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Plateau’s problem: how to find a minimal surface shape?

find u such that 4(u) minimal and u =0 on aI" <=> 4 (u,éu) =0, ¥V ou =0 on o'

§ﬂr(u,5u) =fF (Ril + Ri) oSu.n ds + Wl I‘ surface of mean curvature = 0
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Liquids in micro-gravity: surface tension and meniscus

W=a Ar+ o Ay +og A+ E, + Cte

m=) I™* such that: W('*) = min W and V(I'*) =V,
I'eC

Lg

Lagrange multiplier A for incompressibility

) S

Lagrangian stationarity:

O0L(U,A,&) = 0Ar+ o Ay +0g OAsc+t OE, + A6V =0, Véu
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Un peu de géométrie differentielle ...

M = ¢(&1,8) = My(&1, &) + U6, ¢2)

g, S ¢ difféomorphisme
) oM oM X -
a; = ——,a, == base covariante
13 2P
- a, \a
S n=——+"""2 normale
las A asll

< ds =Js d€1d€2

avec J¢ = |la; Aa,|| jacobien
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Surface area variation (1/2)

Ag = fg ds = f€1,€z]5 d¢1dS,

. hs ’fi e \’ 5Ag(ou) = |, g, ¢, 0Js(Ou) dé1dS,

P \g 87 (5) (65u Nt A 65u>
& W ot u)=n.\—Aa aq N ——
> - | : I T

A15E% \ UGS
: // | UGS
S
; \

odu odu

. // S 5 = “_“ 5ﬁ8(5u) = fS (6_51 . a1 + a_fz . azl) dS

= ITAN =
..——"”‘f..f ‘Ic ?C / \
'P'-- — . p e
b (ISR ™

/ Y
= i =y divg(Su)
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Surface area variation (2/2)

normal and tangential components:  du = (du.n)n + Sy,

=) divs(6u) = (Su.n)divs(n) + divs(Suy) + n. Vs 1)

11 1
2H  mean curvature H = - (— + —)
2\R, ' R,
AN :
. " n ¢ S
o S '
7 %/ OAs(A) = j 2H n.éu dS + 3@ V. Su doS
98— ALY S N
vs: normale géodésique extérieure au bord 95
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Variation of the fluid gravity potential energy

OM.i,
H_I

Zd!)+Cte=pgj Z Jy d, + Cte

2p,

[

Eg :pgj
33

—> 6E,(6u) = pg Jr (bu.i, Jy + Z div(du) Jy) d@2, = pgf div(Z du) d2

0y,

0y,

an.5ud1“+pgf Wd&
2L

liquid slides on tank wall

0

6E,(6u) = pg JF

idem for volume variation: §V(6u) = [, nr.éudrl
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Variational equation of the static equilibrium

0L, AN) =a 0Ar+ o 0y + 0g OAsct OE, + A0V =0, Véu

V du.ny = 0 with contact angle: cos 6§ = % :
i, S0
( 0L(U,A,8u) = af 2Hnp.éudlr +a® (vp—cos@vy).dudy
r ar
< +pgj an.5udF+AJ np.éudl =0
r r

. v 6/1 6/1(V o VO) =0 i}‘v liquid position parameterized by U on I only
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Newton-Raphson resolution

-y e N step k: Uy, /A, are known

find u.ny = 0,1 such that,

V du.ny = 0 and V 61

’ OL(U,+u,A+1,80)=0
SAWV(UAu) —Vy) = 0

00L| ]
oA

[06L

T| oU
(52) | av)"

T r—
10 =G [ S

EX f
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+ fluid sliding condition !
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Linearization of surface variation operator A

OAs(oU) =L 2H n.5u dS+3€aSvS.5u dos mm) SH(w) = ..

/\;/ aq N a,

CoAou) = | Tsnr(ow dgds,  with 1(ow = 5 (?ﬂ“‘z +“1A@>
~ 1,52 B 652

m) o [d04s(du)](u) = L : Sla, A ay](w).7(6u) + (aq A ay). 8t(u, Su) d&;dé,

with  8t(w6u) = — 6];211) <a6u 65u>
3

§Js(u) = Jsn.t(u)

<66u A ou N ou A 66u>
0§, 08, 0&  0&;
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Linearization of other operators

S[875(W](U) = ...

_ dou Jdu Jdu 0ddu
Jst(w).7(6u) — Jgin.t(w) n.7(6u) + n. (551 A 3, + 5T, A 3, ) d&,dé&,

$1,82
A éu is assumed to be independent of u : not true since du.ny(u) = 0 on oI !

9,
Idem for edge term: 6 H Vs Ou dy] (w) = f Su. (nz /\—u> dé
or £ ¢

and gravity/volume terms: 6 U Znp.8u dF] (u) = j u.iy Su.n+ Z t(u).6u dr
r r
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Singular problem and regularization

Finite Element Kz
discretization M ref. surface (§3,¢,) =ref. FE

<l

Singular
Regularization problem
Bonet & Mahaney, 2001

distortion energy with Fs isochore part of surface transformation gradient
W=..+E; = Efl‘o (ﬁs: FS — 3)df0 ‘ raideur de membrane tangentielle
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Implementation issues

/\/ : » How to correct the free surface in order to precisely

\ | he tank wall?
/\\ \ follow the ta a

» How to precisely
compute the liquid
volume at each step?

REPUBLIQUE

Ll ONERA
machan  ——— /lé GDR-GDM 19-21/11/2025 13

Egaie T I
Fraternité THE FRENCH AEROSPACE LA



Examples of wetting and non-wetting liquids

wetting liquid (0<90°) non-wetting liquid (6>90°)

low gravity

microgravity
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Example with corners
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Free surface with multiple edges

‘000

validations on axisymetric cases

>
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Extension to dynamic problem

@ : liquid displacement potential wall curvature dynamic pressure

f
(ocKl‘i‘ — a(cos(@)Kgr + sin(0) K%r) + pgK*g + /A Kf\) u—pw?’Cp—A1R=0

liquid mass >Me —CTu=0

RTy = (0 < incompressibility
.

+ fluid sliding condition ! l K+ —R, (uL) _ . [pC Mz 1CT 0] (uJ_)
—RT 0 ol\ 1

A

symmetric operators !
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Examples of sloshing modes with capillarity

016 wiorad/s

012 /
3 : j

008 <

JOO@M
| ANt

L.} i 0
%005 1 15 2

Zy [ Reph

solution analytique (H. Lamb 1945) :

solution semi-analytique

w2 = in(n —1D(n+2)
(M. Utsumi 1989)
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Merci pour votre attention !
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