure à optimiser est originalement une plaque circulaire trouée
chargée transversalement sur le contour interne.
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Plaque encastrée soumise à un chargement de torsion

3.7 - Shape and anisotropy optimal design
Shape and anisotropy design of a plate under torsional load

Plate under torsional load, with initially
Õ1 = 0, ‘tol = 0.2 and f = 1000N

Optimal shape design

Isotropic material, RK
0 = R1 = 0 Anisotropic material

40
3.7 - Shape and anisotropy optimal design

Shape and anisotropy design of a plate under torsional load

Optimal orthotropy for the joint
design of shape and orthotropy

Optimal orthotropy for the joint
design of shape and anisotropy

40

3.7 - Shape and anisotropy optimal design
Shape and anisotropy design of a plate under torsional load

Optimal polar moduli RK
0 and R1

40
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Quelques perspectives

2D

• Pour les stratifiés : bornes géométriques pour A, B, D
• Bornes géométriques pour d’autres micro structures (treillis, ...)

• Autres lois de comportements
(piezo-électricité, élasticité de milieux du second gradient, ...)

• bases d’invariants et de covariants
• sens mécanique des invariants et covariants
• optimisation de la distribution de matière/anisotropie

3D (Ela)
• Optimisation simultanée de la distribution de matière et d’anisotropie

Isotropie transverse OK[Thèse N. Ranaivomiarana, 2019]

• Design de microstructure à comportement exotique
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στ
p

 =

C M P
A F

S


εη
v

 (1)

S(ij) P(ij)k F(ij)kl C(ij) (kl) M(ij)(kl)m A(ij)k (lm)n
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