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Objective

Express a mechanical problem using observer-invariant port-Hamiltonian-like formulation, i.e.
define

@ a configuration state o

@ a scalar energy functional H(c)

o flows f as a time-like variation of the state o
o efforts ¢ = do H as the energy variation

so that the physical system is governed by as a closed-form system that relates flows and efforts
by a skew-adjoint operator S as
f=Se

and that is observer invariant.
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Outline

e Hypotheses and physical principle
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Hypotheses and principle

The universe lies in a 4D Riemanian manifold with a metric of signature (+,-,-,-).

The universe is occupied by physical ? continuously distributed energy.

a. independent of the coordinate system.

The energy of any 4D-domain is left invariant by a vector field, which defines the velocity field.
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Hypothesis 1 : the universe

4D World-tube
|

4D manifold

Universe : 4D Riemannian manifold M
@ Metric tensor field g
o Event P € M identified by a set x of
four coordinates (x*),c{0,1,2,3}
e Worldline vp(s) curve in M,

Fp : R — M, s — vp(s) = {¢s(P)}.

@ 4-velocity noted u :
dxt |
u =2 with ds? = 8uv dxHdx".

Figure — Representation of a world-tube .7

time-like future oriented unit vector :
with world-lines.
4

utguu” =1 )
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Hypothesis 2 : Energy

Energy of a compact four-volume Q € M
Given N (1 < Z < N) function fields ¢z (x) define the integral & :

éa(A(¢1)) =/A(¢I(X))V0/g

Q

where voly = \/—det(g) (dxo(m) A dxt(m) A dx?(m) A dx3(m)) = \/—det(g)dx*
is the volume form associated with the metric g.
Define the energy density A = A/ —det(g).

y.

Physical quantities are independent of the choice of a coordinate system
A is a scalar field

Description of the physics
Choice of the fields ¢7 and choice of the function A (¢7)
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The energy of any 4D-domain is left invariant by a vector field, which defines the

velocity field.
The integral

éa(A (¢I))=/A(¢I) \/ —det(g)dx* =/A(¢I) dx*
Q Q

is time-covariant, that is there exists a vector density field B such that

0
_Ag¢zzv.3
z 99z *
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© Invariant to change of observer PHS / Interpretation
o Case 1 : Mass
@ Case 2 : Mass - elasticity case
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Mass case

Mass energy

H(fp, guv) = / f,c2voly = / foc?\ /Ul g u¥ voly = / fpcz\/ul‘gw,u"\/—det(g)dx4
Q Q Q
e pC21 / ul‘gw,u"dx4
Q

where :

e /uFg,,u” =1 (definition of the quadri-velocity)
e f, is a scalar function

e p = f,y/—det(g) is the mass density (scalar density of weight 1).
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State configuration and energy expression

State configuration and energy expression

ut ut
physics
a=|Gu = 8uv . (1)

o foc?\/ —det(g)
H(cu):/g,/glwu“u"dx4
Q

= / H(a)dx*
Q
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PHS

This allows us to define the flow of the PHS formulation as

(ZLu)
f=La= (LG )
Zo

Physical meaning of the flows :
© fy is the variation of u in the direction u,

that is Zu=0; 0

& v 1= 2d,p

@ fg = 2d corresponds to (twice the) rate of f= ( w &) # 3)

deformation d; @ (fpc2 /—det(g)> -0
© fp is the mass density variation w.r.t. u. We

choose f, = 0.
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PHS

Remembering the energy
H(a) = / 01 /gm,ul‘u”dx4,
Q

the efforts are defined by its variationnal derivatives

ouH ouy
e=|dgH | = Fuu” (4)
0oH v/ Guv utuv
Physical meaning of the efforts :
®
@ pu* is the momentum, pc2u,,
Q outu” = THY is the momentum-energy 0= T‘2“’ (5)
tensor, \/W
© \/Cuvuru = ||ulls.
b
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PHS

Interconnection matrix
Flows and efforts are related by a skew-adjoint operator ?

(Lu)* 0 %V 0 SuH
(L | = [(v+VT)(z) 0 o] (dH
Zo 0 0o 0/ \dH
0 0 2v- o ouL
2duy | = | (V4+VT)=) 0 0 Zutu”
e o o o \\Guwuru

leading to the three equations
2 1
0=2v. (QUMUV) —IV.T
0 2 0
Ay = (va)(%) =(V+ VT )u,

ZLo=0

a. Andrea BRUGNOLI, Denis MATIGNON et Joseph MORLIER. “A linearly-implicit energy-momentum preserving scheme for geometrically nonlinear

mechanics based on non-canonical Hamiltonian formulations”. In
https://doi.org/10.1007/s11071-025-11601-6.

Nonlinear Dynamics 113.20 (2025), p. 27539-27566. 1SN

1573-269X. DO
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Interpretations

Stress-energy tensor conservation

At non relativistic limit, energy and momentum conservation (1st principle of thermodynamics
and mechanical equilibrium) :
V-T=0

.

Strain rate tensor

Strain rate definition in 4D :
2du, = (V+V7) u,

.

Mass conservation

Under the hypothesis of mass conservation : we choose

ZLo=0

u

.
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Power balance

0 0 §v 0 ouy
2 | = ((V4+VT)(3) 0 0 Futtu”
B?Q 0 0 0 \ guuuﬂuu

Power balance
1 1
T 4 "y 124 2 4
Jedx™ = -V .- TH =T572d Hyv. Lo | d
oo = [ (amg w74 3782+ B )

1 1
= / (guu—.O + =T 2d + 1.0) dx*
Q e 2

:/ THdydx* =0
Q
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© Invariant to change of observer PHS / Interpretation

@ Case 2 : Mass - elasticity case
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Mass - elasticity

Mass and elastic energy
H(fp, guw, CH"™, euv)

f A+ = C”””Aeuyem) volg

1 -
fpc U“guuuV + 80‘”’“(gw — buv)(ger — bm)) \/ —det(g

\\p\

1
fpc u#gu,,u” + EC‘“’MeH e,{)\) —det(g)dx4

v

where C is the elasticity tensor and with the strain e = % (g — b) defined by the metric g and the
deformation tensor b.
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State and energy functional

State and Hamiltonian expression

uk

ut
Guv 8uv

o= 0 Phgics fp62 ’—det(g) — C2p , (8)
grve \/—det(g)Crve>

Cuv euv

H(a) = / (ev/Gira + 38" euen ) dx* = / H(a)dx*
Q Q
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PHS

This allows us to define the flow of the PHS formulation as

ZLu=0
»?gp,u
f = Yo = gufg (9)
c?(gy‘u.‘i)\)
ZLeuv
Physical meaning :
0
@ Z(EF¥5A) = 0 material properties are LGy = 2duy
conservedl(not related to strain) . = Ya= _%ﬂg =0 (10)
(2] c-?euu = 5%”(&“/ - buy) = ac_ugguy since u g(guun)\) =0
”?b"” =0. Leyy = duy
y
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PHS

g/,uui)\
H(a) = / (gw/uﬂguyu” + 5 ew/enk> dx*
Q
The efforts are defined by
ouH quy
SoH 2
e= | 0H | = | \/urGuu” (11)
dgH le,e
P 2PN
§eH 5;“/&)\6'0\
Physical meaning :
° pcuy
1
e 1 T;LL/
(<] e= | \/Guoutu” (12)
Q %ew,i,ﬂ
Q@ &H¥FXre,, the elastic part Tg of the TE
stress-energy tensor T.
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PHS

Interconnection matrix

Flows and efforts are related by a skew-adjoint operator ?
(Lu)r ) .
(£G)un Ory e 00 Y [
u (V+V )(E) 0 0 0 0 dgH(X)
Ze = 0 0 00 0 6oH(X)
g(g,u,uﬁ)\) 0 0 0 0 0 deH
u TV deH
.,Su,”ew (V+V )(29) 0 0 0 0 e
0 0 2g. 0 o0 1iv. ou
2d e e 1 ﬁu
o (V+VT)(3;) o0 0 0 0 5Tp
7@ 0 0 00 0 NG
,?(8“""’\) 0 0 0 0 O Teuvecn
s (V+VT)(5) o0 0 0 o0 o
a. BRUGNOLI, MATIGNON et MORLIER, “A linearly-implicit energy-momentum preserving scheme for geometrically nonlinear mechanics based on
non-canonical Hamiltonian formulations”.

.
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Interpretations

Stress-energy tensor

THY = T/ + TE” = outu” + EMVEAG,

1 1 v v
0=—V (2U*‘u >+EV~(£“"“en>\)=EV~(Tp“ +T£‘)

2d = (V + V) (EE) = (V+ VT )uy
o
ZLo=0
E%p(gp‘un/\) =0

duv = (V + VT)( g”“) (V +V)u,
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Power balance

0 0 %v 0 0 %v U
2;/” (V+VT)(5) 0 0 0 0 Lypw
7 e = 0 0 00 O 1

_?(5#"“) 0 0 0 0 © 5€uv €
s (V+VT)(5) 0 0 0 0 TE

Power balance

/eTJedx4:/
Q Q
_ 1 I— 1 e 4
= ,QUME.O-i-— 5 2dm,+1.0+§em,e,€>\.0+ T duy | dx
Q
/Q

1 1 1
(Quu—V - THY 4 > T)Y2duy +1.20 + Eeuvem"fgwm + Tgydw) dx*
Q u u

2

TH dydx* =0

D. Roze, E. Rouhaud, T. Hélie 23 juin 2026



Conclusion

@ Observer-invariant port-Hamiltonian formulation for the case

o of the mass
o of the mass with elasticity

o Modelling and numerical simulation for large transformations models.

D. Roze, E. Rouhaud, T. Hélie



	Hypotheses and physical principle
	Invariant to change of observer PHS / Interpretation
	Case 1 : Mass
	Case 2: Mass - elasticity case


