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Introduction

In her famous paper entitled Invariant Variational Problems [1], E. Noether concludes (as
translated in English in [2 p. 64]) :

“the term relativity as it is used in physics should be replaced by invariance with respect
to a group’.

We wish to explore the possibilities offered by requiring such an invariance when applied
to a physical media.

[1] Noether, E. : Invariante Variationsprobleme. Nachrichten von der Kéniglichen G t der Wi fter zu Gottingen, Mathematisch-physikalische
Klasse, pp. 235-257, (1918). [2] Kosmann-Schwarzbach Y., The Noether Theorems, Springer (2018).
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The universe

A Riemannian manifold
o M : four-dimensional pseudo-Riemannian manifold endowed with a Lorentzian
metric g of signature (+,—, —, —)
o Event P : A point in M identified by a set of four coordinates noted x with
(*)ueto1,23) € R
o Tangent space and its dual
Tensor fields

Derivative operators
o Lie derivative along a vector field X noted .%

o Covariant derivative with a symmetric and metric connection noted V

GDR GDM 23 juin 2026 TCC 5/29



Energy

Energy is distributed in the universe

Given N function fields ¢z, define the energy &a of a compact four-volume Q C M :

6a(A(91)) :/A(¢I(X))\/§dx4

Q

e A>0.
e /g dx* is the volume form associated with the metric g, g = —det(g).

Physical quantities are independent of the choice of a coordinate system

A is a scalar field
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Explore the possibilities given by imposing that

the possible solutions are diffeomorphisms
that leave the energy &y invariant.
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Remarks

Invariance of &g : [1, 2, 3, 4, 5]

@ Is it possible ?
@ What is the group?

e The group of all the diffeomorphisms (“general covariance”) ?
o Another group?

There is a difference between [5]

@ The invariance of o with respect to coordinate systems (“covariance”)

@ The invariance of &g with respect to the action of the group of all diffeomorpisms
(“general covariance”).

The least action principle

In this proposition the least action principle is disregarded
in favor of an invariance of &q.

[1] Noether, E. : Invariante Variationsprobleme. Nachrichten von der Kéniglichen Gesellschaft der Wissenshcafter zu Géttingen, Mathematisch-physikalische
Klasse, pp. 235-257, (1918). [2] Kosmann-Schwarzbach Y., The Noether Theorems, Springer (2018). [3] Soper D., Classical field theory, (1975). [4] Dirac,
P. A. M., An action principle for the motion of particles, GRG (1974). [5] Rakotomanana L., Covariance and Gauge Invariance in continuum Physics (2018).

GDR GDM p

juin 2026 TCC 9/ 29



Invariance with respect to the action of a group

Local transformation ¢,

P :xEN X X = pe(x)

with @o(x) = x, we(x) = x + eX(x) + o(€), X a vector field, X € X, X the set of vector
fields generating the transformations ¢, ¢ € G where G is a group of transformations.
v

Definition

Given an integral of the form

falA(67)) = / A(¢2(x) VE o,
Q

&q is said to be invariant with respect to the action of G, a group of local
transformations ¢, if for all . € G,

Epe(@) (Alpedz)) = &0 (A(d1))

where ¢ is the transformed value of ¢ due to the action of ..
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Invariance with respect to the action of a group : infinitesimal version

Local transformation .

@E:er»—w?eﬁ X = pe(x)

with po(x) = x, pe(x) = x + eX(x) + o(€), X a vector field, X € X, X the set of vector
fields generating the transformations ¢., ¢ € G where G is a group of transformations.

Definition

The integral
(A lom)) = [ Aor) VB = [ A@en) o

with A = A /g is said to be invariant with respect to the action of G, a group of local
transformations noted ., if there exists a vector density field B such that

OA
;%g%_v.s VX € X

A\,
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Principle : conclusion

@ Constitutive choice (definition of physics) : Choose the fields ¢z
@ Constitutive choice (definition of physics) : Define the scalar function A (¢1)
© Look for the conditions that leave invariant the integral

falA(67)) = / A(dz) vEdd = / Agz) di.
Q Q

In other words, look for the set X of vector fields X and for the conditions on the
fields ¢z such that there exists a vector density field B such that

A
Z(% Lo =V-B VXX
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Example of application : curvature [1,2]

@ Choose the fields :

o the metric g
o the twice covariant Ricci curvature tensor R

@ Define the integral &€ as
(AR = [ AR VER = [ LReVE
Q Q

where £ is a constant scalar; A = AC\/E

@ Invariance wrt a group of transformations :
OACOng+8A $R<(IRE ngrfg lgR)

=3 (58~ I_Ru)%g+v'8

5QC is general covariant if

Ri —Bg-1—0 (Einstein tensor)

[1] Noether, E. : Invariante Variationsprobleme. Nachrichten von der Kéniglichen G t der Wi fter zu Géttingen, Mathematisch-physikalische
Klasse, pp. 235-257, (1918). [2] Kosmann-Schwarzbach Y., The Noether Theorems, Springer (2018).
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Example of application : mass

World-tube
4D manifold

\ @ Continuously distributed matter :
rest mass density p

o Event P € M identified by a set x of
four coordinates (x*),c0,1,2,3}

o Worldline vp(s) curve in M,
Yp i R = M, s vp(s) = {¢s(P)}.
@ 4-velocity noted u :

m
ut = di with ds® = Guw dxMdx”.

ds

time-like future oriented unit vector

Figure 1 — Representation of a
world-tube .7 with world-lines.
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Example of application : mass

@ Choose the mechanical fields :
o the Lorentz metric n
o the momentum p = f,,/gu, vector density field
with the mass density p = f,\/g = \/p- p
and the velocity field u with u- u = 1, the field u never vanishes

@ Define the integral &* as
EL(AP(p,m)) = / cyppdxt = / Cpdx* A=A g=pp
Q Q
© Invariance wrt to a group of transformations :
L+ Sy Lp
=220 L+ XV (pu®u)+ V- B

AP > 0, the transformation generated by u has to be in the set of transformations

&% is invariant wrt the group of Killing fields if

if V.- (pu®u) =0 <<
ifa:u~Vu:03nd.§fp:0

T mid = = T
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Example of application : mass

Given the integral &7 :

55(A”(p,n))=/n«4" (p,m) dx“=/ﬂc2\/ﬁ dx*

&% is invariant wrt changes of coordinates

Unconditionally : scalar product.

&5 is invariant wrt the group of Killing fields if
if V- (Z28) =0
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Example of application : inertia [1]

@ Choose the fields :
o the metric g
o the twice covariant Ricci curvature tensor R

o the vector density field p = f,\/gu with p=./p-p p=f /g v-u=1
@ Define the integral & as
1 _
5 (A (R, g, p)) = / [ Rg g+ ypp] o
Q

where x and ¢ are constant scalars.
© Invariance wrt a group of transformations :

B.A"g _|_8.A gp_,'_a.A”’XipR

= [i (%g‘l—R“)Jr@} ZLg+X'V-(Cpueu)+ VB

(EQCP is general covariant if

R”—gg_lznT and V- T=0 with T=cpu®u <
if R* — Bg=1=xT anda=u-Vu=0and £p=0

[1] Dirac, P. A. M., An action principle for the motion of particles, GRG (1974)
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Example of application : elasticity

@ Choose the fields :

o the metric g

the twice covariant Ricci curvature tensor R

the vector density field p = f,\/gu with p=.,/p-p p="1/8 u-u=1
the elasticity tensor density field E, forth time contravariant

a symmetric twice covariant tensor b

® © 6 o

@ Define the integral &3P as
& 5 (A" (R, g, p, E, b)) =
1 1 2 1 1 1 4
|5 Re ™ VE+Vrp+ H(E: (g~ b): 5(g—b)] dx
o L2k
© Invariance wrt a group of transformations

HAPE DAPE HAPE DAPE HAPE
og L8t ZR+ Lp+ LE+ ——

R % op 9E % op 2P
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Example of application : elasticity

@ Define the integral é"QCPE as
EsPE(APE(R, g, p, E, b)) =
1. ) 1,1 1 .
| [Gere vE s e vmp S (E: -6 (- b)] ax
Q K

© Invariance wrt a group of transformations

dAPE DAPE HAPE DAPE HAPE
og “8T or ARt gy APt o £ET o 1P
_LB—I_n) 2 p®p 1o 1.

[2/@(2g R +c2 p~p+2E'2(g b)}xfg
DAPE | DAPE DAE

+ ap Zp+ 9E ZE+ b Zb+V-B
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Example of application : elasticity

@ Invariance wrt a group of transformations

dACPE DAPE dACPE DACPE dACPE
g “8t or ARt g APt o LET o 4P
|1 (R 1 n) 2 p®@p 1.1,

_|:2H(2g R +c2 p_p+2E.2(g b)}xfg
DAPE DAPE DAPE

L Lp+ g LE+ =5 —Zb+V B

Conditions for EQCPE to be invariant : |

R'—Bg='=kT and V- -T=0 with

P&

T=¢c

1

3
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Example of application : elasticity

@ Define the integral &5 as
6" (AP*(R, g, p, E, b)) =

[ (28 ve ivmrp e de- ) 2o ]

© Invariance wrt a group of transformations

DAPE ,  DAPE APE ,  OAPE DAPE
og (8t or IR 55 4Pt o YEY 55 %P
_ | (R_-1_ u) 2 P®p 1. 1.
_[2/<c(2g R)t<amp 2E 2le b)]"i“ﬂg
DAPE DAPE DAPE

+ g, Lt g LE+ Ty Zb+V B

Conditions for @”ng to be invariant : Il
Conditions for .,Syfp = .,?(pu) =0: .,Svfp =0and Y = Ku
Choose b such that b =0
Impose "?E ZLE)
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Example of application : elasticity

© Invariance wrt a group of transformations

DAPE DAPE DAPE DAPE DAPE
0g 78t or tR+ 5, AP+ ¥ET 5 %P
_iB—l_ﬁ) 2 p®p 1.1
_[2n(2g R)+ <y ms Tafiae—b)|Le
DAPE DAPE DAPE

F LRt T LE+ T bV B

Conditions for é”QCpE to be invariant

R'—Bg='=kT and V- -T=0 with
® 1 2
T:c2P—+E:— —b)=cpuu+E:e
WERD 5(&—b) p
Zr=0
Choose b such that ,?b =0
Impose:.u?E:O
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Time-space kinematics

World-tube
T Time-space deformation b

Second order covariant tensor
@ b = et ® &
1 0 0 0
with o = (85 %
0 0 0 —1
Figure 2 — Event P of coordinates x or %
X or X.
Time-space strain e
Second order covariant tensor :
2.
1
€2 e=3 (g — b)
e o?b =0
Figure 3 — Example for current basisA Yo — 1 (fg _ fb) _ lfg
vectors e, and proper basis vectors &, u 2 \u u 27
for sliding.

\
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Definition

Time-covariance

The integral
fa(Alon)) = [ Aon) VB = [ A@on) o

is said to be time-covariant if there exists a vector density field B such that

Z $¢I: V-B VYex

Y is a time-like vector field and U € X where U is the vector field that generates the
diffeomorphism that is the transformation undergone by the media.
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Conclusion

Energy density Transformations Conditions
Curvature AC(R.8) = A Re g General covariance Rf — gg_l =0
Mass AC(p,m) =2 p=c2p Killing fields a=20
Special relativity ZLp=20
u
Inertia APR, g, p) = A Re1VE General covariance R — gg_l =xkT
N T=Cpu®u
VT =0 Zp=0
u
Elasticity | a%E(r,g,p.£,6) - -Re~1yg | Time-covariance RT — Bg=1=xT
N T=.. VT =0
+3(E: Le—-b): L@ .,?pzo
ZLE=0 <%b=0
Electro-
magnetism General covariance
Thermo-
dynamics Time-covariance

GDR GDM
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Conclusion
The energy should be time-covariant

Time-covariance

The integral

falA(67)) = / A(dz) vEd = / Agz) b

Q
is said to be time-covariant if there exists a vector density field B such that

Z .,%I_v B VvYYex

Y is a time-like vector field and U € X where U is the vector field that generates the
diffeomorphism that is the transformation undergone by the media.
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