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Introduction aux intégrateurs temporels conventionnels
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Définition d’un probleme de référence
en mécanique des milieux continus

@ Un probléme de référence en mécanique des solides:

nmmmPp- On considére un solide élastique linéaire dans ’hypothese des
petites perturbations:

ou E, sont les efforts imposés sur le bord 4,2 (Neumann),
f. sont les efforts donnés dans le volume Q,
u, sont les déplacements imposés sur le borda Q (Dirichlet)

@ Formulation forte du probléeme de référence (I):

e Equations d’équilibre en volume et sur le bord

e Loide comportement (élastique linéaire)

® Mesure de déformation
® Conditions aux limites ZLMQ =U,
e Conditions initiales u(0)=u, 4(0)=v,

@ Le but est de trouver la solution exacte (t_tex,cfex)du probleme (1) pour

chaque élément de volume de Q, a chaque instant de lintervalle de
temps [0,T] .
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@ On considere le Principe des Puissances virtuelles dans le cas de la dynamique linéaire:

o= Ke(u) o, oy
-fVTr(US(l_t*))dv+fa VEd.y*ds+fV]_‘d.g*dv=fvp%.g*dv fa Ei
Vy* avec E*’ =0 et E(O)=Zo d_?(o)=‘_’0 ‘[d

FA%

@ On introduit 'approximation éléments finis dans le Principe des Puissances Virtuelles avec un
comportement élastique linéaire:

n B, =3[ [ 7[oe(g,)|av}; =-ELv" B, =-U'KU'
i=1

u(x1)=Yu(r)e,(x)

1 P = El[ [ofiwa9+ | Frp, ds]uj =F U

1 P = EEu [, pg,0,dv}; = U"MU"

j=1 i=l

ext

@ On obtient: (—KU+Fm—MI"J)TU*=O VU wvie[o,r] | MU(¢)+KU(t)=F,,(¢)

v

Temps continu

Temps discrétisé

v

nmmmmpp- Djscrétisation espace-temps: MU _ +KU = F.
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@ Considérons de nouveau la dynamique transitoire linéaire semi-discrétisée en espace par la M.E.F.:

MU (¢)+KU(t)=F,,(¢) vie[0,7]

U(t) =2, 0(r) = 20 U(0)=U, U(0)=V,

@ Développement en série de Taylor au second ordre de la variable temporelle [Newmark 1959]

{Um =Uz+pACD,, U0, + AU, +AC(3-6)0,

U =0’ +yAU Ur=0U + At(l - y)I"Jn
X=U, MX =B l
B=F, -KU’ ' A L

e | o choix d’'un schéma numérique en temps est essentiellement lié au contenu fréquentiel du
chargement et a la réponse de la structure

@ Schéma explicite de la différence centrée 5
(Abaqus explicite) (hautes fréquences, |vy=1/2 =0 M,U_ =(Fm -KU? ) At=s—
chocs, impacts) @ o

@ Schéma implicite de [l'accélération

moyenne (Abaqus standard) (basses
fréquences, vibrations associées aux

v=1/2 f=1/4 (&HM+K)U, =(F, +5MU’)

grandes longueurs d’onde de la structure)
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@ FEtude de la A-stabilité (matrice d’amplification):

U
X (tn+1) - AX(tn) - Ln = Att(tn) Xn+l - AXn - Ln =0 Xn+1 = (Un+l) e(tn+1) = X(tn+1) - X
n+l
@ Théorémedelax: |si:  |Al<l (stabilité) |
|1:(t)| <cAt* V:t€[0,T] k>0 (consistance)
Alors  e(t,)—=0  lorsque  At—0 (convergence)

@ Propriétés de stabilité du schéma de Newmark:

M AK M -(y-1)AK
A=A7A, avec A = ! ) A, = r-1 2
0 M+pArK AM M—(%—ﬂ)At K
nmmpp  Analyse modale de la matrice
d‘amplification 1 yAtw? 1 —(y-1)Aw’
(valeurs propres inférieures A, = - A, = 1 )
ou éga[esdl) 0 1+pAtw At 1—(5—[3)At w
7sY=2p méthode inconditionnellement stable
1
3<y et 2B<y méthode conditionnellement stable At <

P | s schémas de la différence centrée et de l‘accélération moyenne sont d’ordre 2

nmmmmp (es résultats se généralisent en présence d’amortissement numérique
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Un formalisme général d’intégrateurs temporels
avec multiplicateurs de Lagrange

@ Cas particulier des intégrateurs temporels CH-a introduits par Chung et Hulbert en 1993 :

t =1l—a
=(1_af)fn+1+(1_af)fn +L An+l—af gf 4
Scheme Qg of Y B
HHT-« 0 —OQHHT = };’;‘;’; 3 — CHHT 3 (1 — amr)?
WBZ  awsz = 2L 0 1 —awsz 11— awpz)?
2p00—1 3 2
Ch-a 15500 Toe 5 — 205 (I-ay)

nmsmpp- £n pratique, les quatre paramétres sont définis de maniere a garantir une stabilité
inconditionnelle, une précision du second ordre, la maitrise des oscillations parasites a
haute fréquence et la minimisation de la dissipation numérique aux basses fréquences.
Les deux paramétres a peuvent étre définis comme des fonctions du rayon spectral
jusqu'a la limite des hautes fréquences, afin de contrbler le taux de dissipation
numérique dans cet intervalle.

@ Cas particulier de Newmark: g =E=y £ f = E=1y

nmmmp Aucun intégrateur temporel de Newmark ne permet de contréler les oscillations parasites
a haute fréquence tout en garantissant une précision du second ordre.

nmmmmPp Ce formalisme inclut également les intégrateurs de Simo, Krenk et Verlet comme cas
particuliers avec multiplicateurs de Lagrange.
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Elements finis en temps — Méthode des Résidus pondérés

® On considere ici une formulation faible en temps sur ;
. . L, . Fonction test W* y B
l'intervalle [—At,At ] avec discrétisation E.F. en espace.
e On définit les fonctions de forme en temps de la facon H 1 0
suivante: >
U@) = Engbk (1) [Zienkiewicz et al. 1984] H > 2 0
k=1

v
(Y
—_

e On effectue un changement de variable qui permet de
consideérer l'intervalle de temps [—1,1]: E=L -1<&<l1

=
NE

® On propose ici de choisir $a =E(1+E)/2 >
des fonctions de forme ¢ =(1-§)(1+8) > T W
quadratiques en temps: b =-5(1-8)/2
_ M(U_é_, +Ug +U,_é. > § i
e On obtient: fllw* ( k-1%k-1 ¥ klkl) E-0 YW
. +K(Uk-1¢k-l + Uk¢k + Uk+1¢k+1) - Fext > 5 =

y=f W (g+i)de/ [ Wag

1 * 1 * ’
=] W 1&(1 ds/ | Wid
B=[ W LE(1+E)dE! [ W dE Jm > < AtL

e Dans la méthode des résidus pondéreés, les fonctions tests W' peuvent étre choisies différemment des
fonctions de forme ¢ On fait le lien ici entre le choix des fonctions tests et le schéma de Newmark:

[NYE
ENES

e Définitions: |

(M+ BACK) U, +(-2M + (£ -28+7) APK) U, +(M+(1+B-7)APK)U, , - (R, +(1-28+7)F. +(3+B-7)F,  )Ar =0

eXtyyt

ey Avtre écriture du schéma de Newmark sous la forme d’un schéma a 3 pas
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Cas du schema numeérique Galerkin discontinu en temps

q
@ Ecriture sous forme d’un systéme du premier ordre

-1

I = lim q(tm +¢) (v, = v P R
& ) U, = U S ~—_
qm S El_l’%l_*_ q(tm + 6) < u;{;l’ — ul 1Q:'_1. e
; Uy = U2
u—v=0 \ Vg1 = v2
x4
fm—l tm tm-H fm+'2
@ CEcriture globale en temps (déplacements et vitesses)
wi(M o+ K u— f)dt + wa K (1 — v)dt
Tisi Im [tma tm+1]
+ weo, Klupy] + w1, Mv,] =0 Vwsq, Vws
@ CEcriture discrétisée en espace et en temps
1 B
M* = -M + —At?’K
[%M + LAPK M ] (vzm) _ (FZ:‘n) €
M* —%M + %GAHK "\vln, F1;, F1,, = At (%fm_l + %f,”)
1 1
F2-m. = At (—.’fm—l T ._fm)
1 1 6 3
ul,, =u,__, + =Atvl,, — =Atv2,, 1
6 6 F1}, = —sAtKuy_, + F2y,
= 1 1
‘u2m =u,, ;+ —2-Atv1m i -2'At’02m F2:, =M, _, — %AtK'u;}—l £ 15 I

10 [LiX.D. et Wiberg N.-E 1998]
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Eléments finis étendus en temps

4 H(t -t,)

@ v(@®) =v(@)+v°(1) V() = v An (1) + vy 1 Ang1 ()

M(t) >~ ) Mg (t)

u() =u@) +u@) V() =, A (OH( — 1)

tn thir

. — - ,
/ T WO + ku@]de + WaHms,, = / W fod
Iy In
\ Continuité faible )
°

Formulation Eléments Finis Etendus du probléeme en temps

- c € C € c € 29C 1€ o .
Connaissant u,, uf, vS et v, trouver ug, 11> Uni1>Unyg €6 ULy tels que :

c c At (o4 C
Upyy = Up+ ? (vn+1 2E 'vn)
Unyt = Up+ 71);“
[m+ BIALE] vy + [(61 — )m + (71 — B1)ALK] ve. = —Atkuf, — Atkus,
+ [m+ (81 — 1) A%k] v + At [(1 —71) fu + V1 Fnsa]
[m - ,(32At2k] Up + [(62 —1)m+ (e — ,BQ)AtQk] vy = —Atku;, — Atku;,
+ [m+ (B2 — 72) ALPk] 02 + At [(1 — 42) fr + Yofnri]

23*6 . T-XFEM el Galerkin Discontinu en temps
3:02=

11 [Réthoreé, Gravouil, Combescure, 2005]
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Eléments finis étendus en temps

Norme L2
1.0e+00 ¢ ——TTrT ——TT T T
: Newmark |~
1.0e-01 F— TX-FEM 5
1.0e-02 | e 3
. 10e03f / / 3
g 3 ]
1.0e-04 =
i 2 |
Rayon spectral 10e-05 :
1.2 1.0e-06 — —
Newmark 106_0?).01 ‘“I ‘“(.).1 — 1 T
——— HHT oy
1.0
— TX-FEM \q Amortissement numeérique
0.06 T T
0.8 — \ - oosL E;v’vrmark /
a 004 L — TX-FEM / ]
0.6 | 0.03 | | |
. 0.02 - .
0.01
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\1 -0.01 L
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UJAt 03 _— Newlmark I I
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04+ IxFEM ; : =
Q 0.3 - -
7 7 . . &
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0.0 L
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D 2

Poutre en tension avec rupture

v
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Poutre en tension avec rupture
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Comparaisons des différentes méthodes d’intégration temporelle

4 ! ' 0.12
——— Newmark
e HHT =-1/3 )
12 HHT a=-0.05 0.1 = Newmark
= Krenk ‘ = HHT a=-1/3
HHT «=-0.05 |
! 0.08 ~——GD ‘
— Krenk
08 0,06
& e
08 0.04+-
04F 002
02} 0
10 002 05 1 15 2 25
Q=omAt Q=wmAt
Rayon spectral des différents méthodes étudiées en Allongement de la période des différents schémas étudiés en
fonction de Q=wAt fonction de Q=wAt
05 , ' . : 10° ;
0.45-
04 107 | "
4
035+ 3
"3
-4
E 03 5 10% | |
< 025 w
0.2 106 | - 4
0.15
8 = Newmark
0.1 10+ = HHT a=-1/3
HHT «=-0.05|
= = Krenk
. e ——GD
0 s v 3 : ; 107l PR PR P S 1
0 05 1 Q-ont 15 2 25 10.2 10.1 100 101
. ;. rrs hé . .. Q=mAt
Amortissement numérique des différents schémas étudiés en ordre de convergence des différents schémas étudiés

fonction de Q=wAt

15 [Krenk 2006]



16

GDR GDM, Lyon, Juin, 22-25, 2026

Cas du systeme masse ressort tournant

@ Systéme conservatif non-linéaire a deux degrés de libertés

’U/ol> =15N /' m

« : > m=2kg
@ Energie potentielle E.
gep U=ﬁ(l_lo)2
205
@ Ecriture matricielle de l'équation du mouvement
[ Lol 0 X H e Ly
2 ’x2+y2)
>+ < P
4
0 PoAyly ) 1_—l°
i 2 1) 1 \/x2+y2) |




17

GDR GDM, Lyon, Juin, 22-25, 2026

Comparaisons des différentes methodes d’intégration temporelle
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Introduction aux intégrateurs variationnels
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Introduction

Accurate numerical simulations of dynamical systems are essential in virtually all areas of physics and
mechanics.

However, most traditional numerical methods do not take into account the underlying geometric

structure of the physical system, leading to simulation results that may suggest non-physical
behaviors.

The field of geometric numerical integration (GNI) concerns numerical methods that respect the

fundamental physics of a problem by preserving the geometric properties of the associated differential
equations.
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Introduction

@ Since the emergence of computational methods, fundamental properties such as accuracy,

stability, convergence, and computational efficiency are considered crucial in deciding the
usefulness of a numerical algorithm.

Today, aspects related to the preservation of the underlying structure are considered essential, in
addition to these fundamental properties.

One of the key ideas of approximate structure preservation is to treat the numerical method as a
discrete dynamical system that approximates the flow of the continuous differential equation
instead of focusing on the numerical approximation of a single trajectory .

Such an approach allows a better understanding of the invariants and the qualitative properties
of the numerical method.

@ MAIN GOAL: develop an explicit variational integrator for non-smooth elastodynamics satisfying
exactly ALL conservation equations in the discrete sense.
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Variational formalism for elastodynamics

Ow? owg
Deformed configuration
defined by the position x = p(t,X) V(t,X) € w X wx u? T
vector:
b
State vector: m = (t7 X, 90) wi = [to, 1]

\ 4

Action of the field theory of elastodynamics (non-deformed configuration, first gradient theory):

— dp _ .
= f L(1X, 0, dvp, dyp) dXde | T @ =V velodlty
W JwWY

d .
dxp = 7% = F  Transformation

gradient tensor

Corresponding Lagrangian:

L = T(dwp) — V(p,dxp)
T(dp) = spdip.dip and V(g dxp) = Vipe(dxp) — Veur (@)
Vine = ¥(dxp) and  Veu(p) = b.g
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Variational formalism for elastodynamics

@ Hamilton's principle:

MJF/M T.dpdSdt =0

e

Vom € Mo(dm € Hl(wt X wx); 5t|8w,, = 5X|3wX = D%

| 0¢]ow, = 0;09]a,p = 0)

(%JD awN
Owx = OwR Udw¥ and OwR Nowl =@ X X
uD T
_ 1D
(pl&u)D( = u
b
"= [tovtf ]
@ Corresponding infinitesimal generators: + >

0A =92 5m = §; A + 0x A+ 6,A = Dy At + Dx A.0X + D, A0
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Variational formalism for elastodynamics

x = (t, X)

W X WX

[Zielonka 2006, Kolev et al. 2023]
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Variational formalism for elastodynamics

@ \Vertical variation: om = (0t =0,0X =0, dp)

@ Determination of the vertical infinitesimal generator D, A :

SpA = [ Jiy (2500 + 25 Sdip + 505 : Sdxp) dXdt

= Tl (8—13.590) AXdt

S S e (FE.00) dXdt — [, [ e (25 ) Sip dXdt
S S - (505-00p) AXdt — [, [ . ( ) .o dXdt
= Jo o (2. 5¢) dXdt

+ o (25:00) dX] [ = L, fu o (£E) SpdXat

t Joy Joune (R N) 80 dSdt — [, [ dx. (525 Op dXdlt
= D,A.d¢p
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Variational formalism for elastodynamics
@ Vertical variation: om = (6t =0,0X =0, dp)

@ Infinitesimal generator: 6, A = D,A.0¢p

o o (3~ 0 (45 — . (15)) o X
t+ Joo Jooy (795 N) .0p St

@ Hamilton's principle: D,A.0p + / T.0pdSdt =0 Viop € My

wa

@ CEuler-Lagrange equations for elastodynamics:

% —dr (Z5) —dw (%) =0 inwx
N+T=0 ondw¥

adx(p
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Variational formalism for elastodynamics

@ Expressions of the first derivatives of the Lagrangian:

oL __
%—b

oL
Odip

oL
Odx ¢

= pdip = pp =P Momentum

= — azip = —1II Non-symmetric stress tensor of Piola—Kirchhoff 1

@ Field equations of elastodynamics:

b—dtp+dxH:O Z'nthwx
—JIN+T =0 inw X 0wy
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Variational formalism for elastodynamics

@ Horizontal variation: om = (0t,0X,dp = 0)

@ Determination of horizontal infinitesimal generators D;A and Dx A :

5 A+ 6x A =

S e (26t + 2 dyipbt + L5 dupbt + 25 dtx¢5t> dXdt

oo Joox (520X + 2£.0x0.6X + 2E ey p.0X + FE : duxip.0X) dXdt
F Sy Sy £6 (dXdt) = A 4 04 + 6. A°

with: [ A = - fwx (% + d; (8d b dtSO) + iz (ad o dt@)) ot
+( — di(2E) — du(25)) dupdt dXdt

= Jo S (2 + dy (5 dp) + di(2E dyp) ) OX
+( — di(2E) — du-(525)) dup.6X dXdt

.

L0 = — [ [ ((dx£) 50X + (dp£)5t)dXdt

27
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Variational formalism for elastodynamics

@ Noteon the third term:
= [, [ £ (d=Xd,t) d=d7
‘v’(ét(T) §X(2)) € Og
0 = ((61(7),0X(2)) € H'(wr X ws); (7)o, = 0;0X(S)louz = 0)

x

@ Parametric configuration: w; = [0,1] and wg = [0, 1]’

= [, Joe £(0(d=X)d,t + d=X5(d,t))dEdT
= [, | L(d=6X)d tdEdT + [, [, L(d6t)d=XdEdr
= [, [0 d=-(LOX)dtdEdr — [, [,_(d=L).0Xd tdEdT
+ Joo o, dr(L6t)d=XdTdE — [,_ [, (d.L£)dtdeXdTdE

x = (t,X) = p(t(r), X(E
with: { et = el Sl X (t,X)=(t(r), X(E))
dXdt = (d=Xd,t)d=Edr 01] |

ws = [0,1] '
A = — [, [ ((dxL)-6X + (d,£)5t)dXdt /

28
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Variational formalism for elastodynamics

@ Hamilton's principle:
SpA + 05 A =
Jor e (% + di (2Edrp) + du. (2-dip) — d,L) GtdXdt
Lo Sox (85 + o (55-50) + (B o) — dx L) HX Xt
= D A0t + Dx A6X =0

@ Conservation of mechanical energy (horizontal infinitesimal time generator):

% +dy (L dup — L) + dy. (505 dup) = 0

@ Conservation of configurational forces (horizontal infinitesimal space generator):

% + O (3055 -0xtp — L) + di(55-dxp) = 0

29
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Variational formalism for elastodynamics

@ Space-time matrix formulation:

oL oL
(5, 38) + (o). |Per 0 ™5 o

ot ’ X
oL 8L
8dx(p'dt<'0 8dx(p‘dx90 - £I

= (07 O)

@ Energy momentum tensor (space-time Eshelby tensor) for elastodynamics:
(%%, 9%) + (dt, dx).Cix = (0,0)

@ Case where the Lagrangian does not explicitly depend on time and space: L (¢, drp, dxp)

( N\

di(T + V) = dy.(IT.V) (mechanical energy)
dx.(C) —FT. b+ d:(FL.p) =0| (configurational forces)

C = (=T +)I-II1.F | (Eshelby dynamic tensor)

@ Integral form of mechanical energy conservation:

t
[ / (T +V) dX] f_ / TI.N.V dSdt + / T.V dSdt
wx Wt aw)D(

N
to Wt awx

[Desmorat et al. 2026]
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Variational formalism for elastodynamics

@ Vertical generator for any subdomain: wyx C wx

SpA' = Dy A = [, (£&) (5g0dX] t+ Lo S, (5 N) S dSdt
— f. D 52 .0pdXdt

@ Noether's theorem:

€

L (P)emo = Do A 2| g =0 W6gf € M = (59 € H'(ws X w))

@ Forany vector vof R3: Y=+ ev
%(¢€)|e 0o=D,Av

(2£) vdx] + Ju Soug, (9 N) vdSdt — [, [, 9&.vdXdt

oo (dt(ﬁdw V) + dx (ad(pv)—%.v)dth

[ (dt(ad¢)+d (56“0) %).VdthZO Vv € R

I
L,
L,

nmmmmP \\/e again obtain the balance of linear momentum

31
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Variational formalism for elastodynamics

@ Forany antisymmetric tensor §2: | ¢ = exp(Qe)p

2 (0)|emo = D A' Qp
= Juoy Jur (A5 -20) + - (5355 Qp) — 52-Qp) dXdt
= Jur S (d (ad¢)+d e — %)-deth

S o 2 (Qdp) dX

=0 VQ

It comes:

adxgo : (Qdyxp) = 0VQ < (ILF): Q =0VQ
< ILF' = (ILF")”

{ J = det(F)
= J 'IL.F?

og=0 balance of angular momentum

wmmmmpp- \oether's theorem can also be applied to horizontal generators (e.q. rotational
invariance causes Eshelby's dynamic tensor symmetry)

C=(-T+¢)I-TI"F

32 [Lew et al 2004]
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Multi-symplectic formalism for elastodynamics

@ Partial Legendre—Fenchel transforms (see Eshelby space-time tensor):

) = Sd"ff(ad dip — T(dyp)) T*(p) = sup(p-dip — T(drp))

dep

w*(agip) Sup(ad L dxp — w( )) w*(H) = SUP(H el — w(dx

dxp

@ Action with two partial dualizations on momentum and stress fields:

A" m*] = [, [, p.dip—I1:dxp—2L*(t,X,¢,p, 1)) dXdz

L (t,X,¢,p,11) = T*(p) —¢* (I) — Vex () and T*(p) = 5p 'p.p

@ Corresponding state vector: m* = (¢, X, p, p, )

@ Hamilton's principle:

A"+ f,, Jouy T8pdSdt =0 Vom* € M;
M = (dm* € H (w; X wx); 0t]ow, = 0;0X |50y = 05 ...
-0(¢, P, II)| o0, = 0; 09|50 = 0)

©))
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Multi-symplectic formalism for elastodynamics

@ Notations of the 5 corresponding infinitesimal generators (2 horizontal and 3 vertical):
SA* = 222 om* = § A% + 5 A" + 6, A" + 5o A" + o A*
= DA .0t + Dx A*.0X + D, A* .09 + Dp A*.op + D A* 611

@ Calculation of the 3 vertical infinitesimal generators:
0o A + 0p A* + o A* =
Jose Jine (OP-dip + p.(5dt90 — 0T : dyp — I1 : 6dxyp) dXdt
— S Joe (25500 + 22 5p + 25 0TI dXdt
= Jo, S (0P-dep — dyp.6p — 0T : dyp + dy . TL.6p) dXdt
+ iy, Jowy (-TLN).50 dSdt
— o S (%200 + 922 5p + 25 < OTT) dXdt
= Lo fox (55 - dtp + dy H) S dXdt
+ 1. fawg(—H.N).w dSdt
+ Jooy Joxe (55 + drp).0p dXdt
Sy fro (25 — dyp) : ST Xt
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Multi-symplectic formalism for elastodynamics

@ Hamilton's principle:
D,A*.0p + Dp A*.0p + D A* 0IL + |, fawg T.0pdSdt =0
V(0ip, 0p, OTT) € M;

@ CEuler-Lagrange equations of 3-field mixed formulation of elastodynamics: s = (¢, p, IT)

—%g —dip+dy I =0 in w X wx
_%gk +dt§0 =0 28 wr X Wx
—%—dxgo =0 nw Xwx
—IIN+T =0 onw X Owg

@ Multi-symplectic formalism: W .ds + K.dys = OsL*

Vs

0-10 001 © -
10 O0fde|p|+]000/du|p|=]|%
000 IO |-100 |II _%ﬁ_

[Razafindralandy et al 2019]
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Multi-symplectic formalism for elastodynamics

@ Expressions for the first derivatives of the Lagrangian:

act .. —b g \

O _ - ;

bee _ ore _ i b—dp+de Il =0 inw Xwx

op P —plp+dip =0 inw Xwx

oc* _ _ vt _ _p

Bt S F — dyo =0 inw X wx
@ CEuler-Lagrange equations I — B B ; N

of 3-field elastodynamics: . LA X =0 X an)

@ Note: we find a simple symplectic form when the Lagrangian does not depend ondxp and I1 :

s=(p.p) [A*t,X,0,P) = [, Jux (P-dio—L* (£, X, @, p)) dXdt
{E* =H=T"p)+V(p)

G OL* B
d |7l = ?|| 7ds=0o.0c0

10 p -

36
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Exercice: quels sont les schémas symplectiques de la famille de
Newmark? (GDR GDM, Quiberon 2025)

Q qn+1 = qn .5 (1 - }/)hQn e yhén+1 qu = _an i an +pn
qn+l =4, F hqn P h2 (E - .B) q, = h2ﬂqn+l qu+l = _an+l il an+l +Pn+1

_ o _ D =det(H,) = 1 + 2eywh + puw’h’
@ Matrice d’amplification (slide 7):

gy e % (14207 = Dewh + (B — ) 2R + (v = 2B)ewI’]

. 1\ 2,2 2 33
Ko A om ()] bl o)

Gn+1 |
2 4 3
rll = B [—w h+ (5 - ﬂ) w”f]

0 1
@ Structure symplectique imposée a la matrice d’amplification: ACTA=J J= ( 1 0
Q) =AY JA—J,

@= (— de?t(A) detéA)) - (—01 (1)> a1

, 1\, 272
B (7 il 5) wy i
@ | Cas linéaire: =1/2 a~
nedl 7= 1 + Bw?2h?
1\, 27,2 2 2\7,2
@ | Cas non-linéaire: v=1/2 B =0 - (7 — 5) wph® + B(wpyy — wi)h

1+ Bw? h?
[Simo 1991] [Géradin et Rixen 1993]
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Application a l’élastodynamique non-réguliere
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Multi-symplectic variational formalism for non-smooth elastodynamics

OwR Owl
@ Definition of the potentially contact edge and gap: WD T

C = (X € 0uws; gn(X,t) > 0)

on = (¢ — Xo).(-N) N
Owx = 0w U dwil U Ows

&
+
Il

[tjatf]

wi- U{t tUw+ [t t_]
4 4 0, c

> We—

@ /-field action with Lagrange multiplier for non-smooth elastodynamics:

~

A(t, oy X, 0, P, I, A)

= A (t,X,0,p, ILA) + AT (¢, X, 0, p, IL, A) + [5.: A(tc).gn(tc) dS
- A (X, o, p, TT)

) = Lt Lo (P — T dep — £°(1, X, 0, p, TT)) dXdt
.

Lo [y M(E).gx () St

L £* = T*(p) — ¢*(IT) = Vew(p) T*(P) = 30" 'P-P

@ Karush-Kuhn-Tucker complementary conditions over the entire time domain:

XX, 2)gn (X, 8) =0 A(X ) >0 gn(X,0) > 0YX EC Yt € [tg, 7]
[Lee 1983, Fetecau 2003]

39
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Multi-symplectic variational formalism for non-smooth elastodynamics

@ Definition of the state vector:

ﬁjl = (ta te, X7 @, P H7 /\)

@ Hamilton's principle for non-smooth elastodynamics:

SA+ [, fouy T-0pdSdt =0 Vom € My
Mo = (0(t,te, X, ¢, p,T0) € H'(wr X wx); 0tlf1.1,] = 05 0Xlowx = 05
3600, 2, ID)1 0, = 0 6¢loup = 00X € H3(w, x C);6A(t,) > 0)

\_

@ Definition of the 7 infinitesimal generators (3 horizontal, 4 vertical):

6A = P4 580 = 5, A + G A+ 5, A+ Sp A+ b A+ 5, A+ 6, A
= D, A.5t + Dx A.6X + D, A.8¢ + Dy A.5p + Dy A.STI
+D;, A.6t, + DyA.5\
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Multi-symplectic variational formalism for non-smooth elastodynamics

@ Definition of a specific state vector (without space):

sm = (8t 0t.,6X = 0,5¢p, 6p, 0TI, )

@ Calculation of the 6 corresponding infinitesimal generators (2 horizontal, 4 vertical):

S A+ 6 A + Sp A+ 6 A + 5, A+ 6y A =

s g il (0p.dip + p.ddip — 011 : dxcp —I1 : ddyp) dXdt
— Jo s oy (20 + 2£5 6p + 2+ 0T dXd

+ Jo,_uw,y Jos(0A-gn + A.0gN) dSde

Lo S (PBED) yip. 5t + 222 g, pst) dXde

Odyp
_ fwt_th+ fwx (%db{ 5t + M dtH(st) dth

o S (%50t + 2yt + % d,pét + % - d,TI5t) dXdt
t Loyt Joe ZFEL (5t + o) dth(St) dSdt

+ oty (o (P — T : dxcp — £7) dX + [, \.gn dS) §(dt)

+ [ 0A(te).gn(te) AS + [ A(te).0gn(te) S

41



Multi-symplectic variational formalism for non-smooth elastodynamics

@ Hamilton's principle: Dt_Z.(St o Dwz,&p ol Dp:zl,ép + DHZ.(SH

+Dy A.bte + DAASA + [, Jo,n T80 dSdt = 0
Y(5t, 5t., 5, 5p, 6TL, 6N) € M,

@ CEuler-Lagrange equations of non-smooth elastodynamics:

/—%‘g — P + d 11 =0 in (w- Uwe+) X wx )
—%—f + dyp =0 if (w- Uwe+) X wx
_%%* — dyp =0 in (we- Uwgr) X wx
I1.N = AN on (we- Uw) x 0wt
I1.N =T on (we- Uws) X Owsl
9" + dy(p.dip — L) — dx(ILdyp) = 0 in (w;- Uwss+) X wx
[pli< =0 inwx
[p-dip — [Z*]g =0 inwx
A(te)-gn(te) =) ondwt
gn(te) =il 0wt

@KKT conditions Y.
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Multi-symplectic variational formalism for non-smooth elastodynamics

@ The KKT conditions combined with the two previous contact conditions are written:

[ A(X, ). g (X)) =0 A(X,t) >0 gh(X,t) >0VX el Ve [to,tf]

A

Ate).gn(te) =0 on Jws

L gn(te) =0 onduwt

@ These conditions are equivalent to the Hertz-Signorini-Moreau (HSM) conditions:

( wvz0 \
if gn(t) >0 then A(t) =0
A2 ' (1) > 0
3 At).gn(t) =0 = | " B ki
if gn(t) =0 then < A(t) >0
Mot =0 A gn(1) = 0
Q® gN(tc) = \ k y,

43 [Moreau 1999]
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Multi-symplectic variational formalism for non-smooth elastodynamics

@ fFrom the first derivatives of the Lagrangian, the Euler-Lagrange equations of non-smooth
elastodynamics are obtained as part of a mixed formulation, to which we associate the HSM

conditions:

fb — dip + dy I =0 in (w;- Uwer) X wx
—p 7 p +dip =0 if (W Uwet) X wx
F — dyo =0 in (w;- Uwe+) X wx
II.N = AN on (w;- Uwe) X 0w
II.N =T on (w- Uwet) X Owf
di(T*(p) + ¥*(II)) — dx(TL.dyp) = 0 in (wi- Uwr) X wx
[pli< — 0 inwx
[T (p)]i< =0 inwx

\+HSM éonditions Y,

@ Similarly, the expression of the equation for the conservation of configurational forces (mixed
formulation) can be calculated from the horizontal space generator Dx A :

0L 1 . (—TLdyp — L*T) + dy(p.dy) = 0
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Space semi-discretized variational formulation
for non-smooth elastodynamics

@ Mesh of geometry: Node coordinates: X ;

wi- U{t:} Uw+

N
7~

@ Spatial discretization by the finite element method:
4 )

o1, X) = oh(t,X) = Sus(t).9¢(X)
p(t,X) = p"(t,X) = Spi(t).6(X)
TH(,X) = I'(1, X) = 3 s:(0).67(X)

-

A(t, X) = A(t,X) = 3 Ai(8).07(X)

\_ =1 J

n
@ Fartition of unity and compact support: X)) =1 X)) = 0
i=1
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Space semi-discretized variational formulation
for non-smooth elastodynamics

@ Spatial semi-discretized multi-field action for non-smooth elastodynamics:

N [l = Sorvas (PTO-EL U= 1" 4 AT gy) de + A(t0)T &t |
+ KKT conditions
\with 2" = T""(P) - ¥ (Fp) -F2, .U

@ Statevector: M = (¢, te, U, P,Fint, A)
@ Spatial discretization of the different terms:
o JuyP-drpdX = [ 1 (_Z Pi(t).cb'-?(X)) .dy ( 2. uj(t).clJ;-‘(X)) dX

-y Zp,(t)(f ¢ dX) d,uj() =PT.U

i=li=1

o fwxn dx(PdX Z f;ntj uJ(t) mt
° JoxbydX= El (fw,’: b.¢; X) dX) wi(n=F," U
o Joug Mtc).gn(te)dS = Alte) " .gn(te)

() faw,L; A6gNdS fawc/i, d(pgN(S(pdS

z Z)L Sows 97 ¢!.(-N)dS)6U; = AT.(-1).6U = AT .5gn
=1 ]_
46
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Space semi-discretized variational formulation
for non-smooth elastodynamics

@ Hamilton's principle semi-discretized in space for non-smooth elastodynamics:

6t + [, By .6Udt=0 VoM e 4

ext

n
with:  [o,x T.6¢dS = igl (Jowy T-4:d8).0U; = F; T su

ext

@ Definition of the 6 space-separated infinitesimal generators (2 horizontal and 4 vertical):

5" = UL Sl = 5, " +6,,d" + 6yl + Spd" + 6y A" + A"
= D A" 5t+ Dy A" 5t + Dysd".0U + Dpd " 6P + Dg._ 4" .5Fin

+ DA.QZ.5A

int

47
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Space semi-discretized variational formulation
for non-smooth elastodynamics

@ Euler-Lagrange equations semi-discretized in space for non-smooth elastodynamics:

4 oL . b rll .
30 +P+Fint =Fe +L° A In (W~ Uws+) X wy
0L* . , h
~op +U=0 in (- VUwe+) X wy
8.z , h
_GF-t_UZO in (W~ Uwg+) X wy
m
aer B T i gl T e h
~ S+ d( " +Fp W) =MD V4P U in (@ Vo) x 0y
Pl =0 ino!
e * ¢t
PTO-£")E=0 inw)
At) . gn(t)=0  ondwg
gn(t:)=0  ondwyg
\_ and KKT conditions
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Space semi-discretized variational formulation
for non-smooth elastodynamics

@ Expressions of the first derivatives of the space-semi-discretized Lagrangian:

0L nb
6[;* —_Fext
027" _ aT* _ap-1
“oP_ ~ 0P =M"'P
ot . oyt

— —] s
or— = —ar_ — K (UFin

@ Euler-Lagrange equations semi-discretized in space for non-smooth elastodynamics:

/ 5 3
P+Fin=Feq+LTA  in (0 Uwe) x !

~M'P+U=0 in(@-Uws)xol
K'(0)Fn-U=0 in(w-Uws)xol
de(T"" (P) +y* (Fine)) = Fexe + LTA)T0 in (0 Vo) x 0!

+
[Pl =0 in xw)

X
1 +
[EPT.M'l.Plﬁz_ =0 inxo!
\ and HSM conditions )

with: Fext =F2 +FS

ext ext
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Variational formulation discretized in space and time
for non-smooth elastodynamics

@ Two families of time integrators in non-smooth elastodynamics:

to i Ts Upga tf

e Eventdriven } }

. . tO tk tk_|_1 tf
e Time stepping I } i >

wi- U{t:}Uw+

N
7~

T = lg+1 — Tk

nmmmPp- Unlike the continuous-time formulation, and following Moreau's ideas, the impact event
has not to be detected. Indeed, the impact is here taken in the weak sense. In other
words, many impacts can occur during a time step. However, it is not necessary to detect
them precisely. Here, a main difference must be made between "event-driven" integrators
(detection of the event of an impact) and "time-stepping" time integrators (no detection of
the event of an impact in the strong sense). Here, the "time-stepping" approach will be
favored in order to possibly allow an infinity of impact events in a finite time (Zeno's
paradox). Therefore, the time approximation no longer contains the instant of impact
as a variable of the action.

50 [Acary 2015]
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Variational formulation discretized in space and time
for non-smooth elastodynamics

@ Multi-field action discretized in space and time for non-smooth elastodynamics (central difference
method, Verlet time integrator):
3 =1 .
A" = ¥ ol (b1, Ukt Py g Fintisn, A )

'Q{hr(tk+1rUk+1»Pk+%»Fintk+1’Ak+l)
- {4 i T T

~L(h” Uk, Pry 1, Fineg) + s (Uk+1, Pry 1) Fintg1))

\. J/

. * * * T
with: L (U, Py, 1, Finee) = T (P 1) = " (Fingr) = By Ui

ext

(i gﬁVk+1>O then AZ+§:O
2

(

Vv

.1: O
gNk+%

4 . ' i € {1,..p}
if 93Vk+1 then < A}CJF% 0

AL wilf =0
| Mg I

Y

\

< [de Vogelaere 1956, Verlet 1967, Wendlanlt 1997, Marsden 2001, Cirak 2005, Desmoures 2017, Fekak 2017]
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Variational formulation discretized in space and time
for non-smooth elastodynamics

~ T
@ State vector: m = (tk+1,Ukz—|—1> Pk+%7Fintk+1a Ak+%)

@ Discrete space-time Hamilton's principle:

extk+1

. N-1 :
A+ ¥ TES ., OUky =0  VOMMT e 4T
k=0

@ Discrete space-time infinitesimal generators (1 horizontal and 4 vertical):

~ 7ht s
54"t = S om"T ) ) )
= 0; A" +8yd" +Opsd T + 6, AT +O\A T
= Dysd"" Stis1+ Dyt "" 80 + Dpsd "T.OP 1

- o Dpim‘Q{hT.5Fintk+1 s DA&ZhT.5Ak+%

@ Calculation of the 5 corresponding infinitesimal generators (1 horizontal and 4 vertical) from
Hamilton’s principle:

N-1
Uy, 1-U
P> w7 | B0 — (BT U+ Fintp, , ks
=0 2
* *
~51L" UL Py 1 Fin) + L7 Uki1, Py, 1 Fineier1))

T . S I _ ~ ht ~hT
+TAk+%'gNk+%] + TFextk+1 -6Uk+1 =0 vom'' € ./%0

52 and HSM conditions
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Variational formulation discretized in space and time
for non-smooth elastodynamics

@ Calculation of the 5 corresponding infinitesimal generators (1 horizontal and 4 vertical) from
Hamilton’s principle:

z [5P WU~V +PT L -P! | 50,
2
62T [Fint ]:;-Uk £ Fintk+1 -Uk+1]
-3 [5Fmtk Uk + Fmtk OUy +6Fmtk+1 Uk+1 +Fmtk+1 OUg+1]

5’[$h*(Uk,Pk+1, Finti) + £ (Uk+1,Pk+_ Fintk+1)]
2[ (Uk,P;Hl Finex)OU + 25— ap Uk, Pry1, Flntk)6Pk+l+
ot 2 apl (Uk,Pk+1,Fmtk)5Fmtk]

["2”* (Uks1, P, 1, Finties D001 +.

ot ‘3%1, (U1, Pry 1 Finter )Py 1 + ..

aLh”
-t BE= OFin; (Uk+1, P k+l»Flntk+1)5Fmtk+1]

+5TAT+% 8N, +T§AT ) gNk+2 +TAL .6gNk+%

+rFextk+1 5Uk+1 =0 Vvém"e J{(;"
and HSM conditions
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Variational formulation discretized in space and time
for non-smooth elastodynamics

@ Vertical generator associated with linear momentum:

Dp.sthr = (Uge1 —Up) — " (Ulc»P]H_ » Fintg) + ..
oz agh

-3 (Uk+lrpk+1rF1ntk'+l) =

Uk+] —Uk+TM P

Ic+2

@ Vertical generator associated with displacement (space-time discretized equation of motion):

Dysd"" = P 3 +Py 1 ~TFintest

h* h*
- [52 (Uk+1,Pk+ Fimkﬂ)—%%(Uk+1,1>k+g,1=intk+1)l

ext k+1 —

with: O8N, ) = ~Li0U;, 1

; T =
Pk+2 _Pk+1 +T(Fextk+1 + Fexties1 ~ Fintk+1) +Lk+lAk+% LkAk+%

54
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Variational formulation discretized in space and time
for non-smooth elastodynamics

@ Vertical generator associated with internal forces:

= 1 (8"
DFimdhfo]ﬁ "-[—.(Uk+1,Pk+%»Fintk+l)
a.(fh

OFint (Uk+1:Pk+ y Fintk+1)1 =0

Uj+1 —K 1 (Ugs1)Fintgs1 =0

@ Horizontal generator associated with time (space-time discretized energy balance):

[T @, 3)+ 5 (P" (Fimk+1)+\P”*(Fimk+z)1

—[Th (P 1) + 3 (¥ (Finer) + ¥ (Fmtm)l

[(Fextk+1 Ui+ +Fextk+2 Ups2) = (FS, extk-Uk + Fextk+l Uk+1)]
_(A 3 gNk+ Alf+l'gNk+1 )
2 2 2z

. J

sl Non-standard discrete energy balance

35 [Hughes 1989, Di stasio 2021]
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Variational formulation discretized in space and time
for non-smooth elastodynamics

@ Discretized Euler-Lagrange equations for non-smooth elastodynamics:

( )
U1 =Ur+ TM—lPk+%

Fintk+1 = K(Ugk+1) Uk

¥
Pk+% = Pk+-;— + T (Fextk+1 — Fintk+1) +Lk+1Ak+% _LkAk.,._;.

and HSM conditions
with: 8Nk+1 = —(Lg+1Ugs1 — X0.N)
ngree = Lk+1M_1Pfree Pfree = Pk+% + T(Fextk+1 = Fint k+1) an L]{A]H%
gN, 3 = LM Pk+ '

k+2

@ Solving /LCP type problem (M diagonal):

( ~

' HAp 3 = —(8n, 3 ~ ) H=L M ILI{H Steklov-Poincaré
1 i j operator (Delassus)
if gy >0 then Al s=0

2 ;
( I |
4 8.3 =0 iell.p)
’ 1 i
if g&,,, <0 then S ) g B
53 _
\ \ Ak+%.gNk+§ =K
-
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Variational formulation discretized in space and time
for non-smooth elastodynamics

@ Explicit algorithm of the LCP problem (explicit CD-Lagrange variational integrator):

1 - compute Uy = Uy + rM'lPk,r%
2 - compute Finggq1 (Ug1)
3 - compute ngree i _Lk+1M_1Pfree and Pfree = Pk+% + 7 (Fextk+1 — Fintk+1) — LzAk+%

. 0 if £ 5
4-compute A, = { ENft1
3

. —) &
otherwise max(0, H, 8Ni

)

5 - compute Pk+-§_ﬁ = Pfree + L£+1Ak+%

6 - compute gNH% =Ly M7'P, 3 (only needed for post-processing energy balance)

[Fekak 2017, Di stasio 2021, Larousse 2023]
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Variational formulation discretized in space and time
for non-smooth elastodynamics

@ Multi-symplectic form discretized in space and time for non-smooth elastodynamics:

(10-10] [ 2Uk1-U) ] [001]] Upsy | |
10 0| [7®Pr3-P)|+]000[]| dep
00 0] dFint [ L[=100f [Fintksy
| Fextk+1 +Fogper P%(L,ZJ,QAHI_L/ZAH%Y
= M_1Pk+% T 2 0
. M—K_I(Uk+1)Fintk+1_ ! 0 |

nmmmmlp- The proposed explicit variational time integrator preserves the multi-symplectic
discretized form of non-smooth elastodynamics. As a result, the linear and angular
momentum equations are verified exactly, even with Lagrange multipliers.
Nevertheless, it can be shown that the discretized energy balance is not guaranteed
exactly. However, it can be shown that the corresponding error decays exponentially,
which characterizes the high robustness of variational time integrators over long
times. To ensure an exact discretized energy balance, a non-uniform time step will be
considered.
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The bouncing ball example: rigid / rigid analytical solution

Z)
e First rebound: o = 2g_h z0| n
Il=se® ¢
e Nthrebound: th=1o (2 —_— 1)
l—e
l1+e
e Downtime ofthemass: T —= to + 0
1—e .
1.2 - - 4 y y
—— CD-Lagrange —— CD-Lagrange
1 - - -Exact - - -Exact 1

0 1 2 3 4

5
t(s) t(s)

ey 7he mass does an infinity of rebounds before it stops in a finite time (Zeno paradox)
(restitution coefficient e=0.8)
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Contact /impact of two identical elastic bars

: — At =8.10"7s,h = 5.210"3m
i | 0 . —— At =4.10"Ts,h = 2.610~%m)|
—— At =8.10"8s,h = 5.2107*m|

I | I |
'(———)'(—)j(—)'(_——‘)'
L d ' d L
E=2110" Pa T
p = T847 kg/m?® s
L=0.254 m
d=0210"3m
vo=5m/s -8}
A =0.645 1073 m?

o
n

t(s) x10*

107 : r — r 10°
2 107} ) 107
g §
g 3
3 10° < 10 asimit :
—s— CD-Lagrange —s— CD-Lagrange
—o— l\ollogetau-implicit —oe— Moreau-implicit
— o) o)
107 — e - 10°
10 10 10 10 107 107 107 107
At (log scale) At (log scale)

ey Space-time global error indicator (Hausdorff measure) [Acary 2012]
el Voreau implicit of order ¥2, CD-Lagrange of order 1 [Fekak 2017]
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Contact /impact of two identical elastic bars

Contact force Contact acceleration
0x1o5 X0
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AL g ]
-4 2
55550 2 i s B S S A S S SR
Z @
E E e s A S R S R A
=8r U AN OO S
O e T ] -6
_12} — At = 0.8 Atcriticar | i — At = 0.8 Atcritical |
= = = At = 0.25Atcritical -8t Z = = = At = 0.25Atcritical H
oo At = 0.05Ateritical v At = 0.05 At eritical
-14 -9
1 2 0 1 2
t(s) x107 t(s) x 107
Impact impulse
0 TTT . -
— At = 0.8 Atcritica
- | AT 08 | At impact event, acceleration and _contact
. R forces do not converge, however impulse
__ st converges.
ETY T SR || - -
AT S O GRS S N | U S .
E
~ _o.os}
o7 s b s o o s O )
P S S . . T -
i _ . |

32 34 36 38 4 42 44 46 48 5
t(s) x107°
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Contact /impact of two identical elastic bars

18
S 2
b>3 Eint
s AWC
-2 1 1 1
0 1 2 3
Times (s) x10 74

Figure: The impacting bar: energy balance of CD-Lagrange
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Contact /impact of two identical elastic bars

16.15

161

16.05F

Energy (J)
[
o
T

15.95

15.9F

15.85 .
0

Times (s) %104

Figure: The impacting bar: system energy of CD-Lagrange
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Contact /impact of two identical elastic bars

15.94F
— — — Ey.-dt=09dicy
om0 e E,y - dt = dtpetcase
I oo .
15.9r \
— Mass
nodes \
/ \ - 15.88F \
E p.S < )
2 \
N 15.86} \
o)
b \
Massless 15.84f \
c) contact \
node : iR it
\ 5 15.82f
L | Tn o I" X T"
15.8 : ; : '
777 777 77 1.4 1.45 1.5 155 1.6
' . . . Times (s) i
Figure: Consistent and singular spatial ) N o
ieerat st on Figure: Contact node - AEx = AWine + AW,y for different trelease

Discretized energy balance with singular mass / adaptive time step

[Renard 2008, Di Stasio et al 2021]
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The rotating spring: a focus on discrete angular momentum

mdx+k<1—”;L”)x=dm (12)

A mass-spring system in rotation:
@ impact with a restitution coefficient ec;
@ large rotations;

& What are the highlighted properties ?
‘; @ conservation of discrete momentum in
« smooth phase;
Figure: The rotating spring @ conservation of discrete momentum through

non-smooth events.

A case which challenges the symplecticity under non-smooth events.

The Moreau-Jean scheme? as a reference (time-integration with § = 1/2).

2 Jean, M. The non-smooth contact dynamics method. Computer Methods in Applied
Mechanics and Engineering 177, 235-257 (1999). e
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The rotating spring: a focus on discrete angular momentum

— - ¢ - — CD-Lagrange
~————¢—— Moreau-Jean

Position - y (m)
(@)
I

Position - z (m)

Figure: The rotating spring: position (over 10 s) - e = 1

[Di Stasio et al 2021]
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The rotating spring: a focus on discrete angular momentum

————— CD-Lagrange
Moreau-Jean

\\_/// \¥/ / \, : \/ : \~‘// \“// \\_// \\\_// \\_// \\\._/ / \/ \\_// \\.// \&// .;,/ \\_./ / \J/ J \&

=

w

o
I

Angular momentum (kg.m?/s)
3 "
1y
o 5
1 1

1.35 1 1 1 1 1
0 5 10 15 20 25 30

Time (s)

Figure: The rotating spring: angular momentum - e. =1
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The rotating spring: a focus on discrete angular momentum

1.5
— - 3¢ - — CD-Lagrange
~—3¢—— Moreau-Jean
1 Contact boundary
0.5
S
=N
1
0
8
=
8
(oW 0.
==
-1.¥ 1 1 1 1 1
= 0 1 2 3
Position - z (m)
Figure: The rotating spring: position (over 10s) - e. =1
[Di Stasio et al 2021]
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The rotating spring: a focus on discrete angular momentum

. 1.GN\WKF'_'_-_-_-_-_-_-_-_-_-_-_-_-_-_-_-_-:ei?a:_
= Ml
§1.55 ' J'“WW\ﬁ e,
g f J\ U\j 1\} U‘W\M | \/W
"M
: R \
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Figure: The rotating spring: angular momentum - e. = 1
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Variational formulation discretized in space and time
for non-smooth elastodynamics

@ Multi-field action discretized in space and time for non-smooth elastodynamics with adaptive time step:

T+l = Ilg+1 — Ik

@ Multi-field action discretized in space and time for non-smooth elastodynamics with variable time step:

- o ~
7h 7ht
= zkzod (Tk+1, Uks 1, Py 1 Fintker 1, A gy 1)
“h
A (Tr1, Uks1,Pry 1, Fintks 1, A gy 1)
1 T k+1=Ug) 1 2 T T
=§(Tk+Tk+1)Pk+%- ro 2 [TkFintg Uk + Thr1Fin g Uk

~Lr e Uk, Pry 1, Finer) + Tia LY (Uk+1, Pry 1) Fintkr )]

1 r
+2 (Tk +Tk+l)Ak+%'gNk+1

2

-+ HSM conditions )

with: fh*(Uk’PkJr%»Fintk) = Th*(Pk+§)—\Ph*(Fintk)—ngtk-Uk

; — L. = —L; Uk =Up)
gNk+% B LkUk'*% = —Lg Th+1
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Variational formulation discretized in space and time
for non-smooth elastodynamics

@ State vector:

~ hT _
m"'’ = (tk+lrUk+1rPk+%rFintk+1’Ak+%)

@ Discrete Euler-Lagrange equations with adaptive time step:

s 3 A
U1 =Up+ 171401 M Pk+%

Fint k+1 = KU+ 1)Uk

1 Tk41+Tkq42 1 Tr+Ths1 e
2 Tip P 72 Tisl Pk+§ + Tp+1 (Fext k+1 Fmtk+1)
+= 1 Tk+1+Tk+2 A 1 Te+Te41 LTA

2 ka.z k+1 k+2 2 T+l k k+%
Ti2 =3P k+d” (Ugs2 = Ug1)

1= 5_:11)12 (Uk+1—Uk)+Flmk+1 Ukt + 3T Ry )+ T (B )]

(Fmtk+1) extk+1 Uk+1 T (Ak 3 g 2 +A,’€+1 gN %)]_1
Kand HSM conditions
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Variational formulation discretized in space and time
for non-smooth elastodynamics

@ Variational integrator with adaptive time step for non-smooth dynamics:

0 - time step prediCtor Ty 2 = Tr41
1 - compute gy, ., = —Lis 1M 'Pfree

1 Thk41+Tks2 1 Tp+Thq 1 Te+Tr1y T
and T Pfree = 2 Tral Pk+1 + Ti+1 Fextis1 — Flntk+1)— i L Ak+2
: 0 if >0
2 - compute Ak+§ with A‘ = { gNk+1
5 otherwise max(0, H ngree)

3 - compute Pk+3 = Pfree + Lk+1Ak+2
4 - compute gn,,, = —L, +3 M P, s (for time step update)

5 - compute Ujpyo = Uk+1 + Tre2M™ P,CJFi
6 - compute Fintry2 = K(Ug12)Ugs2
7 - update time step 742 with equation (102) and go to step 1 if [Tj42 — Tr411 = €

with the fundamental unknowns: (T k+2, gNk+ s Uk+2, P K+ Fintk+2, Ay %)
2
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Variational formulation discretized in space and time
for non-smooth elastodynamics

@ Space-time discretized multi-symplectic form for non-smooth elastodynamics with adaptive time step:

73

s

~N

0-10 (Uk+2_Uk+l) 0 011 [ Upso

100 ;% k3 m 3P | 410 00 | dxp

000 d ¢Fint =100/ [Fintg+2
Fext k+2 + l::extk+2 % % k+1 Ak+ 5 ; Tk;zliﬂ LTAk+ 3

— M~ Pk+§ * 0

\ —K ' (Uks2)Fincr2 0 J

sy The proposed variational time integrator checks the following properties:

- space-time discretized multi-symplectic form (conservation of linear and angular momentum)

- discrete energy conservation

- automatic adaptive time step (with CFL condition checking)

- explicit prediction of the deformed configuration and diagonal mass matrix

- check the numerical behavior of the iterative adaptive time step, the consistency and
convergence in space and time (with the Hausdorff measure)

[Gravouil, Dureisseix, Georgette 2026, under review]



