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Explicit semi-algebraic description of the orbit space of

Weyl group actions

Q Trigonometric and Chebysev polynomials
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Trigonometric polynomials

Lattice Q=Zw1D...DZw,

Trigonometric polynomial: f : R" — R
where  f(u) = Z a, W)

we
a,=a, € C

f in Qt-periodic

Compute (numerically)

mip, F(w)

under the asumption that f is invariant
w.r.t a reflection group @ of rank n
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Univariate case

% = {+1,—1} acts on R and preserves 2 = Z
xR — R
(e,u) — eu

Invariant trigonometric polynomials : a_, = ax € R

f(u) = Z ak (ezmk” + e_2”ik”) = Z 2ay cos(2mku)

keN keN

Chebyshev polynomials { Ti}, .

cos(k@) = Ty (cos(f)) where cos(f) =

<eie 4 e—iO)

N

z = cos(2mu) € [-1,1]

min f(u
ueR
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2D lattices & symmetry

o o o o o o (] 6 - {+1, *1}2

° ° ° ° o o 0o Invariance : f(—u,v) = f(u,v) = f(u,—v)
] e} o e} e} e}

o o o e}

5 @ @ ® ® ® Trigonometric ~~ polynomial optimization
° o ° 0 0 00 min f(u,v) = min ax Te(z1) Ti(22)
o o o o o o o u,veR 21,226[—1,1]2 ‘
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2D lattices & symmetr

- o ® = {+1,-1)?
o o o o Invariance : f(—u,v) = f(u,v) = f(u,—v)

o o
o o
o o
o (o}
o o

Cz A2 G2
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2D lattices & symmetry

Cz A2 G2
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R root system
e R is finite and spans R”
e If p,p € R, then 0,(p) € R, where o,(u) == u— (u,p")p
& If p,p €R, then (p,p") € Z, where pV =2 < £ ;

2
&s Gox{+1, -1} &, {41, -1}

o The Weyl group & is the group generated by the o,
o The coroot lattice A is the lattice generated by the p
o The weight lattice (2 is the dual lattice of A:
weEQ & (w,p')eEZ VYpeR
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Multivariate Chebysev polynomials

Q=7Zw P ... 7Zw, the weight lattice of a root system R &-invariant

For w € Q Generalized cosines
€L . R" — C 1
u i) € = @ Z egw forwe€Nw;®@...0Nw,

gesd

form an orthogonal basis of
form a linear basis of the &-invariant functions

A-periodic functions

Cugs -« -y G, are [Bourbaki]

« algebraically independent

» generate the ring of invariant trigonometric polynomials

Generalized Chebyshev polynomial T, a € N”

is the unique element of Q|z1, ..., z,] satisfying

Caqwi+...4anwn = Ta (Cwla ceey cwn)
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Optimization of trigonometric polynomials with symmetry

Q=7Zw @...0 Lw,is G-invariant f(u) = Z a, ¢, (u)

T=c(R") where ¢=(cu,..-5¢,):R"=>R" J
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Contribution [HMR]

For root systems A,_1, Bn, Cn, Dy, G>
(zi,...,z0) €T &
TO - T2€1 Te1 — T361 TO — T4e1

Tel — T3e1 To — T4el 2 Te1 — T361 = T5e1

TO - 7—4e1 2 Tel = T3el = T5e1 2 7—O ar T281 - T6e1 =2 T481 a4 T2e1

i+j—2 i+

o — & = i+j
) -~ (IP» T(itj—2k) e, + {27((:4/)/271) 2 (('H)/Z)’ :: Z\;:n )gusn =0
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Comments

o We obtain an explicit and unified formula

R|Ar|  Bo | G | Du | G
& &, [Gnx{£1}" |6, x {£1}"| &, x {£1}] | &3 x {£1}

We use the interconnection between &, and the roots of polynomials.
[Procesi Schwarz 85] would lead to different matrices.

o Missing Fa, &, &7, &3

It makes sense to work the Lasserre hierarchy in the basis { T} cnn

ToaTpg = Z Tatag = Tatp + Z ey Ty

Ac® (7:p0) <(o+B,p0)

along the weighted degree given by the highest root
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Explicit semi-algebraic description of the orbit space of

Weyl group actions

Q T as the orbit space of a multiplicative action
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Trigonometric polynomials ~~ Laurent polynomials

V=Zw1D...0»7Zw, Z"
& — O,(R) & — GL,(Z)

27 1wit...Fpwn , 1) 1 +1 +1
e x*eQx, x| =Qx; 7, ..., x,

R, or C”
L x € T, or (C*)"

. s
4 o o . 4
.
. * 3 . . = e ok om oms .
. . . -~
. . 2 . ¢ e 24 = e
. * ° . .
. o © ¢ 14 © = .
. .
. . . . 5% 5 2 a9 1z 3 4 s
. A . = 04 o o .
. °
. PR . o =4 0 o .
. . . .
PR . P .
. .
" o4
. .
5 s
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A representation & — GLj(Z) of a finite group &

Multiplicative action on (C*)"

B x (C) - 'y
(A x) = xA= (A XA

Orbit polynomials : ©, = Z xA
Aed

[Bourbaki]

When & is a Weil group  Q[x,x 1]® = Q[Oq,, . .., O, ]

Ta € Q[z1,. ..z, defined by ©, = Ty (61, -..,0,) with 6; = O,
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Goal: describe 7 = o (T")
» T is a compact semi-algebraic set

« T can be understood as the orbit space T"/&

« T is the region of orthogonality of { T},

E. Hubert (Inria) 15/33



Explicit semi-algebraic description of the orbit space of

Weyl group actions

o
[
Q Case Cp,, B,, Dy,
[
@
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SYSTEMES DE TYPE Gi (1> 2) FOr 1 S I S n

-1
g n _ _
0,':2 I<I'> Ui(y1+ylly-"7YH+}/n1)

where
o1,...,0p, elementary symmetric polynomials
QP T y1 = x1 and y, = Xka_jl’ 1<k<n

Note
o(xl,...,x,,)GT" = (yls"'vyn)eTn
oy eT < Vi nyiil €[-2,2]

xe€T" & " —01(x)E" 4.+ (=1 0(x)E" K+ .. +(=1)"0,(x)

has all its root in [-2,2] < for any of its root &, 4 — €2 >0
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Orbit space of C, [HMR]

T ={z € R"|H(z) = 0} where

H(z) = [Trace (C(z)i+j_2(4 - C(z)2))]

1<ij<n
0 0 =z
1 0 7,1

C(2) =
0 1 Z1
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Cz 82

[ 22 4z +1 82346212422 ] [ —2 4222 — 7 42} 412223 — 622 — 22

3 4 2 2 3 27 ¢ 2 4 =0
—8z] +62120+221 —32z) +82z] +322{2p —4z5; — 42z —4zy +12z125 — 62 —2z1 —16z] — ... — 4z
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Similar approach

J;(y+y71):9;, 1<i<n-1
only +y ") = One,

n—1
j=1

Vi=Xt, Yk =xkx i, 2< k<n—1

Yn—1= Xanflx;_lza Yn = X"X;—ll
oily+y )=0;, 1<i<n-2
Un—l()/‘i‘yil) =
on(y +y ") =Oze,_, +O2e, = ...

een—1+en —
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zeT & H(z)=0

H(z) = [Trace (C(z)i+j*2(4 - C(z)2))]

1<ij<n
where C(z) is a companion matrix whose entries belong to Q[z1, .. ., z,]
0 0 ... 0 ou(y+y )] 0 0 ... 0 x|
10 0 on1(y+y ) 1 0 ... 0 =x
co)=10 1 0 oroa(y+y )01 ... 0 0,0
0 1 o(y+y" ] |0 1 0 |
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Bnl Cnl Dn
The eigenvalues of C(z) are y; + yfl, ooy Vot v, ! so that
Trace (C(2)) = (1 +y7 ) 4o+ (o + 12 )"
while O, =y + v . v v = Tke (01, .,0,)
(zi,...,zn) €T &
To — Toq Te, — T3e To — Tae

T61 _ T361 TO — T461 2 Tel — T361 _ T561

To— Tae, 2Te,—T3e,—Tse, 2To+ Toe,— Toe, =2 Tse, + Toe

Ie.,

[(i+4)/2]1 -1 - " 2( i+j—2 ), ;( i+j ) f 4 fi s cvam
LT 4 — (7. + 3\ /2-1) T 2\(i+i)/2)° 4
(i+j)e1 =) 3 )) (i+y=2k)le) 0, i+ j is odd
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Explicit semi-algebraic description of the orbit space of

Weyl group actions

@ Case A, 1
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0i = (7)ailvi, -+ ¥n) and oy(y1, -5 yn) =1
V=X, V=06, 2<k<n—1,and y, = x; !

For1<i<n-1,

where

As
On1-i(x) = 0;(x")

(=

(=
n 1
pp=¢" d,,,k(gué-)—zé"}jdn m(“f )
where  dj = (—1)* Ee 1 (2) (k2¢) O On—te

25/33
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Orbit space of A, [HMR]

X €

T ={z€Z|H(z) = 0} where H(z) = [Tr ( C(2)™72 (1 - C(2)?))]

T" ! « pphasitsrootsin T ={z€T"|z...2z,=1}
& Th(()—diTh-1(() — ... — d, has its roots in [—1, 1]

O NI

N|=

0
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Ni= O NI

1<ij<

/={z€C"| zy_j_1 =2}

since 0, 1_;(x) = 0;(x) for x € T"1

g = (DX (1) (7) 720
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Trace H > 0 s / \
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Explicit semi-algebraic description of the orbit space of

Weyl group actions
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Spectral bounds on the chromatic number of some infinite graphs
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Spectral bound on the chromatic number of infinite graphs

Consider the infinite graph (V,E) where V =R" or Q =Zw1 & ... & Zw,
S C V centrally symmetric and (vi,w) € Eif v, —v; €S

[Bachoc, DeCorte, de Oliveira Filho, Vallentin 14]
The chromatic number x of the graph is bounded by

_ supyegrn P(u)

2>y > 1
X = nfuere 0(0)

where v is a measure on S and P(u) = /e‘zﬂi(x"’)du(x)

Known results :
@ n =2 for S the Euclidean sphere and V = R" [Hardwinger, Nelson 50]
o S Voronoi cell in lattice [Dutour Sikiric, Madore, Moustrou, Pecher]

o S polytope, V =R" or Q : partial results.
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V =Z" and S = S! the cross-polytopes

Sti={ueZ"||u|+ ...+ |un| = r} [Fiiredi, Kang'04]

Symmetry:
B, or C,

Analytical bounds (with Chebyshev polynomials) [HMMR 23]

xm(Z2, B! ) =4 xm(Z", B} ) =2 xm(Z", Bt) = 2n
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E. Hubert, T. Metzlaff, P. Moustrou, C. Riener; Optimization of
trigonometric polynomials with symmetry and spectral bounds for set
avoiding graphs. https://hal.science/hal-03768067

E. Hubert (Inria) 32/33


https://hal.science/hal-03590007
https://hal.science/hal-03768067

Explicit semi-algebraic description of the orbit space of

Weyl group actions

@ A probable question
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[Procesi Schwarz 85]

T =9(T") where 9= (01,...,0,) and Q[x,x 1% =Q[by,...,0m)

A reasonable conjecture?

z € 9((C*)M) (z1y---,2m)

where

For Amcm B, D,

Referee provided a construction of M(z)
based on [Section 4, Procesi Schwarz 85]

considering SU,(C), Sp,, Spin,,,1(R), Spiny,(R) and their maximal tori.
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[H Metzlaff Riener]

versus applying

[Procesi Schwarz 85]
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