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Géométrie Différentielle et Mécanique, Paris Novembre 2023

E. Hubert (Inria) 1 / 33

https://hal.science/hal-03590007
https://hal.science/hal-03768067


Explicit semi-algebraic description of the orbit space of
Weyl group actions

1 Trigonometric and Chebysev polynomials

2 T as the orbit space of a multiplicative action

3 Case Cn, Bn, Dn,

4 Case An−1

5 Spectral bounds on the chromatic number of some infinite graphs

E. Hubert (Inria) 2 / 33



Trigonometric polynomials

Lattice Ω = Zω1 ⊕ . . .⊕ Zωn

Trigonometric polynomial: f : Rn → R
where f (u) =

∑
ω∈Ω

aω e
2πi〈ω,u〉

a−ω = aω ∈ C
f in Ω⊥-periodic

Compute (numerically)

min
u∈Rn

f (u)

under the asumption that f is invariant
w.r.t a reflection group G of rank n
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Univariate case

G = {+1,−1} acts on R and preserves Ω = Z
G× R → R

(ε, u) 7→ ε u

Invariant trigonometric polynomials : a−k = ak ∈ R

f (u) =
∑
k∈N

ak

(
e2πiku + e−2πiku

)
=
∑
k∈N

2ak cos(2πku)

Chebyshev polynomials {Tk}k∈N

cos(k θ) = Tk (cos(θ)) where cos(θ) =
1

2

(
e iθ + e−iθ

)
z = cos(2πu) ∈ [−1, 1]

min
u∈R

f (u) = min
1−z2≥0

∑
k∈N

2ak Tk(z)
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2D lattices & symmetry

G = {+1,−1}2

Invariance : f (−u, v) = f (u, v) = f (u,−v)

Trigonometric  polynomial optimization

min
u,v∈R

f (u, v) = min
z1,z2∈[−1,1]2

ak,lTk(z1)Tl(z2)

C2 A2 G2
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2D lattices & symmetry
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A3 B3 C3

A3 B3

C3
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R root system

• R is finite and spans Rn

• If ρ, ρ̃ ∈ R, then σρ(ρ̃) ∈ R, where σρ(u) := u − 〈u, ρ∨〉ρ
♣ If ρ, ρ̃ ∈ R, then 〈ρ̃, ρ∨〉 ∈ Z, where ρ∨ := 2 ρ

〈ρ , ρ〉

A1 ×A1

G = {+1,−1}2
A2

S3

C2

S2n{+1,−1}2
G2

S3 n {+1,−1}

The Weyl group G is the group generated by the σρ

The coroot lattice Λ is the lattice generated by the ρ∨

The weight lattice Ω is the dual lattice of Λ:

ω ∈ Ω ⇔ 〈ω, ρ∨〉 ∈ Z ∀ρ ∈ R
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Multivariate Chebysev polynomials

Ω = Zω1 ⊕ . . .⊕ Zωn the weight lattice of a root system R G-invariant

For ω ∈ Ω

eω : Rn → C
u 7→ e2πi〈ω,u〉

form an orthogonal basis of

Λ-periodic functions

Generalized cosines

cω =
1

|G|
∑
g∈G

egω for ω ∈ Nω1 ⊕ . . .⊕ Nωn

form a linear basis of the G-invariant functions

cω1 , . . . , cωn are [Bourbaki]

algebraically independent

generate the ring of invariant trigonometric polynomials

Generalized Chebyshev polynomial Tα, α ∈ Nn

is the unique element of Q[z1, . . . , zn] satisfying

cα1ω1+...+αnωn = Tα (cω1 , . . . , cωn)
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Optimization of trigonometric polynomials with symmetry

Ω = Zω1 ⊕ . . .⊕ Zωn is G-invariant f (u) =
∑
ω∈Ω+

aω cω(u)

min
u∈Rn

f (u) = min
z∈T

∑
α∈Nn

ãα Tα(z)

T = c (Rn) where c = (cω1 , . . . , cωn) : Rn → Rn
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Contribution [HMR]

For root systems An−1, Bn, Cn, Dn, G2

(z1, . . . , zn) ∈ T ⇔ e1 = (1, 0, . . . , 0)

T0 − T2e1 Te1 − T3e1 T0 − T4e1
. .
.

Te1 − T3e1 T0 − T4e1 2Te1−T3e1−T5e1
. .
.

T0 − T4e1 2Te1−T3e1−T5e1 2T0 +T2e1−T6e1−2T4e1 +T2e1
. .
.

. .
.

. .
.

. .
.

. .
.


� 0

i.e.,

−T(i+j)e1
+
d(i+j)/2e−1∑

k=1

(
4
(
i+j−2
k−1

)
−
(
i+j
k

))
T(i+j−2k) e1

+

{
2
(

i+j−2
(i+j)/2−1

)
− 1

2

(
i+j

(i+j)/2

)
, i+j even

0, i+j odd


1≤i,j≤n

� 0
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Comments

We obtain an explicit and unified formula

R An−1 Bn Cn Dn G2

G Sn Sn n {±1}n Sn n {±1}n Sn n {±1}n+ S3 n {±1}

We use the interconnection between Sn and the roots of polynomials.
[Procesi Schwarz 85] would lead to different matrices.

Missing F4, E6, E7, E8

It makes sense to work the Lasserre hierarchy in the basis {Tα}α∈Nn

Tα Tβ =
∑
A∈G

Tα+Aβ = Tα+β +
∑

〈γ,ρ0〉<〈α+β,ρ0〉

cγTγ

along the weighted degree given by the highest root
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Trigonometric polynomials  Laurent polynomials

Ω = Zω1 ⊕ . . .⊕ Zωn

G→ On(R)

Zn

G→ GLn(Z)

e2πi〈α1ω1+...+αnωn , u 〉

u ∈ Rn, or Cn

xα ∈ Q[x , x−1] = Q[x±1
1 , . . . , x±1

n ]

x ∈ Tn, or (C∗)n
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A representation G→ GLn(Z) of a finite group G

Multiplicative action on (C∗)n

G× (C∗)n → (C∗)n
(A, x) 7→ xA =

(
xA·1 , . . . , xA·n

)
Tn = {(x1, . . . , xn) ∈ (C∗)n | |x1| = · · · = |xn| = 1} is left invariant

Induced (linear) action on Q[x , x−1] = Q[x1, . . . , xn, x
−1
1 , . . . , x−1

n ]

G×Q[x , x−1] → Q[x , x−1](
A, xβ

)
7→ xAβ i.e. (A · f )(x) = f

(
xA
)

Orbit polynomials : Θα =
∑
A∈G

xAα

[Bourbaki]

When G is a Weil group Q[x , x−1]G = Q[Θe1 , . . . ,Θem ]

Tα ∈ Q[z1, . . . zn] defined by Θα = Tα(θ1, . . . , θn) with θi = Θei
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ϑ : Tn → Z ∼= Rn

(x1, . . . , xn) 7→ (θ1(x), . . . , θm(x))

Goal: describe T = ϑ (Tn)

T is a compact semi-algebraic set

T can be understood as the orbit space Tn/G

T is the region of orthogonality of {Tα}α∈N
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Cn
For 1 ≤ i ≤ n

θi = 2−i
(

n
i

)−1

σi (y1 + y−1
1 , . . . , yn + y−1

n )

where

σ1, . . . , σn elementary symmetric polynomials

y1 = x1 and yk = xkx
−1
k−1, 1 ≤ k ≤ n

Note

(x1, . . . , xn) ∈ Tn ⇔ (y1, . . . , yn) ∈ Tn

yi ∈ T ⇔ yi + y−1
i ∈ [−2, 2]

x ∈ Tn ⇔ ξn−θ1(x)ξn−1 + . . .+ (−1)kθk(x)ξn−k + . . .+ (−1)nθn(x)

has all its root in [−2, 2] ⇔ for any of its root ξ, 4− ξ2 ≥ 0
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Orbit space of Cn [HMR]

T = {z ∈ Rn |H(z) � 0} where

H(z) =
[
Trace

(
C (z)i+j−2(4− C (z)2)

)]
1≤i ,j≤n

C (z) =


0 . . . 0 zn
1 0 zn−1

. . .
...

0 1 z1
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C2 B2

[
−2z2

1 + z2 + 1 −8z3
1 +6z1z2 +2z1

−8z3
1 +6z1z2 +2z1 −32z4

1 +8z2
1 +32z2

1 z2−4z2
2 −4z2

]
� 0

[
−z2

1 + 2z2
2 − z1 −4z3

1 +12z1z
2
2 −6z2

1 −2z1

−4z3
1 +12z1z

2
2 −6z2

1 −2z1 −16z4
1 − . . . − 4z1

]
� 0
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C3 B3
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Similar approach

Bn

y1 = x1, yn = x2
nx
−1
n−1

yk = xkx
−1
k , 2 ≤ k ≤ n − 1

σi (y + y−1) = θi , 1 ≤ i ≤ n − 1

σn(y + y−1) = Θ2en

= θn
2 +

n−1∑
j=1

(
n
j

)
θj−1

Dn

y1 = x1, yk = xkx
−1
k−1, 2 ≤ k ≤ n − 1

yn−1 = xnxn−1x
−1
n−2, yn = xnx

−1
n−1

σi (y + y−1) = θi , 1 ≤ i ≤ n − 2

σn−1(y + y−1) = Θen−1+en = . . .

σn(y + y−1) = Θ2en−1 + Θ2en = . . .
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Bn, Cn, Dn

z ∈ T ⇔ H(z) � 0

H(z) =
[
Trace

(
C (z)i+j−2(4− C (z)2)

)]
1≤i ,j≤n

where C (z) is a companion matrix whose entries belong to Q[z1, . . . , zn]

C (θ) =


0 0 . . . 0 σn(y + y−1)
1 0 . . . 0 σn−1(y + y−1)
0 1 . . . 0 σn−2(y + y−1)

. . .
...

0 1 σ1(y + y−1)

 =


0 0 . . . 0 ∗∗
1 0 . . . 0 ∗∗
0 1 . . . 0 θn−2

. . .
...

0 1 θ1
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Bn, Cn, Dn

The eigenvalues of C (z) are y1 + y−1
1 , . . . , yn + y−1

n so that

Trace
(
C (z)k

)
= (y1 + y−1

1 )k + . . .+ (yn + y−1
n )k

while Θke1 = yk1 + y−k1 + . . .+ ykn + y−kn = Tke1(θ1, . . . , θn)

(z1, . . . , zn) ∈ T ⇔

T0 − T2e1 Te1 − T3e1 T0 − T4e1
. .
.

Te1 − T3e1 T0 − T4e1 2Te1−T3e1−T5e1
. .
.

T0 − T4e1 2Te1−T3e1−T5e1 2T0 +T2e1−T6e1−2T4e1 +T2e1
. .
.

. .
.

. .
.

. .
.

. .
.


� 0

i.e.,−T(i+j)e1
+
d(i+j)/2e−1∑

k=1

(
4
(
i+j−2
k−1

)
−
(
i+j
k

))
T(i+j−2k) e1

+

{
2
(

i+j−2
(i+j)/2−1

)
− 1

2

(
i+j

(i+j)/2

)
, i + j is even

0, i + j is odd

 � 0
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An−1

For 1 ≤ i ≤ n − 1, θi =
(n
i

)
σi (y1, . . . , yn) and σn(y1, . . . , yn) = 1

where y1 = x1, yk = xkx
−1
k−1, 2 ≤ k ≤ n − 1, and yn = x−1

n

As
θn−1−i (x) = θi (x

−I )

take
p̌ = ξn − θ1 ξ

n−1 + . . .+ (−1)n−1θn−1 ξ + (−1)n

p̂ = ξn − θn−1 ξ
n−1 + . . .+ (−1)n−1θ1 ξ + (−1)n

and p̌ p̂ = ξn
n∑

k=0

dn−k

(
ξk + ξ−k

)
= 2ξn

n∑
k=0

dn−kTk

(
ξ + ξ−1

2

)
where dk = (−1)k

∑k
`=1

(n
`

)( n
k−`
)
θ` θn−k+`
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Orbit space of An [HMR]

x ∈ Tn−1 ⇔ p̌ p̂ has its roots in Tn
1 = {z ∈ Tn | z1 . . . zn = 1}

⇔ Tn (ζ)− d1Tn−1 (ζ)− . . .− dn has its roots in [−1, 1]

T = {z ∈ Z |H(z) � 0} where H(z) =
[
Tr
(
C (z)i+j−2

(
1− C (z)2

) )]
1≤i ,j≤n

C (z) =



0 1
2 0 dn

2

1 0
. . . dn−1

1
2

. . .
. . .

...
. . .

. . . 1
2 d3

. . . 0 d2

0 1
2 d1



Z = {z ∈ Cn | zn−i−1 = z̄i}

since θn−1−i (x) = θi (x) for x ∈ Tn−1

d` = (−1)`+1
∑̀
i=0

(
n
i

) (
n
`−i
)
zi zn−`+i
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A2

Det H ≥ 0

Trace H ≥ 0
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Spectral bound on the chromatic number of infinite graphs

Consider the infinite graph (V ,E ) where V = Rn or Ω = Zω1⊕ . . .⊕Zωn

S ⊂ V centrally symmetric and (v1, v2) ∈ E if v2 − v1 ∈ S

[Bachoc, DeCorte, de Oliveira Filho, Vallentin 14]

The chromatic number χ of the graph is bounded by

2n ≥ χ ≥ 1− supu∈Rn ν̂(u)

infu∈Rn ν̂(u)

where ν is a measure on S and ν̂(u) =

∫
e−2πi〈x ,u〉dν(x)

Known results :

n = 2 for S the Euclidean sphere and V = Rn [Hardwinger, Nelson 50]

S Voronoi cell in lattice Ω [Dutour Sikiric, Madore, Moustrou, Pecher]

S polytope, V = Rn or Ω : partial results.
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V = Zn and S = S1
r the cross-polytopes

S1
r := {u ∈ Zn | |u1|+ . . .+ |un| = r} [Füredi, Kang’04]

r = 1 r = 2 r = 3

Symmetry:
Bn or Cn

2n ≥ χm(Zn,S1
r ) ≥ 1− 1

F (r)

F (r) := max

min
z∈T

∑
α∈S+

r

fα Tα(z)

∣∣∣∣∣∣
∑
α∈S+

r

fα = 1, fα ≥ 0


Analytical bounds (with Chebyshev polynomials) [HMMR 23]

χm(Z2, B1
2 r ) = 4 χm(Zn, B1

2 r+1) = 2 χm(Zn, B1
2) = 2n
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Numerical bounds for n = 3 and r = 4, 6, . . . [HMMR]

1− 1
F (4) ≥ 6.28148

1− 1
F (10) ≥ 6.30502

1− 1
F (6) ≥ 6.30269

1− 1
F (12) ≥ 6.30229

1− 1
F (8) ≥ 6.30229

1− 1
F (14) ≥ 6.30156
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[Procesi Schwarz 85]

T = ϑ (Tn) where ϑ = (θ1, . . . , θm) and Q[x , x−1]G = Q[θ1, . . . , θm]

A reasonable conjecture?

z ∈ ϑ((C∗)n) (z1, . . . , zm) ∈ T ⇔ M(z1, . . . , zn) � 0

where
M(θ1, . . . , θm) = −

[
〈∇̃θi , ∇̃θ̂j〉

]
1≤i ,j≤m

∇̃ =
(
x1

∂
∂x1
, . . . , xn

∂
∂xn

)
θ̂i (x) = θi (x

−I)

For An, Cn, Bn,Dn,

Referee provided a construction of M(z)
based on [Section 4, Procesi Schwarz 85]

considering SUn(C), Spn, Spin2n+1(R), Spin2n(R) and their maximal tori.
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[H Metzlaff Riener] versus applying [Procesi Schwarz 85]

A2 B2 C2
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