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Extremely diverse (and beautiful…) patterns :

• materials are always heterogeneous

• inherited from phase transformations during 
elaboration, or subsequent thermo-mechanical 
treatments

• microstructures can be detrimental or beneficial for 
properties (mechanical, magnetic, electrical…)

A mesocopic (continuous) modelling is 

needed !

⟶ Phase Field method !

• length scales (       ) >> atomic scale !!!

• comprehensive modelling of the relationships between 
microstructure and properties to understand material 
behaviour



Phase Field Method : a few examples
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Ni-based 
superalloys

Shape memory 
alloys

Coherency 
loss

Rafts in Ni-based 
superalloys

Cottura et al
 Acta Mat. (2021)

Finel et al,
C. R. Phys. (2010)

Geslin et al, 
APL (2014)

Cottura et al, 
 (2026)

Exp. 

PFM 
25 nm

� = 78�

� = 79�

Cracks patterns 
in thin films

Degeiter et al, 
(in preparation)



Challenges
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1. Computational cost :

• continuous modelling (interfaces are diffuse) : no interface tracking

• but, we need a grid with a grid spacing small enough : 

⟶ how to write a PFM that permits to resolve interfaces with very few points ?
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 2. Coupling with mechanical fields :
• microstructures contain internal elastic stresses 

• FFT-based solver for mechanical equilibrium : easy to implement and fast ( Khachaturyan 1995…;  
Moulinec-Suquet 1998…)

• but : formulations not adapted to sharp interfaces (Gibbs oscillations, slow convergence if high 
elastic contrast…)

⟶ we need a “robust” FFT solver !

3. FFT solvers are based on regular grids :
• interfaces are not conform to the grid

• local undesired (stress) fluctuations along the interfaces 

⟶ how to suppress these artefacts ? 



Outline
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1. The Sharp Phase Field Method (S-PFM)

2. A robust FFT-based solver for microstructures with sharp interfaces

3. FFT-solvers on non-uniform grids (in progress…)
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Code ⟶ discrete grid,  grid spacing d

-"# -$  #  $  "#
#,#

#,$

",#

x

L ⇠ 8-10 d
<latexit sha1_base64="BY7pf5g4Ti6mSEIf5Xi3CcCIc/0=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4MaSSMGCm4IbFy4q2Ac0oUwmk3bo5MHMjVhCNv6KGxeKuPUz3Pk3TtsstPXAhcM593LvPV4iuALL+jZKK6tr6xvlzcrW9s7unrl/0FFxKilr01jEsucRxQSPWBs4CNZLJCOhJ1jXG19P/e4Dk4rH0T1MEuaGZBjxgFMCWhqYR7fYUTzEDQfYI2TnuW1h5wr7A7Nq1awZ8DKxC1JFBVoD88vxY5qGLAIqiFJ920rAzYgETgXLK06qWELomAxZX9OIhEy52eyBHJ9qxcdBLHVFgGfq74mMhEpNQk93hgRGatGbiv95/RSChpvxKEmBRXS+KEgFhhhP08A+l4yCmGhCqOT6VkxHRBIKOrOKDsFefHmZdC5qtlWz7+rVZr2Io4yO0Qk6Qza6RE10g1qojSjK0TN6RW/Gk/FivBsf89aSUcwcoj8wPn8ANEmUzg==</latexit><latexit sha1_base64="BY7pf5g4Ti6mSEIf5Xi3CcCIc/0=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4MaSSMGCm4IbFy4q2Ac0oUwmk3bo5MHMjVhCNv6KGxeKuPUz3Pk3TtsstPXAhcM593LvPV4iuALL+jZKK6tr6xvlzcrW9s7unrl/0FFxKilr01jEsucRxQSPWBs4CNZLJCOhJ1jXG19P/e4Dk4rH0T1MEuaGZBjxgFMCWhqYR7fYUTzEDQfYI2TnuW1h5wr7A7Nq1awZ8DKxC1JFBVoD88vxY5qGLAIqiFJ920rAzYgETgXLK06qWELomAxZX9OIhEy52eyBHJ9qxcdBLHVFgGfq74mMhEpNQk93hgRGatGbiv95/RSChpvxKEmBRXS+KEgFhhhP08A+l4yCmGhCqOT6VkxHRBIKOrOKDsFefHmZdC5qtlWz7+rVZr2Io4yO0Qk6Qza6RE10g1qojSjK0TN6RW/Gk/FivBsf89aSUcwcoj8wPn8ANEmUzg==</latexit><latexit sha1_base64="BY7pf5g4Ti6mSEIf5Xi3CcCIc/0=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4MaSSMGCm4IbFy4q2Ac0oUwmk3bo5MHMjVhCNv6KGxeKuPUz3Pk3TtsstPXAhcM593LvPV4iuALL+jZKK6tr6xvlzcrW9s7unrl/0FFxKilr01jEsucRxQSPWBs4CNZLJCOhJ1jXG19P/e4Dk4rH0T1MEuaGZBjxgFMCWhqYR7fYUTzEDQfYI2TnuW1h5wr7A7Nq1awZ8DKxC1JFBVoD88vxY5qGLAIqiFJ920rAzYgETgXLK06qWELomAxZX9OIhEy52eyBHJ9qxcdBLHVFgGfq74mMhEpNQk93hgRGatGbiv95/RSChpvxKEmBRXS+KEgFhhhP08A+l4yCmGhCqOT6VkxHRBIKOrOKDsFefHmZdC5qtlWz7+rVZr2Io4yO0Qk6Qza6RE10g1qojSjK0TN6RW/Gk/FivBsf89aSUcwcoj8wPn8ANEmUzg==</latexit><latexit sha1_base64="BY7pf5g4Ti6mSEIf5Xi3CcCIc/0=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4MaSSMGCm4IbFy4q2Ac0oUwmk3bo5MHMjVhCNv6KGxeKuPUz3Pk3TtsstPXAhcM593LvPV4iuALL+jZKK6tr6xvlzcrW9s7unrl/0FFxKilr01jEsucRxQSPWBs4CNZLJCOhJ1jXG19P/e4Dk4rH0T1MEuaGZBjxgFMCWhqYR7fYUTzEDQfYI2TnuW1h5wr7A7Nq1awZ8DKxC1JFBVoD88vxY5qGLAIqiFJ920rAzYgETgXLK06qWELomAxZX9OIhEy52eyBHJ9qxcdBLHVFgGfq74mMhEpNQk93hgRGatGbiv95/RSChpvxKEmBRXS+KEgFhhhP08A+l4yCmGhCqOT6VkxHRBIKOrOKDsFefHmZdC5qtlWz7+rVZr2Io4yO0Qk6Qza6RE10g1qojSjK0TN6RW/Gk/FivBsf89aSUcwcoj8wPn8ANEmUzg==</latexit>

Continuous formulation :
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g(�) = A�2(1� �)2
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F =

Z
d3x { g(�) + 1

2
�|r�|2 }

Equilibrium profile :

interface 
thickness :

“Classical” Phase Field Method
sharp interface diffuse interface

⟶ diffuses interfaces :

l ⌧ d
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• A phase field method with interface thickness
• Ideally : interface width reduced to only one grid point !

• No pinning :  grid spacing     <<  interface thickness      ⟶  limitation on accessible linear dimension
• 3D simulations computationally intensive 
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⟶ what we want :



The Sharp Phase Field pour Method (S-PFM)
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 A discrete formulation !

Discrete free energy functional :

Consider a 1D lattice :
n� 1 n+ 1n

�n d

(�n+1 + �n�1 � 2�n)
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<latexit sha1_base64="W7/B4hxGPKPMpkDj4jZLpGR9OW0=">AAAB73icbVBNS8NAEJ3Ur1q/oh69LBbBU0mkoMeCF48V7Ae0oWy2m3bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZemEph0PO+ndLG5tb2Tnm3srd/cHjkHp+0TZJpxlsskYnuhtRwKRRvoUDJu6nmNA4l74ST27nfeeLaiEQ94DTlQUxHSkSCUbRSt5+OxSBXs4Fb9WreAmSd+AWpQoHmwP3qDxOWxVwhk9SYnu+lGORUo2CSzyr9zPCUsgkd8Z6lisbcBPni3hm5sMqQRIm2pZAs1N8TOY2Nmcah7Ywpjs2qNxf/83oZRjdBLlSaIVdsuSjKJMGEzJ8nQ6E5Qzm1hDIt7K2EjammDG1EFRuCv/ryOmlf1Xyv5t/Xq416EUcZzuAcLsGHa2jAHTShBQwkPMMrvDmPzovz7nwsW0tOMXMKf+B8/gBavJAe</latexit><latexit sha1_base64="W7/B4hxGPKPMpkDj4jZLpGR9OW0=">AAAB73icbVBNS8NAEJ3Ur1q/oh69LBbBU0mkoMeCF48V7Ae0oWy2m3bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZemEph0PO+ndLG5tb2Tnm3srd/cHjkHp+0TZJpxlsskYnuhtRwKRRvoUDJu6nmNA4l74ST27nfeeLaiEQ94DTlQUxHSkSCUbRSt5+OxSBXs4Fb9WreAmSd+AWpQoHmwP3qDxOWxVwhk9SYnu+lGORUo2CSzyr9zPCUsgkd8Z6lisbcBPni3hm5sMqQRIm2pZAs1N8TOY2Nmcah7Ywpjs2qNxf/83oZRjdBLlSaIVdsuSjKJMGEzJ8nQ6E5Qzm1hDIt7K2EjammDG1EFRuCv/ryOmlf1Xyv5t/Xq416EUcZzuAcLsGHa2jAHTShBQwkPMMrvDmPzovz7nwsW0tOMXMKf+B8/gBavJAe</latexit><latexit sha1_base64="W7/B4hxGPKPMpkDj4jZLpGR9OW0=">AAAB73icbVBNS8NAEJ3Ur1q/oh69LBbBU0mkoMeCF48V7Ae0oWy2m3bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZemEph0PO+ndLG5tb2Tnm3srd/cHjkHp+0TZJpxlsskYnuhtRwKRRvoUDJu6nmNA4l74ST27nfeeLaiEQ94DTlQUxHSkSCUbRSt5+OxSBXs4Fb9WreAmSd+AWpQoHmwP3qDxOWxVwhk9SYnu+lGORUo2CSzyr9zPCUsgkd8Z6lisbcBPni3hm5sMqQRIm2pZAs1N8TOY2Nmcah7Ywpjs2qNxf/83oZRjdBLlSaIVdsuSjKJMGEzJ8nQ6E5Qzm1hDIt7K2EjammDG1EFRuCv/ryOmlf1Xyv5t/Xq416EUcZzuAcLsGHa2jAHTShBQwkPMMrvDmPzovz7nwsW0tOMXMKf+B8/gBavJAe</latexit><latexit sha1_base64="W7/B4hxGPKPMpkDj4jZLpGR9OW0=">AAAB73icbVBNS8NAEJ3Ur1q/oh69LBbBU0mkoMeCF48V7Ae0oWy2m3bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZemEph0PO+ndLG5tb2Tnm3srd/cHjkHp+0TZJpxlsskYnuhtRwKRRvoUDJu6nmNA4l74ST27nfeeLaiEQ94DTlQUxHSkSCUbRSt5+OxSBXs4Fb9WreAmSd+AWpQoHmwP3qDxOWxVwhk9SYnu+lGORUo2CSzyr9zPCUsgkd8Z6lisbcBPni3hm5sMqQRIm2pZAs1N8TOY2Nmcah7Ywpjs2qNxf/83oZRjdBLlSaIVdsuSjKJMGEzJ8nQ6E5Qzm1hDIt7K2EjammDG1EFRuCv/ryOmlf1Xyv5t/Xq416EUcZzuAcLsGHa2jAHTShBQwkPMMrvDmPzovz7nwsW0tOMXMKf+B8/gBavJAe</latexit>

�n = f(nd� x0)
<latexit sha1_base64="4mSt0phJprj/qLatOmyigakzpL8=">AAAB/HicbVBNS8NAEJ3Ur1q/oj16WSxCBS2JFPQiFLx4rGA/oAlhs920SzebsLsRS6l/xYsHRbz6Q7z5b9y2OWj1wcDjvRlm5oUpZ0o7zpdVWFldW98obpa2tnd29+z9g7ZKMkloiyQ8kd0QK8qZoC3NNKfdVFIch5x2wtH1zO/cU6lYIu70OKV+jAeCRYxgbaTALnvpkAXiKqoK5J32zx4C5ySwK07NmQP9JW5OKpCjGdifXj8hWUyFJhwr1XOdVPsTLDUjnE5LXqZoiskID2jPUIFjqvzJ/PgpOjZKH0WJNCU0mqs/JyY4Vmoch6Yzxnqolr2Z+J/Xy3R06U+YSDNNBVksijKOdIJmSaA+k5RoPjYEE8nMrYgMscREm7xKJgR3+eW/pH1ec52ae1uvNOp5HEU4hCOoggsX0IAbaEILCIzhCV7g1Xq0nq03633RWrDymTL8gvXxDaP/k2c=</latexit><latexit sha1_base64="4mSt0phJprj/qLatOmyigakzpL8=">AAAB/HicbVBNS8NAEJ3Ur1q/oj16WSxCBS2JFPQiFLx4rGA/oAlhs920SzebsLsRS6l/xYsHRbz6Q7z5b9y2OWj1wcDjvRlm5oUpZ0o7zpdVWFldW98obpa2tnd29+z9g7ZKMkloiyQ8kd0QK8qZoC3NNKfdVFIch5x2wtH1zO/cU6lYIu70OKV+jAeCRYxgbaTALnvpkAXiKqoK5J32zx4C5ySwK07NmQP9JW5OKpCjGdifXj8hWUyFJhwr1XOdVPsTLDUjnE5LXqZoiskID2jPUIFjqvzJ/PgpOjZKH0WJNCU0mqs/JyY4Vmoch6Yzxnqolr2Z+J/Xy3R06U+YSDNNBVksijKOdIJmSaA+k5RoPjYEE8nMrYgMscREm7xKJgR3+eW/pH1ec52ae1uvNOp5HEU4hCOoggsX0IAbaEILCIzhCV7g1Xq0nq03633RWrDymTL8gvXxDaP/k2c=</latexit><latexit sha1_base64="4mSt0phJprj/qLatOmyigakzpL8=">AAAB/HicbVBNS8NAEJ3Ur1q/oj16WSxCBS2JFPQiFLx4rGA/oAlhs920SzebsLsRS6l/xYsHRbz6Q7z5b9y2OWj1wcDjvRlm5oUpZ0o7zpdVWFldW98obpa2tnd29+z9g7ZKMkloiyQ8kd0QK8qZoC3NNKfdVFIch5x2wtH1zO/cU6lYIu70OKV+jAeCRYxgbaTALnvpkAXiKqoK5J32zx4C5ySwK07NmQP9JW5OKpCjGdifXj8hWUyFJhwr1XOdVPsTLDUjnE5LXqZoiskID2jPUIFjqvzJ/PgpOjZKH0WJNCU0mqs/JyY4Vmoch6Yzxnqolr2Z+J/Xy3R06U+YSDNNBVksijKOdIJmSaA+k5RoPjYEE8nMrYgMscREm7xKJgR3+eW/pH1ec52ae1uvNOp5HEU4hCOoggsX0IAbaEILCIzhCV7g1Xq0nq03633RWrDymTL8gvXxDaP/k2c=</latexit><latexit sha1_base64="4mSt0phJprj/qLatOmyigakzpL8=">AAAB/HicbVBNS8NAEJ3Ur1q/oj16WSxCBS2JFPQiFLx4rGA/oAlhs920SzebsLsRS6l/xYsHRbz6Q7z5b9y2OWj1wcDjvRlm5oUpZ0o7zpdVWFldW98obpa2tnd29+z9g7ZKMkloiyQ8kd0QK8qZoC3NNKfdVFIch5x2wtH1zO/cU6lYIu70OKV+jAeCRYxgbaTALnvpkAXiKqoK5J32zx4C5ySwK07NmQP9JW5OKpCjGdifXj8hWUyFJhwr1XOdVPsTLDUjnE5LXqZoiskID2jPUIFjqvzJ/PgpOjZKH0WJNCU0mqs/JyY4Vmoch6Yzxnqolr2Z+J/Xy3R06U+YSDNNBVksijKOdIJmSaA+k5RoPjYEE8nMrYgMscREm7xKJgR3+eW/pH1ec52ae1uvNOp5HEU4hCOoggsX0IAbaEILCIzhCV7g1Xq0nq03633RWrDymTL8gvXxDaP/k2c=</latexit>

f(x)
<latexit sha1_base64="njOku7un31Aqx67SSUOl7f6bzLc=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoiBT0WvHisYD+gDWWz3bRLdzdhdyOW0L/gxYMiXv1D3vw3btIctPXBwOO9GWbmBTFn2rjut1Pa2Nza3invVvb2Dw6PqscnXR0litAOiXik+gHWlDNJO4YZTvuxolgEnPaC2W3m9x6p0iySD2YeU1/giWQhI9hkUlh/uhxVa27DzYHWiVeQGhRoj6pfw3FEEkGlIRxrPfDc2PgpVoYRTheVYaJpjMkMT+jAUokF1X6a37pAF1YZozBStqRBufp7IsVC67kIbKfAZqpXvUz8zxskJrzxUybjxFBJlovChCMToexxNGaKEsPnlmCimL0VkSlWmBgbT8WG4K2+vE66Vw3PbXj3zVqrWcRRhjM4hzp4cA0tuIM2dIDAFJ7hFd4c4bw4787HsrXkFDOn8AfO5w9oKY3D</latexit><latexit sha1_base64="njOku7un31Aqx67SSUOl7f6bzLc=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoiBT0WvHisYD+gDWWz3bRLdzdhdyOW0L/gxYMiXv1D3vw3btIctPXBwOO9GWbmBTFn2rjut1Pa2Nza3invVvb2Dw6PqscnXR0litAOiXik+gHWlDNJO4YZTvuxolgEnPaC2W3m9x6p0iySD2YeU1/giWQhI9hkUlh/uhxVa27DzYHWiVeQGhRoj6pfw3FEEkGlIRxrPfDc2PgpVoYRTheVYaJpjMkMT+jAUokF1X6a37pAF1YZozBStqRBufp7IsVC67kIbKfAZqpXvUz8zxskJrzxUybjxFBJlovChCMToexxNGaKEsPnlmCimL0VkSlWmBgbT8WG4K2+vE66Vw3PbXj3zVqrWcRRhjM4hzp4cA0tuIM2dIDAFJ7hFd4c4bw4787HsrXkFDOn8AfO5w9oKY3D</latexit><latexit sha1_base64="njOku7un31Aqx67SSUOl7f6bzLc=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoiBT0WvHisYD+gDWWz3bRLdzdhdyOW0L/gxYMiXv1D3vw3btIctPXBwOO9GWbmBTFn2rjut1Pa2Nza3invVvb2Dw6PqscnXR0litAOiXik+gHWlDNJO4YZTvuxolgEnPaC2W3m9x6p0iySD2YeU1/giWQhI9hkUlh/uhxVa27DzYHWiVeQGhRoj6pfw3FEEkGlIRxrPfDc2PgpVoYRTheVYaJpjMkMT+jAUokF1X6a37pAF1YZozBStqRBufp7IsVC67kIbKfAZqpXvUz8zxskJrzxUybjxFBJlovChCMToexxNGaKEsPnlmCimL0VkSlWmBgbT8WG4K2+vE66Vw3PbXj3zVqrWcRRhjM4hzp4cA0tuIM2dIDAFJ7hFd4c4bw4787HsrXkFDOn8AfO5w9oKY3D</latexit><latexit sha1_base64="njOku7un31Aqx67SSUOl7f6bzLc=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoiBT0WvHisYD+gDWWz3bRLdzdhdyOW0L/gxYMiXv1D3vw3btIctPXBwOO9GWbmBTFn2rjut1Pa2Nza3invVvb2Dw6PqscnXR0litAOiXik+gHWlDNJO4YZTvuxolgEnPaC2W3m9x6p0iySD2YeU1/giWQhI9hkUlh/uhxVa27DzYHWiVeQGhRoj6pfw3FEEkGlIRxrPfDc2PgpVoYRTheVYaJpjMkMT+jAUokF1X6a37pAF1YZozBStqRBufp7IsVC67kIbKfAZqpXvUz8zxskJrzxUybjxFBJlovChCMToexxNGaKEsPnlmCimL0VkSlWmBgbT8WG4K2+vE66Vw3PbXj3zVqrWcRRhjM4hzp4cA0tuIM2dIDAFJ7hFd4c4bw4787HsrXkFDOn8AfO5w9oKY3D</latexit>

• look for a function        such that, if                           ,                                   is function of       independent of      !!!  x0
<latexit sha1_base64="dv5dYu+mAqUcMf+1tthYXHxzZ+U=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI8FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbuZ+55FrI2L1gNOE+xEdKREKRtFK908Dd1CuuFV3AbJOvJxUIEdzUP7qD2OWRlwhk9SYnucm6GdUo2CSz0r91PCEsgkd8Z6likbc+Nni1Bm5sMqQhLG2pZAs1N8TGY2MmUaB7Ywojs2qNxf/83ophtd+JlSSIldsuShMJcGYzP8mQ6E5Qzm1hDIt7K2EjammDG06JRuCt/ryOmlfVT236t3VKo1aHkcRzuAcLsGDOjTgFprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifPwX2jZE=</latexit><latexit sha1_base64="dv5dYu+mAqUcMf+1tthYXHxzZ+U=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI8FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbuZ+55FrI2L1gNOE+xEdKREKRtFK908Dd1CuuFV3AbJOvJxUIEdzUP7qD2OWRlwhk9SYnucm6GdUo2CSz0r91PCEsgkd8Z6likbc+Nni1Bm5sMqQhLG2pZAs1N8TGY2MmUaB7Ywojs2qNxf/83ophtd+JlSSIldsuShMJcGYzP8mQ6E5Qzm1hDIt7K2EjammDG06JRuCt/ryOmlfVT236t3VKo1aHkcRzuAcLsGDOjTgFprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifPwX2jZE=</latexit><latexit sha1_base64="dv5dYu+mAqUcMf+1tthYXHxzZ+U=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI8FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbuZ+55FrI2L1gNOE+xEdKREKRtFK908Dd1CuuFV3AbJOvJxUIEdzUP7qD2OWRlwhk9SYnucm6GdUo2CSz0r91PCEsgkd8Z6likbc+Nni1Bm5sMqQhLG2pZAs1N8TGY2MmUaB7Ywojs2qNxf/83ophtd+JlSSIldsuShMJcGYzP8mQ6E5Qzm1hDIt7K2EjammDG06JRuCt/ryOmlfVT236t3VKo1aHkcRzuAcLsGDOjTgFprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifPwX2jZE=</latexit><latexit sha1_base64="dv5dYu+mAqUcMf+1tthYXHxzZ+U=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI8FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbuZ+55FrI2L1gNOE+xEdKREKRtFK908Dd1CuuFV3AbJOvJxUIEdzUP7qD2OWRlwhk9SYnucm6GdUo2CSz0r91PCEsgkd8Z6likbc+Nni1Bm5sMqQhLG2pZAs1N8TGY2MmUaB7Ywojs2qNxf/83ophtd+JlSSIldsuShMJcGYzP8mQ6E5Qzm1hDIt7K2EjammDG06JRuCt/ryOmlfVT236t3VKo1aHkcRzuAcLsGDOjTgFprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifPwX2jZE=</latexit>

 ⟶ Procedure :

 ⟶ Question :  such that, if                     is the equilibrium profil,                   is also an equilibrium profil            

• i.e. look for a function        such that, if                            ,  Eq. 1 becomes an ODE independent of      !!!x0
<latexit sha1_base64="dv5dYu+mAqUcMf+1tthYXHxzZ+U=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI8FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbuZ+55FrI2L1gNOE+xEdKREKRtFK908Dd1CuuFV3AbJOvJxUIEdzUP7qD2OWRlwhk9SYnucm6GdUo2CSz0r91PCEsgkd8Z6likbc+Nni1Bm5sMqQhLG2pZAs1N8TGY2MmUaB7Ywojs2qNxf/83ophtd+JlSSIldsuShMJcGYzP8mQ6E5Qzm1hDIt7K2EjammDG06JRuCt/ryOmlfVT236t3VKo1aHkcRzuAcLsGDOjTgFprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifPwX2jZE=</latexit><latexit sha1_base64="dv5dYu+mAqUcMf+1tthYXHxzZ+U=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI8FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbuZ+55FrI2L1gNOE+xEdKREKRtFK908Dd1CuuFV3AbJOvJxUIEdzUP7qD2OWRlwhk9SYnucm6GdUo2CSz0r91PCEsgkd8Z6likbc+Nni1Bm5sMqQhLG2pZAs1N8TGY2MmUaB7Ywojs2qNxf/83ophtd+JlSSIldsuShMJcGYzP8mQ6E5Qzm1hDIt7K2EjammDG06JRuCt/ryOmlfVT236t3VKo1aHkcRzuAcLsGDOjTgFprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifPwX2jZE=</latexit><latexit sha1_base64="dv5dYu+mAqUcMf+1tthYXHxzZ+U=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI8FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbuZ+55FrI2L1gNOE+xEdKREKRtFK908Dd1CuuFV3AbJOvJxUIEdzUP7qD2OWRlwhk9SYnucm6GdUo2CSz0r91PCEsgkd8Z6likbc+Nni1Bm5sMqQhLG2pZAs1N8TGY2MmUaB7Ywojs2qNxf/83ophtd+JlSSIldsuShMJcGYzP8mQ6E5Qzm1hDIt7K2EjammDG06JRuCt/ryOmlfVT236t3VKo1aHkcRzuAcLsGDOjTgFprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifPwX2jZE=</latexit><latexit sha1_base64="dv5dYu+mAqUcMf+1tthYXHxzZ+U=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI8FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbuZ+55FrI2L1gNOE+xEdKREKRtFK908Dd1CuuFV3AbJOvJxUIEdzUP7qD2OWRlwhk9SYnucm6GdUo2CSz0r91PCEsgkd8Z6likbc+Nni1Bm5sMqQhLG2pZAs1N8TGY2MmUaB7Ywojs2qNxf/83ophtd+JlSSIldsuShMJcGYzP8mQ6E5Qzm1hDIt7K2EjammDG06JRuCt/ryOmlfVT236t3VKo1aHkcRzuAcLsGDOjTgFprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifPwX2jZE=</latexit>

�n = f(nd� x0)
<latexit sha1_base64="4mSt0phJprj/qLatOmyigakzpL8=">AAAB/HicbVBNS8NAEJ3Ur1q/oj16WSxCBS2JFPQiFLx4rGA/oAlhs920SzebsLsRS6l/xYsHRbz6Q7z5b9y2OWj1wcDjvRlm5oUpZ0o7zpdVWFldW98obpa2tnd29+z9g7ZKMkloiyQ8kd0QK8qZoC3NNKfdVFIch5x2wtH1zO/cU6lYIu70OKV+jAeCRYxgbaTALnvpkAXiKqoK5J32zx4C5ySwK07NmQP9JW5OKpCjGdifXj8hWUyFJhwr1XOdVPsTLDUjnE5LXqZoiskID2jPUIFjqvzJ/PgpOjZKH0WJNCU0mqs/JyY4Vmoch6Yzxnqolr2Z+J/Xy3R06U+YSDNNBVksijKOdIJmSaA+k5RoPjYEE8nMrYgMscREm7xKJgR3+eW/pH1ec52ae1uvNOp5HEU4hCOoggsX0IAbaEILCIzhCV7g1Xq0nq03633RWrDymTL8gvXxDaP/k2c=</latexit><latexit sha1_base64="4mSt0phJprj/qLatOmyigakzpL8=">AAAB/HicbVBNS8NAEJ3Ur1q/oj16WSxCBS2JFPQiFLx4rGA/oAlhs920SzebsLsRS6l/xYsHRbz6Q7z5b9y2OWj1wcDjvRlm5oUpZ0o7zpdVWFldW98obpa2tnd29+z9g7ZKMkloiyQ8kd0QK8qZoC3NNKfdVFIch5x2wtH1zO/cU6lYIu70OKV+jAeCRYxgbaTALnvpkAXiKqoK5J32zx4C5ySwK07NmQP9JW5OKpCjGdifXj8hWUyFJhwr1XOdVPsTLDUjnE5LXqZoiskID2jPUIFjqvzJ/PgpOjZKH0WJNCU0mqs/JyY4Vmoch6Yzxnqolr2Z+J/Xy3R06U+YSDNNBVksijKOdIJmSaA+k5RoPjYEE8nMrYgMscREm7xKJgR3+eW/pH1ec52ae1uvNOp5HEU4hCOoggsX0IAbaEILCIzhCV7g1Xq0nq03633RWrDymTL8gvXxDaP/k2c=</latexit><latexit sha1_base64="4mSt0phJprj/qLatOmyigakzpL8=">AAAB/HicbVBNS8NAEJ3Ur1q/oj16WSxCBS2JFPQiFLx4rGA/oAlhs920SzebsLsRS6l/xYsHRbz6Q7z5b9y2OWj1wcDjvRlm5oUpZ0o7zpdVWFldW98obpa2tnd29+z9g7ZKMkloiyQ8kd0QK8qZoC3NNKfdVFIch5x2wtH1zO/cU6lYIu70OKV+jAeCRYxgbaTALnvpkAXiKqoK5J32zx4C5ySwK07NmQP9JW5OKpCjGdifXj8hWUyFJhwr1XOdVPsTLDUjnE5LXqZoiskID2jPUIFjqvzJ/PgpOjZKH0WJNCU0mqs/JyY4Vmoch6Yzxnqolr2Z+J/Xy3R06U+YSDNNBVksijKOdIJmSaA+k5RoPjYEE8nMrYgMscREm7xKJgR3+eW/pH1ec52ae1uvNOp5HEU4hCOoggsX0IAbaEILCIzhCV7g1Xq0nq03633RWrDymTL8gvXxDaP/k2c=</latexit><latexit sha1_base64="4mSt0phJprj/qLatOmyigakzpL8=">AAAB/HicbVBNS8NAEJ3Ur1q/oj16WSxCBS2JFPQiFLx4rGA/oAlhs920SzebsLsRS6l/xYsHRbz6Q7z5b9y2OWj1wcDjvRlm5oUpZ0o7zpdVWFldW98obpa2tnd29+z9g7ZKMkloiyQ8kd0QK8qZoC3NNKfdVFIch5x2wtH1zO/cU6lYIu70OKV+jAeCRYxgbaTALnvpkAXiKqoK5J32zx4C5ySwK07NmQP9JW5OKpCjGdifXj8hWUyFJhwr1XOdVPsTLDUjnE5LXqZoiskID2jPUIFjqvzJ/PgpOjZKH0WJNCU0mqs/JyY4Vmoch6Yzxnqolr2Z+J/Xy3R06U+YSDNNBVksijKOdIJmSaA+k5RoPjYEE8nMrYgMscREm7xKJgR3+eW/pH1ec52ae1uvNOp5HEU4hCOoggsX0IAbaEILCIzhCV7g1Xq0nq03633RWrDymTL8gvXxDaP/k2c=</latexit>

f(x)
<latexit sha1_base64="njOku7un31Aqx67SSUOl7f6bzLc=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoiBT0WvHisYD+gDWWz3bRLdzdhdyOW0L/gxYMiXv1D3vw3btIctPXBwOO9GWbmBTFn2rjut1Pa2Nza3invVvb2Dw6PqscnXR0litAOiXik+gHWlDNJO4YZTvuxolgEnPaC2W3m9x6p0iySD2YeU1/giWQhI9hkUlh/uhxVa27DzYHWiVeQGhRoj6pfw3FEEkGlIRxrPfDc2PgpVoYRTheVYaJpjMkMT+jAUokF1X6a37pAF1YZozBStqRBufp7IsVC67kIbKfAZqpXvUz8zxskJrzxUybjxFBJlovChCMToexxNGaKEsPnlmCimL0VkSlWmBgbT8WG4K2+vE66Vw3PbXj3zVqrWcRRhjM4hzp4cA0tuIM2dIDAFJ7hFd4c4bw4787HsrXkFDOn8AfO5w9oKY3D</latexit><latexit sha1_base64="njOku7un31Aqx67SSUOl7f6bzLc=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoiBT0WvHisYD+gDWWz3bRLdzdhdyOW0L/gxYMiXv1D3vw3btIctPXBwOO9GWbmBTFn2rjut1Pa2Nza3invVvb2Dw6PqscnXR0litAOiXik+gHWlDNJO4YZTvuxolgEnPaC2W3m9x6p0iySD2YeU1/giWQhI9hkUlh/uhxVa27DzYHWiVeQGhRoj6pfw3FEEkGlIRxrPfDc2PgpVoYRTheVYaJpjMkMT+jAUokF1X6a37pAF1YZozBStqRBufp7IsVC67kIbKfAZqpXvUz8zxskJrzxUybjxFBJlovChCMToexxNGaKEsPnlmCimL0VkSlWmBgbT8WG4K2+vE66Vw3PbXj3zVqrWcRRhjM4hzp4cA0tuIM2dIDAFJ7hFd4c4bw4787HsrXkFDOn8AfO5w9oKY3D</latexit><latexit sha1_base64="njOku7un31Aqx67SSUOl7f6bzLc=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoiBT0WvHisYD+gDWWz3bRLdzdhdyOW0L/gxYMiXv1D3vw3btIctPXBwOO9GWbmBTFn2rjut1Pa2Nza3invVvb2Dw6PqscnXR0litAOiXik+gHWlDNJO4YZTvuxolgEnPaC2W3m9x6p0iySD2YeU1/giWQhI9hkUlh/uhxVa27DzYHWiVeQGhRoj6pfw3FEEkGlIRxrPfDc2PgpVoYRTheVYaJpjMkMT+jAUokF1X6a37pAF1YZozBStqRBufp7IsVC67kIbKfAZqpXvUz8zxskJrzxUybjxFBJlovChCMToexxNGaKEsPnlmCimL0VkSlWmBgbT8WG4K2+vE66Vw3PbXj3zVqrWcRRhjM4hzp4cA0tuIM2dIDAFJ7hFd4c4bw4787HsrXkFDOn8AfO5w9oKY3D</latexit><latexit sha1_base64="njOku7un31Aqx67SSUOl7f6bzLc=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoiBT0WvHisYD+gDWWz3bRLdzdhdyOW0L/gxYMiXv1D3vw3btIctPXBwOO9GWbmBTFn2rjut1Pa2Nza3invVvb2Dw6PqscnXR0litAOiXik+gHWlDNJO4YZTvuxolgEnPaC2W3m9x6p0iySD2YeU1/giWQhI9hkUlh/uhxVa27DzYHWiVeQGhRoj6pfw3FEEkGlIRxrPfDc2PgpVoYRTheVYaJpjMkMT+jAUokF1X6a37pAF1YZozBStqRBufp7IsVC67kIbKfAZqpXvUz8zxskJrzxUybjxFBJlovChCMToexxNGaKEsPnlmCimL0VkSlWmBgbT8WG4K2+vE66Vw3PbXj3zVqrWcRRhjM4hzp4cA0tuIM2dIDAFJ7hFd4c4bw4787HsrXkFDOn8AfO5w9oKY3D</latexit>

Interface at equilibrium :
�F

��n
= 0 g0(�n)�

�

d2
(�n+1 + �n�1 � 2�n) = 0

<latexit sha1_base64="2HqoHGX/xxH48cm7elCfO56GvYc="></latexit><latexit sha1_base64="2HqoHGX/xxH48cm7elCfO56GvYc="></latexit><latexit sha1_base64="2HqoHGX/xxH48cm7elCfO56GvYc="></latexit><latexit sha1_base64="2HqoHGX/xxH48cm7elCfO56GvYc="></latexit>

Eq. 1

↵ = tanh(
2d

l
)

<latexit sha1_base64="JMJttfNDhxEAumddO7SzYbK32qU=">AAACA3icbVBNS8NAEN3Ur1q/ot70EixCvZSkFPQiFLx4rGA/oAllstm0SzebsLsRSgh48a948aCIV/+EN/+N2zYHbX0w8Hhvhpl5fsKoVLb9bZTW1jc2t8rblZ3dvf0D8/CoK+NUYNLBMYtF3wdJGOWko6hipJ8IApHPSM+f3Mz83gMRksb8Xk0T4kUw4jSkGJSWhuaJCywZw7WrgI9rbigAZ40gz1h+MTSrdt2ew1olTkGqqEB7aH65QYzTiHCFGUg5cOxEeRkIRTEjecVNJUkAT2BEBppyiIj0svkPuXWulcAKY6GLK2uu/p7IIJJyGvm6MwI1lsveTPzPG6QqvPIyypNUEY4Xi8KUWSq2ZoFYARUEKzbVBLCg+lYLj0HnoHRsFR2Cs/zyKuk26o5dd+6a1VaziKOMTtEZqiEHXaIWukVt1EEYPaJn9IrejCfjxXg3PhatJaOYOUZ/YHz+ALc5l4I=</latexit><latexit sha1_base64="JMJttfNDhxEAumddO7SzYbK32qU=">AAACA3icbVBNS8NAEN3Ur1q/ot70EixCvZSkFPQiFLx4rGA/oAllstm0SzebsLsRSgh48a948aCIV/+EN/+N2zYHbX0w8Hhvhpl5fsKoVLb9bZTW1jc2t8rblZ3dvf0D8/CoK+NUYNLBMYtF3wdJGOWko6hipJ8IApHPSM+f3Mz83gMRksb8Xk0T4kUw4jSkGJSWhuaJCywZw7WrgI9rbigAZ40gz1h+MTSrdt2ew1olTkGqqEB7aH65QYzTiHCFGUg5cOxEeRkIRTEjecVNJUkAT2BEBppyiIj0svkPuXWulcAKY6GLK2uu/p7IIJJyGvm6MwI1lsveTPzPG6QqvPIyypNUEY4Xi8KUWSq2ZoFYARUEKzbVBLCg+lYLj0HnoHRsFR2Cs/zyKuk26o5dd+6a1VaziKOMTtEZqiEHXaIWukVt1EEYPaJn9IrejCfjxXg3PhatJaOYOUZ/YHz+ALc5l4I=</latexit><latexit sha1_base64="JMJttfNDhxEAumddO7SzYbK32qU=">AAACA3icbVBNS8NAEN3Ur1q/ot70EixCvZSkFPQiFLx4rGA/oAllstm0SzebsLsRSgh48a948aCIV/+EN/+N2zYHbX0w8Hhvhpl5fsKoVLb9bZTW1jc2t8rblZ3dvf0D8/CoK+NUYNLBMYtF3wdJGOWko6hipJ8IApHPSM+f3Mz83gMRksb8Xk0T4kUw4jSkGJSWhuaJCywZw7WrgI9rbigAZ40gz1h+MTSrdt2ew1olTkGqqEB7aH65QYzTiHCFGUg5cOxEeRkIRTEjecVNJUkAT2BEBppyiIj0svkPuXWulcAKY6GLK2uu/p7IIJJyGvm6MwI1lsveTPzPG6QqvPIyypNUEY4Xi8KUWSq2ZoFYARUEKzbVBLCg+lYLj0HnoHRsFR2Cs/zyKuk26o5dd+6a1VaziKOMTtEZqiEHXaIWukVt1EEYPaJn9IrejCfjxXg3PhatJaOYOUZ/YHz+ALc5l4I=</latexit><latexit sha1_base64="JMJttfNDhxEAumddO7SzYbK32qU=">AAACA3icbVBNS8NAEN3Ur1q/ot70EixCvZSkFPQiFLx4rGA/oAllstm0SzebsLsRSgh48a948aCIV/+EN/+N2zYHbX0w8Hhvhpl5fsKoVLb9bZTW1jc2t8rblZ3dvf0D8/CoK+NUYNLBMYtF3wdJGOWko6hipJ8IApHPSM+f3Mz83gMRksb8Xk0T4kUw4jSkGJSWhuaJCywZw7WrgI9rbigAZ40gz1h+MTSrdt2ew1olTkGqqEB7aH65QYzTiHCFGUg5cOxEeRkIRTEjecVNJUkAT2BEBppyiIj0svkPuXWulcAKY6GLK2uu/p7IIJJyGvm6MwI1lsveTPzPG6QqvPIyypNUEY4Xi8KUWSq2ZoFYARUEKzbVBLCg+lYLj0HnoHRsFR2Cs/zyKuk26o5dd+6a1VaziKOMTtEZqiEHXaIWukVt1EEYPaJn9IrejCfjxXg3PhatJaOYOUZ/YHz+ALc5l4I=</latexit>

2�n±1 � 1 =
(2�n � 1) ± ↵

1 ± (2�n � 1)↵
Then :

Eq. 1 : g0(�) =
�

d2
{ 1� ↵2

1� ↵2(2�� 1)2
� 1}(2�� 1)

Solution : 

Finel et al,  PRL (2018)

f(x) =
1

2
(1 + tanh

2x

l
)

<latexit sha1_base64="LKcbCWC+qZKyvCnV/ci5T3i4a5s=">AAACEnicbVDLSgMxFM3UV62vUZdugkVoUcqkFHQjFNy4rGAf0Cklk2ba0ExmSDLSMsw3uPFX3LhQxK0rd/6NaTsLbT1w4XDOvdx7jxdxprTjfFu5tfWNza38dmFnd2//wD48aqkwloQ2SchD2fGwopwJ2tRMc9qJJMWBx2nbG9/M/PYDlYqF4l5PI9oL8FAwnxGsjdS3y35pUobX0PUlJglKk2paQueuxmK0kKqTNOGpe1Hu20Wn4swBVwnKSBFkaPTtL3cQkjigQhOOleoiJ9K9BEvNCKdpwY0VjTAZ4yHtGipwQFUvmb+UwjOjDKAfSlNCw7n6eyLBgVLTwDOdAdYjtezNxP+8bqz9q17CRBRrKshikR9zqEM4ywcOmKRE86khmEhmboVkhE0S2qRYMCGg5ZdXSataQU4F3dWK9VoWRx6cgFNQAghcgjq4BQ3QBAQ8gmfwCt6sJ+vFerc+Fq05K5s5Bn9gff4AAx+caA==</latexit><latexit sha1_base64="LKcbCWC+qZKyvCnV/ci5T3i4a5s=">AAACEnicbVDLSgMxFM3UV62vUZdugkVoUcqkFHQjFNy4rGAf0Cklk2ba0ExmSDLSMsw3uPFX3LhQxK0rd/6NaTsLbT1w4XDOvdx7jxdxprTjfFu5tfWNza38dmFnd2//wD48aqkwloQ2SchD2fGwopwJ2tRMc9qJJMWBx2nbG9/M/PYDlYqF4l5PI9oL8FAwnxGsjdS3y35pUobX0PUlJglKk2paQueuxmK0kKqTNOGpe1Hu20Wn4swBVwnKSBFkaPTtL3cQkjigQhOOleoiJ9K9BEvNCKdpwY0VjTAZ4yHtGipwQFUvmb+UwjOjDKAfSlNCw7n6eyLBgVLTwDOdAdYjtezNxP+8bqz9q17CRBRrKshikR9zqEM4ywcOmKRE86khmEhmboVkhE0S2qRYMCGg5ZdXSataQU4F3dWK9VoWRx6cgFNQAghcgjq4BQ3QBAQ8gmfwCt6sJ+vFerc+Fq05K5s5Bn9gff4AAx+caA==</latexit><latexit sha1_base64="LKcbCWC+qZKyvCnV/ci5T3i4a5s=">AAACEnicbVDLSgMxFM3UV62vUZdugkVoUcqkFHQjFNy4rGAf0Cklk2ba0ExmSDLSMsw3uPFX3LhQxK0rd/6NaTsLbT1w4XDOvdx7jxdxprTjfFu5tfWNza38dmFnd2//wD48aqkwloQ2SchD2fGwopwJ2tRMc9qJJMWBx2nbG9/M/PYDlYqF4l5PI9oL8FAwnxGsjdS3y35pUobX0PUlJglKk2paQueuxmK0kKqTNOGpe1Hu20Wn4swBVwnKSBFkaPTtL3cQkjigQhOOleoiJ9K9BEvNCKdpwY0VjTAZ4yHtGipwQFUvmb+UwjOjDKAfSlNCw7n6eyLBgVLTwDOdAdYjtezNxP+8bqz9q17CRBRrKshikR9zqEM4ywcOmKRE86khmEhmboVkhE0S2qRYMCGg5ZdXSataQU4F3dWK9VoWRx6cgFNQAghcgjq4BQ3QBAQ8gmfwCt6sJ+vFerc+Fq05K5s5Bn9gff4AAx+caA==</latexit><latexit sha1_base64="LKcbCWC+qZKyvCnV/ci5T3i4a5s=">AAACEnicbVDLSgMxFM3UV62vUZdugkVoUcqkFHQjFNy4rGAf0Cklk2ba0ExmSDLSMsw3uPFX3LhQxK0rd/6NaTsLbT1w4XDOvdx7jxdxprTjfFu5tfWNza38dmFnd2//wD48aqkwloQ2SchD2fGwopwJ2tRMc9qJJMWBx2nbG9/M/PYDlYqF4l5PI9oL8FAwnxGsjdS3y35pUobX0PUlJglKk2paQueuxmK0kKqTNOGpe1Hu20Wn4swBVwnKSBFkaPTtL3cQkjigQhOOleoiJ9K9BEvNCKdpwY0VjTAZ4yHtGipwQFUvmb+UwjOjDKAfSlNCw7n6eyLBgVLTwDOdAdYjtezNxP+8bqz9q17CRBRrKshikR9zqEM4ywcOmKRE86khmEhmboVkhE0S2qRYMCGg5ZdXSataQU4F3dWK9VoWRx6cgFNQAghcgjq4BQ3QBAQ8gmfwCt6sJ+vFerc+Fq05K5s5Bn9gff4AAx+caA==</latexit>

 ⟶ Choice :

-2 -1  0  1  20.0

0.5

1.0

x / d

    
    

    
    

    
    

    
   "

l
<latexit sha1_base64="ZI0x9ekW6d8SDgbgS3l2nZ9QlL0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSSwzLFbfqLkE2iZeTCuRoDstfg1HM0gilYYJq3ffcxPgZVYYzgfPSINWYUDalY+xbKmmE2s+Wh87JlVVGJIyVLWnIUv09kdFI61kU2M6Imole9xbif14/NeGtn3GZpAYlWy0KU0FMTBZfkxFXyIyYWUKZ4vZWwiZUUWZsNiUbgrf+8ibp3FQ9t+q1apVGLY+jCBdwCdfgQR0acA9NaAMDhGd4hTfn0Xlx3p2PVWvByWfO4Q+czx/P04zi</latexit><latexit sha1_base64="ZI0x9ekW6d8SDgbgS3l2nZ9QlL0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSSwzLFbfqLkE2iZeTCuRoDstfg1HM0gilYYJq3ffcxPgZVYYzgfPSINWYUDalY+xbKmmE2s+Wh87JlVVGJIyVLWnIUv09kdFI61kU2M6Imole9xbif14/NeGtn3GZpAYlWy0KU0FMTBZfkxFXyIyYWUKZ4vZWwiZUUWZsNiUbgrf+8ibp3FQ9t+q1apVGLY+jCBdwCdfgQR0acA9NaAMDhGd4hTfn0Xlx3p2PVWvByWfO4Q+czx/P04zi</latexit><latexit sha1_base64="ZI0x9ekW6d8SDgbgS3l2nZ9QlL0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSSwzLFbfqLkE2iZeTCuRoDstfg1HM0gilYYJq3ffcxPgZVYYzgfPSINWYUDalY+xbKmmE2s+Wh87JlVVGJIyVLWnIUv09kdFI61kU2M6Imole9xbif14/NeGtn3GZpAYlWy0KU0FMTBZfkxFXyIyYWUKZ4vZWwiZUUWZsNiUbgrf+8ibp3FQ9t+q1apVGLY+jCBdwCdfgQR0acA9NaAMDhGd4hTfn0Xlx3p2PVWvByWfO4Q+czx/P04zi</latexit><latexit sha1_base64="ZI0x9ekW6d8SDgbgS3l2nZ9QlL0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSSwzLFbfqLkE2iZeTCuRoDstfg1HM0gilYYJq3ffcxPgZVYYzgfPSINWYUDalY+xbKmmE2s+Wh87JlVVGJIyVLWnIUv09kdFI61kU2M6Imole9xbif14/NeGtn3GZpAYlWy0KU0FMTBZfkxFXyIyYWUKZ4vZWwiZUUWZsNiUbgrf+8ibp3FQ9t+q1apVGLY+jCBdwCdfgQR0acA9NaAMDhGd4hTfn0Xlx3p2PVWvByWfO4Q+czx/P04zi</latexit>

• select any interface thickness :  



The Sharp Phase Field pour Method (S-PFM)

8

g(�) =
�

4 d2
{↵

2 � 1

↵2
log[1� ↵2(1� 2�)2] � (1� 2�)2}

0.0 0.5 1.0-0.2

-0.1

0.0

!

g(
!)

 / 
("d

-2
 ) 

⟶ Exemple :  l

d
= 1

<latexit sha1_base64="/JJ7vdaH0SRyZqkcZBbiZ7yNNiM=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEInkoiol6EghePFewHtKFsNpt26WYTdjdCDfklXjwo4tWf4s1/4zbNQVsfDDzem2Fmnp9wprTjfFuVtfWNza3qdm1nd2+/bh8cdlWcSkI7JOax7PtYUc4E7WimOe0nkuLI57TnT2/nfu+RSsVi8aBnCfUiPBYsZARrI43s+jCUmGQ8z4Ic3SB3ZDecplMArRK3JA0o0R7ZX8MgJmlEhSYcKzVwnUR7GZaaEU7z2jBVNMFkisd0YKjAEVVeVhyeo1OjBCiMpSmhUaH+nshwpNQs8k1nhPVELXtz8T9vkOrw2suYSFJNBVksClOOdIzmKaCASUo0nxmCiWTmVkQm2CShTVY1E4K7/PIq6Z43Xafp3l80WpdlHFU4hhM4AxeuoAV30IYOEEjhGV7hzXqyXqx362PRWrHKmSP4A+vzBwNWkps=</latexit><latexit sha1_base64="/JJ7vdaH0SRyZqkcZBbiZ7yNNiM=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEInkoiol6EghePFewHtKFsNpt26WYTdjdCDfklXjwo4tWf4s1/4zbNQVsfDDzem2Fmnp9wprTjfFuVtfWNza3qdm1nd2+/bh8cdlWcSkI7JOax7PtYUc4E7WimOe0nkuLI57TnT2/nfu+RSsVi8aBnCfUiPBYsZARrI43s+jCUmGQ8z4Ic3SB3ZDecplMArRK3JA0o0R7ZX8MgJmlEhSYcKzVwnUR7GZaaEU7z2jBVNMFkisd0YKjAEVVeVhyeo1OjBCiMpSmhUaH+nshwpNQs8k1nhPVELXtz8T9vkOrw2suYSFJNBVksClOOdIzmKaCASUo0nxmCiWTmVkQm2CShTVY1E4K7/PIq6Z43Xafp3l80WpdlHFU4hhM4AxeuoAV30IYOEEjhGV7hzXqyXqx362PRWrHKmSP4A+vzBwNWkps=</latexit><latexit sha1_base64="/JJ7vdaH0SRyZqkcZBbiZ7yNNiM=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEInkoiol6EghePFewHtKFsNpt26WYTdjdCDfklXjwo4tWf4s1/4zbNQVsfDDzem2Fmnp9wprTjfFuVtfWNza3qdm1nd2+/bh8cdlWcSkI7JOax7PtYUc4E7WimOe0nkuLI57TnT2/nfu+RSsVi8aBnCfUiPBYsZARrI43s+jCUmGQ8z4Ic3SB3ZDecplMArRK3JA0o0R7ZX8MgJmlEhSYcKzVwnUR7GZaaEU7z2jBVNMFkisd0YKjAEVVeVhyeo1OjBCiMpSmhUaH+nshwpNQs8k1nhPVELXtz8T9vkOrw2suYSFJNBVksClOOdIzmKaCASUo0nxmCiWTmVkQm2CShTVY1E4K7/PIq6Z43Xafp3l80WpdlHFU4hhM4AxeuoAV30IYOEEjhGV7hzXqyXqx362PRWrHKmSP4A+vzBwNWkps=</latexit><latexit sha1_base64="/JJ7vdaH0SRyZqkcZBbiZ7yNNiM=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEInkoiol6EghePFewHtKFsNpt26WYTdjdCDfklXjwo4tWf4s1/4zbNQVsfDDzem2Fmnp9wprTjfFuVtfWNza3qdm1nd2+/bh8cdlWcSkI7JOax7PtYUc4E7WimOe0nkuLI57TnT2/nfu+RSsVi8aBnCfUiPBYsZARrI43s+jCUmGQ8z4Ic3SB3ZDecplMArRK3JA0o0R7ZX8MgJmlEhSYcKzVwnUR7GZaaEU7z2jBVNMFkisd0YKjAEVVeVhyeo1OjBCiMpSmhUaH+nshwpNQs8k1nhPVELXtz8T9vkOrw2suYSFJNBVksClOOdIzmKaCASUo0nxmCiWTmVkQm2CShTVY1E4K7/PIq6Z43Xafp3l80WpdlHFU4hhM4AxeuoAV30IYOEEjhGV7hzXqyXqx362PRWrHKmSP4A+vzBwNWkps=</latexit>

↵ = tanh(
2d

l
)

<latexit sha1_base64="JMJttfNDhxEAumddO7SzYbK32qU=">AAACA3icbVBNS8NAEN3Ur1q/ot70EixCvZSkFPQiFLx4rGA/oAllstm0SzebsLsRSgh48a948aCIV/+EN/+N2zYHbX0w8Hhvhpl5fsKoVLb9bZTW1jc2t8rblZ3dvf0D8/CoK+NUYNLBMYtF3wdJGOWko6hipJ8IApHPSM+f3Mz83gMRksb8Xk0T4kUw4jSkGJSWhuaJCywZw7WrgI9rbigAZ40gz1h+MTSrdt2ew1olTkGqqEB7aH65QYzTiHCFGUg5cOxEeRkIRTEjecVNJUkAT2BEBppyiIj0svkPuXWulcAKY6GLK2uu/p7IIJJyGvm6MwI1lsveTPzPG6QqvPIyypNUEY4Xi8KUWSq2ZoFYARUEKzbVBLCg+lYLj0HnoHRsFR2Cs/zyKuk26o5dd+6a1VaziKOMTtEZqiEHXaIWukVt1EEYPaJn9IrejCfjxXg3PhatJaOYOUZ/YHz+ALc5l4I=</latexit><latexit sha1_base64="JMJttfNDhxEAumddO7SzYbK32qU=">AAACA3icbVBNS8NAEN3Ur1q/ot70EixCvZSkFPQiFLx4rGA/oAllstm0SzebsLsRSgh48a948aCIV/+EN/+N2zYHbX0w8Hhvhpl5fsKoVLb9bZTW1jc2t8rblZ3dvf0D8/CoK+NUYNLBMYtF3wdJGOWko6hipJ8IApHPSM+f3Mz83gMRksb8Xk0T4kUw4jSkGJSWhuaJCywZw7WrgI9rbigAZ40gz1h+MTSrdt2ew1olTkGqqEB7aH65QYzTiHCFGUg5cOxEeRkIRTEjecVNJUkAT2BEBppyiIj0svkPuXWulcAKY6GLK2uu/p7IIJJyGvm6MwI1lsveTPzPG6QqvPIyypNUEY4Xi8KUWSq2ZoFYARUEKzbVBLCg+lYLj0HnoHRsFR2Cs/zyKuk26o5dd+6a1VaziKOMTtEZqiEHXaIWukVt1EEYPaJn9IrejCfjxXg3PhatJaOYOUZ/YHz+ALc5l4I=</latexit><latexit sha1_base64="JMJttfNDhxEAumddO7SzYbK32qU=">AAACA3icbVBNS8NAEN3Ur1q/ot70EixCvZSkFPQiFLx4rGA/oAllstm0SzebsLsRSgh48a948aCIV/+EN/+N2zYHbX0w8Hhvhpl5fsKoVLb9bZTW1jc2t8rblZ3dvf0D8/CoK+NUYNLBMYtF3wdJGOWko6hipJ8IApHPSM+f3Mz83gMRksb8Xk0T4kUw4jSkGJSWhuaJCywZw7WrgI9rbigAZ40gz1h+MTSrdt2ew1olTkGqqEB7aH65QYzTiHCFGUg5cOxEeRkIRTEjecVNJUkAT2BEBppyiIj0svkPuXWulcAKY6GLK2uu/p7IIJJyGvm6MwI1lsveTPzPG6QqvPIyypNUEY4Xi8KUWSq2ZoFYARUEKzbVBLCg+lYLj0HnoHRsFR2Cs/zyKuk26o5dd+6a1VaziKOMTtEZqiEHXaIWukVt1EEYPaJn9IrejCfjxXg3PhatJaOYOUZ/YHz+ALc5l4I=</latexit><latexit sha1_base64="JMJttfNDhxEAumddO7SzYbK32qU=">AAACA3icbVBNS8NAEN3Ur1q/ot70EixCvZSkFPQiFLx4rGA/oAllstm0SzebsLsRSgh48a948aCIV/+EN/+N2zYHbX0w8Hhvhpl5fsKoVLb9bZTW1jc2t8rblZ3dvf0D8/CoK+NUYNLBMYtF3wdJGOWko6hipJ8IApHPSM+f3Mz83gMRksb8Xk0T4kUw4jSkGJSWhuaJCywZw7WrgI9rbigAZ40gz1h+MTSrdt2ew1olTkGqqEB7aH65QYzTiHCFGUg5cOxEeRkIRTEjecVNJUkAT2BEBppyiIj0svkPuXWulcAKY6GLK2uu/p7IIJJyGvm6MwI1lsveTPzPG6QqvPIyypNUEY4Xi8KUWSq2ZoFYARUEKzbVBLCg+lYLj0HnoHRsFR2Cs/zyKuk26o5dd+6a1VaziKOMTtEZqiEHXaIWukVt1EEYPaJn9IrejCfjxXg3PhatJaOYOUZ/YHz+ALc5l4I=</latexit>

free energy density
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x/d
<latexit sha1_base64="3b3qZL91ypWPby3uTOIDB7MIMb8=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4qkkF9Vjw4rGi/YA2lM1m0i7dbMLuRiylP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLUsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZIphg2WiES1A6pRcIkNw43AdqqQxoHAVjC8mfqtR1SaJ/LBjFL0Y9qXPOKMGivdP52HvVLZrbgzkGXi5aQMOeq90lc3TFgWozRMUK07npsaf0yV4UzgpNjNNKaUDWkfO5ZKGqP2x7NTJ+TUKiGJEmVLGjJTf0+Maaz1KA5sZ0zNQC96U/E/r5OZ6Nofc5lmBiWbL4oyQUxCpn+TkCtkRowsoUxxeythA6ooMzadog3BW3x5mTSrFe+iUr2rlmuXeRwFOIYTOAMPrqAGt1CHBjDowzO8wpsjnBfn3fmYt644+cwR/IHz+QMNHo2Z</latexit>

l

d
= 1

<latexit sha1_base64="Z3qdTmjY/osVvq2hwImfNXLdbO4=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEInkpSBXsRCl48VrAf0Iay2WzapZtN2N0INeSXePGgiFd/ijf/jds2B219MPB4b4aZeX7CmdKO822VNja3tnfKu5W9/YPDqn103FVxKgntkJjHsu9jRTkTtKOZ5rSfSIojn9OeP72d+71HKhWLxYOeJdSL8FiwkBGsjTSyq8NQYpLxPAtydIPckV1z6s4CaJ24BalBgfbI/hoGMUkjKjThWKmB6yTay7DUjHCaV4apogkmUzymA0MFjqjyssXhOTo3SoDCWJoSGi3U3xMZjpSaRb7pjLCeqFVvLv7nDVIdNr2MiSTVVJDlojDlSMdongIKmKRE85khmEhmbkVkgk0S2mRVMSG4qy+vk26j7l7WG/dXtVaziKMMp3AGF+DCNbTgDtrQAQIpPMMrvFlP1ov1bn0sW0tWMXMCf2B9/gAFPpKh</latexit>

no pinning even for sharp interfaces

⟶ interface energy is exactly invariante by translation  !

�int ' 0.44263�d�1
<latexit sha1_base64="yqK7VzR57V8E58R9Cgz96rF3wAQ=">AAACEXicbVBPS8MwHE3nvzn/VT16CQ5BQUc7h7rbwIvHCdYN1jnSNN3CkrYmqTBKP4MXv4oXDypevXnz25htPejmg8Djvd8vyXtezKhUlvVtFBYWl5ZXiqultfWNzS1ze+dWRonAxMERi0TbQ5IwGhJHUcVIOxYEcY+Rlje8HPutByIkjcIbNYpJl6N+SAOKkdJSzzxyJe1z1EtpqDLNObm3KrVa9ezUPXaZvsdH0L9LT+ysZ5atijUBnCd2TsogR7Nnfrl+hBNOQoUZkrJjW7HqpkgoihnJSm4iSYzwEPVJR9MQcSK76SRSBg+04sMgEvqECk7U3xsp4lKOuKcnOVIDOeuNxf+8TqKCi65OGyeKhHj6UJAwqCI47gf6VBCs2EgThAXVf4V4gATCSrdY0iXYs5HniVOt1CvWda3cqOdtFMEe2AeHwAbnoAGuQBM4AINH8AxewZvxZLwY78bHdLRg5Du74A+Mzx/Zipx3</latexit><latexit sha1_base64="yqK7VzR57V8E58R9Cgz96rF3wAQ=">AAACEXicbVBPS8MwHE3nvzn/VT16CQ5BQUc7h7rbwIvHCdYN1jnSNN3CkrYmqTBKP4MXv4oXDypevXnz25htPejmg8Djvd8vyXtezKhUlvVtFBYWl5ZXiqultfWNzS1ze+dWRonAxMERi0TbQ5IwGhJHUcVIOxYEcY+Rlje8HPutByIkjcIbNYpJl6N+SAOKkdJSzzxyJe1z1EtpqDLNObm3KrVa9ezUPXaZvsdH0L9LT+ysZ5atijUBnCd2TsogR7Nnfrl+hBNOQoUZkrJjW7HqpkgoihnJSm4iSYzwEPVJR9MQcSK76SRSBg+04sMgEvqECk7U3xsp4lKOuKcnOVIDOeuNxf+8TqKCi65OGyeKhHj6UJAwqCI47gf6VBCs2EgThAXVf4V4gATCSrdY0iXYs5HniVOt1CvWda3cqOdtFMEe2AeHwAbnoAGuQBM4AINH8AxewZvxZLwY78bHdLRg5Du74A+Mzx/Zipx3</latexit><latexit sha1_base64="yqK7VzR57V8E58R9Cgz96rF3wAQ=">AAACEXicbVBPS8MwHE3nvzn/VT16CQ5BQUc7h7rbwIvHCdYN1jnSNN3CkrYmqTBKP4MXv4oXDypevXnz25htPejmg8Djvd8vyXtezKhUlvVtFBYWl5ZXiqultfWNzS1ze+dWRonAxMERi0TbQ5IwGhJHUcVIOxYEcY+Rlje8HPutByIkjcIbNYpJl6N+SAOKkdJSzzxyJe1z1EtpqDLNObm3KrVa9ezUPXaZvsdH0L9LT+ysZ5atijUBnCd2TsogR7Nnfrl+hBNOQoUZkrJjW7HqpkgoihnJSm4iSYzwEPVJR9MQcSK76SRSBg+04sMgEvqECk7U3xsp4lKOuKcnOVIDOeuNxf+8TqKCi65OGyeKhHj6UJAwqCI47gf6VBCs2EgThAXVf4V4gATCSrdY0iXYs5HniVOt1CvWda3cqOdtFMEe2AeHwAbnoAGuQBM4AINH8AxewZvxZLwY78bHdLRg5Du74A+Mzx/Zipx3</latexit>

⟶ same interface energy (10-14) :



9

c
<latexit sha1_base64="0FTx/GasYqtxaMq60K+6/0UHkrc=">AAAB53icdVDLSgNBEOz1GeMr6tHLYBA8Lbsiai4S8OIxAdcEkiXMTnqTMbOzy8ysEEK+wIsHFa/+kjf/xslD8FnQUFR1090VZYJr43nvzsLi0vLKamGtuL6xubVd2tm90WmuGAYsFalqRlSj4BIDw43AZqaQJpHARjS4nPiNO1Sap/LaDDMME9qTPOaMGivVWadU9tyK51dOffKb+K43RRnmqHVKb+1uyvIEpWGCat3yvcyEI6oMZwLHxXauMaNsQHvYslTSBHU4mh46JodW6ZI4VbakIVP168SIJloPk8h2JtT09U9vIv7ltXITn4cjLrPcoGSzRXEuiEnJ5GvS5QqZEUNLKFPc3kpYnyrKjM2maEP4/JT8T4Jjt+J69ZNy9WKeRgH24QCOwIczqMIV1CAABgj38AhPzq3z4Dw7L7PWBWc+swff4Lx+AKQEjQQ=</latexit><latexit sha1_base64="0FTx/GasYqtxaMq60K+6/0UHkrc=">AAAB53icdVDLSgNBEOz1GeMr6tHLYBA8Lbsiai4S8OIxAdcEkiXMTnqTMbOzy8ysEEK+wIsHFa/+kjf/xslD8FnQUFR1090VZYJr43nvzsLi0vLKamGtuL6xubVd2tm90WmuGAYsFalqRlSj4BIDw43AZqaQJpHARjS4nPiNO1Sap/LaDDMME9qTPOaMGivVWadU9tyK51dOffKb+K43RRnmqHVKb+1uyvIEpWGCat3yvcyEI6oMZwLHxXauMaNsQHvYslTSBHU4mh46JodW6ZI4VbakIVP168SIJloPk8h2JtT09U9vIv7ltXITn4cjLrPcoGSzRXEuiEnJ5GvS5QqZEUNLKFPc3kpYnyrKjM2maEP4/JT8T4Jjt+J69ZNy9WKeRgH24QCOwIczqMIV1CAABgj38AhPzq3z4Dw7L7PWBWc+swff4Lx+AKQEjQQ=</latexit><latexit sha1_base64="0FTx/GasYqtxaMq60K+6/0UHkrc=">AAAB53icdVDLSgNBEOz1GeMr6tHLYBA8Lbsiai4S8OIxAdcEkiXMTnqTMbOzy8ysEEK+wIsHFa/+kjf/xslD8FnQUFR1090VZYJr43nvzsLi0vLKamGtuL6xubVd2tm90WmuGAYsFalqRlSj4BIDw43AZqaQJpHARjS4nPiNO1Sap/LaDDMME9qTPOaMGivVWadU9tyK51dOffKb+K43RRnmqHVKb+1uyvIEpWGCat3yvcyEI6oMZwLHxXauMaNsQHvYslTSBHU4mh46JodW6ZI4VbakIVP168SIJloPk8h2JtT09U9vIv7ltXITn4cjLrPcoGSzRXEuiEnJ5GvS5QqZEUNLKFPc3kpYnyrKjM2maEP4/JT8T4Jjt+J69ZNy9WKeRgH24QCOwIczqMIV1CAABgj38AhPzq3z4Dw7L7PWBWc+swff4Lx+AKQEjQQ=</latexit>

 Extension to 3D : need to recover rotational invariance

F =
X

~r

{ g(�(~r)) + �

2

nX

i=1

�i
⌫i
d2i

miX

k=1

||�(~r + ~ri(k))� �(~r)||2 }
<latexit sha1_base64="H9NAuwXz3iURk0xoahIZuJLzTAk="></latexit>

nX

i=1

�i = 1
<latexit sha1_base64="Q6M7nhO5vs08BJViJuwwnwvwBMU=">AAACAnicbVDLSgNBEOz1GeNr1ZN4GQyCp7AbA3oJBLx4jGAekKzL7GSSDJmZXWZmhbAEL/6KFw+KePUrvPk3Th4HTSxoKKq66e6KEs608bxvZ2V1bX1jM7eV397Z3dt3Dw4bOk4VoXUS81i1IqwpZ5LWDTOcthJFsYg4bUbD64nffKBKs1jemVFCA4H7kvUYwcZKoXvc0akIM1bxx/cSdfpYCBwyVEF+6Ba8ojcFWib+nBRgjlrofnW6MUkFlYZwrHXb9xITZFgZRjgd5zuppgkmQ9ynbUslFlQH2fSFMTqzShf1YmVLGjRVf09kWGg9EpHtFNgM9KI3Ef/z2qnpXQUZk0lqqCSzRb2UIxOjSR6oyxQlho8swUQxeysiA6wwMTa1vA3BX3x5mTRKRf+iWLotF6rleRw5OIFTOAcfLqEKN1CDOhB4hGd4hTfnyXlx3p2PWeuKM585gj9wPn8AonWWOw==</latexit>

g(�) =
�

4

3X

i=1

�i
⌫i
d2i

miX

k=1

{↵i(~ri(k))2 � 1

↵i(~ri(k))2
log[1� ↵i(~ri(k))

2(2�� 1)2]� (2�� 1)2}
<latexit sha1_base64="M8lPTaCAPB9KMgk8NjZd/zYzIHY="></latexit><latexit sha1_base64="M8lPTaCAPB9KMgk8NjZd/zYzIHY="></latexit><latexit sha1_base64="M8lPTaCAPB9KMgk8NjZd/zYzIHY="></latexit>

• extend gradient terms to       neighbours, with weighting coefficients     selected to recover rotational invariance:nth
<latexit sha1_base64="rIEuYzsJSri25FMigVicpBxQCME=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexKQI8BLx4jmAcka5idTJIxszPLTK8QlvyDFw+KePV/vPk3TpI9aLSgoajqprsrSqSw6PtfXmFtfWNzq7hd2tnd2z8oHx61rE4N402mpTadiFouheJNFCh5JzGcxpHk7WhyPffbj9xYodUdThMexnSkxFAwik5qqfsMx7N+ueJX/QXIXxLkpAI5Gv3yZ2+gWRpzhUxSa7uBn2CYUYOCST4r9VLLE8omdMS7jioacxtmi2tn5MwpAzLUxpVCslB/TmQ0tnYaR64zpji2q95c/M/rpji8CjOhkhS5YstFw1QS1GT+OhkIwxnKqSOUGeFuJWxMDWXoAiq5EILVl/+S1kU18KvBba1Sr+VxFOEETuEcAriEOtxAA5rA4AGe4AVePe09e2/e+7K14OUzx/AL3sc35caPSA==</latexit><latexit sha1_base64="rIEuYzsJSri25FMigVicpBxQCME=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexKQI8BLx4jmAcka5idTJIxszPLTK8QlvyDFw+KePV/vPk3TpI9aLSgoajqprsrSqSw6PtfXmFtfWNzq7hd2tnd2z8oHx61rE4N402mpTadiFouheJNFCh5JzGcxpHk7WhyPffbj9xYodUdThMexnSkxFAwik5qqfsMx7N+ueJX/QXIXxLkpAI5Gv3yZ2+gWRpzhUxSa7uBn2CYUYOCST4r9VLLE8omdMS7jioacxtmi2tn5MwpAzLUxpVCslB/TmQ0tnYaR64zpji2q95c/M/rpji8CjOhkhS5YstFw1QS1GT+OhkIwxnKqSOUGeFuJWxMDWXoAiq5EILVl/+S1kU18KvBba1Sr+VxFOEETuEcAriEOtxAA5rA4AGe4AVePe09e2/e+7K14OUzx/AL3sc35caPSA==</latexit><latexit sha1_base64="rIEuYzsJSri25FMigVicpBxQCME=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexKQI8BLx4jmAcka5idTJIxszPLTK8QlvyDFw+KePV/vPk3TpI9aLSgoajqprsrSqSw6PtfXmFtfWNzq7hd2tnd2z8oHx61rE4N402mpTadiFouheJNFCh5JzGcxpHk7WhyPffbj9xYodUdThMexnSkxFAwik5qqfsMx7N+ueJX/QXIXxLkpAI5Gv3yZ2+gWRpzhUxSa7uBn2CYUYOCST4r9VLLE8omdMS7jioacxtmi2tn5MwpAzLUxpVCslB/TmQ0tnYaR64zpji2q95c/M/rpji8CjOhkhS5YstFw1QS1GT+OhkIwxnKqSOUGeFuJWxMDWXoAiq5EILVl/+S1kU18KvBba1Sr+VxFOEETuEcAriEOtxAA5rA4AGe4AVePe09e2/e+7K14OUzx/AL3sc35caPSA==</latexit><latexit sha1_base64="rIEuYzsJSri25FMigVicpBxQCME=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexKQI8BLx4jmAcka5idTJIxszPLTK8QlvyDFw+KePV/vPk3TpI9aLSgoajqprsrSqSw6PtfXmFtfWNzq7hd2tnd2z8oHx61rE4N402mpTadiFouheJNFCh5JzGcxpHk7WhyPffbj9xYodUdThMexnSkxFAwik5qqfsMx7N+ueJX/QXIXxLkpAI5Gv3yZ2+gWRpzhUxSa7uBn2CYUYOCST4r9VLLE8omdMS7jioacxtmi2tn5MwpAzLUxpVCslB/TmQ0tnYaR64zpji2q95c/M/rpji8CjOhkhS5YstFw1QS1GT+OhkIwxnKqSOUGeFuJWxMDWXoAiq5EILVl/+S1kU18KvBba1Sr+VxFOEETuEcAriEOtxAA5rA4AGe4AVePe09e2/e+7K14OUzx/AL3sc35caPSA==</latexit>

�i
<latexit sha1_base64="/aNHoiuteYNQmyEopeIUPYQIgaI=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2A9oQ5lsN+3S3STuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUUdaisYhVN0DNBI9Yy3AjWDdRDGUgWCeY3M79zhNTmsfRg5kmzJc4injIKRordfsjlBIHfFCuuFV3AbJOvJxUIEdzUP7qD2OaShYZKlDrnucmxs9QGU4Fm5X6qWYJ0gmOWM/SCCXTfra4d0YurDIkYaxsRYYs1N8TGUqtpzKwnRLNWK96c/E/r5ea8MbPeJSkhkV0uShMBTExmT9PhlwxasTUEqSK21sJHaNCamxEJRuCt/ryOmnXqt5VtXZfrzTqeRxFOINzuAQPrqEBd9CEFlAQ8Ayv8OY8Oi/Ou/OxbC04+cwp/IHz+QMCPI/n</latexit>

S-PFM in 3D

~u :
<latexit sha1_base64="8VUoLBLQ+3B1hFUBJZNZxrkyAh8=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lF/DoVvHisYGyhDWWznbRLN5u4uymU0D/hxYOKV3+PN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RRWVtfWN4qbpa3tnd298v7Bo45TxdBjsYhVK6AaBZfoGW4EthKFNAoENoPh7dRvjlBpHssHM07Qj2hf8pAzaqzU6oyQkZTcdMsVt+rOQJZJLScVyNHolr86vZilEUrDBNW6XXMT42dUGc4ETkqdVGNC2ZD2sW2ppBFqP5vdOyEnVumRMFa2pCEz9fdERiOtx1FgOyNqBnrRm4r/ee3UhFd+xmWSGpRsvihMBTExmT5PelwhM2JsCWWK21sJG1BFmbERlWwItcWXl4l3Vr2uuvfnlfpFnkYRjuAYTqEGl1CHO2iABwwEPMMrvDlPzovz7nzMWwtOPnMIf+B8/gB9No8a</latexit><latexit sha1_base64="8VUoLBLQ+3B1hFUBJZNZxrkyAh8=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lF/DoVvHisYGyhDWWznbRLN5u4uymU0D/hxYOKV3+PN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RRWVtfWN4qbpa3tnd298v7Bo45TxdBjsYhVK6AaBZfoGW4EthKFNAoENoPh7dRvjlBpHssHM07Qj2hf8pAzaqzU6oyQkZTcdMsVt+rOQJZJLScVyNHolr86vZilEUrDBNW6XXMT42dUGc4ETkqdVGNC2ZD2sW2ppBFqP5vdOyEnVumRMFa2pCEz9fdERiOtx1FgOyNqBnrRm4r/ee3UhFd+xmWSGpRsvihMBTExmT5PelwhM2JsCWWK21sJG1BFmbERlWwItcWXl4l3Vr2uuvfnlfpFnkYRjuAYTqEGl1CHO2iABwwEPMMrvDlPzovz7nzMWwtOPnMIf+B8/gB9No8a</latexit><latexit sha1_base64="8VUoLBLQ+3B1hFUBJZNZxrkyAh8=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lF/DoVvHisYGyhDWWznbRLN5u4uymU0D/hxYOKV3+PN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RRWVtfWN4qbpa3tnd298v7Bo45TxdBjsYhVK6AaBZfoGW4EthKFNAoENoPh7dRvjlBpHssHM07Qj2hf8pAzaqzU6oyQkZTcdMsVt+rOQJZJLScVyNHolr86vZilEUrDBNW6XXMT42dUGc4ETkqdVGNC2ZD2sW2ppBFqP5vdOyEnVumRMFa2pCEz9fdERiOtx1FgOyNqBnrRm4r/ee3UhFd+xmWSGpRsvihMBTExmT5PelwhM2JsCWWK21sJG1BFmbERlWwItcWXl4l3Vr2uuvfnlfpFnkYRjuAYTqEGl1CHO2iABwwEPMMrvDlPzovz7nzMWwtOPnMIf+B8/gB9No8a</latexit>

unitary vector perpendicular to planes (h1k1k1)
<latexit sha1_base64="x4nVNlNhjPiHfx4ZCovOyk14moE=">AAAB8XicbVDLSgMxFL3js9ZX1aWbYBHqpsyI+NgV3Lis4NjCdCiZNNOGZpIhyQhl6Ge4caHi1r9x59+YTmehrYcEDufcy733RCln2rjut7Oyura+sVnZqm7v7O7t1w4OH7XMFKE+kVyqboQ15UxQ3zDDaTdVFCcRp51ofDvzO09UaSbFg5mkNEzwULCYEWysFDRGfW9cvLN+re423QJomXglqUOJdr/21RtIkiVUGMKx1oHnpibMsTKMcDqt9jJNU0zGeEgDSwVOqA7zYuUpOrXKAMVS2S8MKtTfHTlOtJ4kka1MsBnpRW8m/ucFmYmvw5yJNDNUkPmgOOPISDS7Hw2YosTwiSWYKGZ3RWSEFSbGplS1IXiLJy8T/7x503TvL+qtyzKNChzDCTTAgytowR20wQcCEp7hFd4c47w4787HvHTFKXuO4A+czx8F8I/u</latexit><latexit sha1_base64="x4nVNlNhjPiHfx4ZCovOyk14moE=">AAAB8XicbVDLSgMxFL3js9ZX1aWbYBHqpsyI+NgV3Lis4NjCdCiZNNOGZpIhyQhl6Ge4caHi1r9x59+YTmehrYcEDufcy733RCln2rjut7Oyura+sVnZqm7v7O7t1w4OH7XMFKE+kVyqboQ15UxQ3zDDaTdVFCcRp51ofDvzO09UaSbFg5mkNEzwULCYEWysFDRGfW9cvLN+re423QJomXglqUOJdr/21RtIkiVUGMKx1oHnpibMsTKMcDqt9jJNU0zGeEgDSwVOqA7zYuUpOrXKAMVS2S8MKtTfHTlOtJ4kka1MsBnpRW8m/ucFmYmvw5yJNDNUkPmgOOPISDS7Hw2YosTwiSWYKGZ3RWSEFSbGplS1IXiLJy8T/7x503TvL+qtyzKNChzDCTTAgytowR20wQcCEp7hFd4c47w4787HvHTFKXuO4A+czx8F8I/u</latexit><latexit sha1_base64="x4nVNlNhjPiHfx4ZCovOyk14moE=">AAAB8XicbVDLSgMxFL3js9ZX1aWbYBHqpsyI+NgV3Lis4NjCdCiZNNOGZpIhyQhl6Ge4caHi1r9x59+YTmehrYcEDufcy733RCln2rjut7Oyura+sVnZqm7v7O7t1w4OH7XMFKE+kVyqboQ15UxQ3zDDaTdVFCcRp51ofDvzO09UaSbFg5mkNEzwULCYEWysFDRGfW9cvLN+re423QJomXglqUOJdr/21RtIkiVUGMKx1oHnpibMsTKMcDqt9jJNU0zGeEgDSwVOqA7zYuUpOrXKAMVS2S8MKtTfHTlOtJ4kka1MsBnpRW8m/ucFmYmvw5yJNDNUkPmgOOPISDS7Hw2YosTwiSWYKGZ3RWSEFSbGplS1IXiLJy8T/7x503TvL+qtyzKNChzDCTTAgytowR20wQcCEp7hFd4c47w4787HvHTFKXuO4A+czx8F8I/u</latexit>

Kinetics :



Quality of the S-PFM
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<latexit sha1_base64="zME9N4FIDXHb+7peU8sTvQzUIyE=">AAACAHicbZDLSsNAFIZP6q3WW9SFCzeDRXBVklrQjVBw47KCvUAbymQyaYdOJmFmIpSQja/ixoUibn0Md76N0zYLbf1h4OM/53Dm/H7CmdKO822V1tY3NrfK25Wd3b39A/vwqKPiVBLaJjGPZc/HinImaFszzWkvkRRHPqddf3I7q3cfqVQsFg96mlAvwiPBQkawNtbQPhmEEpOM51mQ3yy4nmeX+dCuOjVnLrQKbgFVKNQa2l+DICZpRIUmHCvVd51EexmWmhFO88ogVTTBZIJHtG9Q4IgqL5sfkKNz4wQojKV5QqO5+3siw5FS08g3nRHWY7Vcm5n/1fqpDq+9jIkk1VSQxaIw5UjHaJYGCpikRPOpAUwkM39FZIxNCtpkVjEhuMsnr0KnXnOdmnvfqDYbRRxlOIUzuAAXrqAJd9CCNhDI4Rle4c16sl6sd+tj0Vqyiplj+CPr8wdCsJbF</latexit><latexit sha1_base64="zME9N4FIDXHb+7peU8sTvQzUIyE=">AAACAHicbZDLSsNAFIZP6q3WW9SFCzeDRXBVklrQjVBw47KCvUAbymQyaYdOJmFmIpSQja/ixoUibn0Md76N0zYLbf1h4OM/53Dm/H7CmdKO822V1tY3NrfK25Wd3b39A/vwqKPiVBLaJjGPZc/HinImaFszzWkvkRRHPqddf3I7q3cfqVQsFg96mlAvwiPBQkawNtbQPhmEEpOM51mQ3yy4nmeX+dCuOjVnLrQKbgFVKNQa2l+DICZpRIUmHCvVd51EexmWmhFO88ogVTTBZIJHtG9Q4IgqL5sfkKNz4wQojKV5QqO5+3siw5FS08g3nRHWY7Vcm5n/1fqpDq+9jIkk1VSQxaIw5UjHaJYGCpikRPOpAUwkM39FZIxNCtpkVjEhuMsnr0KnXnOdmnvfqDYbRRxlOIUzuAAXrqAJd9CCNhDI4Rle4c16sl6sd+tj0Vqyiplj+CPr8wdCsJbF</latexit><latexit sha1_base64="zME9N4FIDXHb+7peU8sTvQzUIyE=">AAACAHicbZDLSsNAFIZP6q3WW9SFCzeDRXBVklrQjVBw47KCvUAbymQyaYdOJmFmIpSQja/ixoUibn0Md76N0zYLbf1h4OM/53Dm/H7CmdKO822V1tY3NrfK25Wd3b39A/vwqKPiVBLaJjGPZc/HinImaFszzWkvkRRHPqddf3I7q3cfqVQsFg96mlAvwiPBQkawNtbQPhmEEpOM51mQ3yy4nmeX+dCuOjVnLrQKbgFVKNQa2l+DICZpRIUmHCvVd51EexmWmhFO88ogVTTBZIJHtG9Q4IgqL5sfkKNz4wQojKV5QqO5+3siw5FS08g3nRHWY7Vcm5n/1fqpDq+9jIkk1VSQxaIw5UjHaJYGCpikRPOpAUwkM39FZIxNCtpkVjEhuMsnr0KnXnOdmnvfqDYbRRxlOIUzuAAXrqAJd9CCNhDI4Rle4c16sl6sd+tj0Vqyiplj+CPr8wdCsJbF</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="W0uGzOjkOlf+Xaqwr4btsenzEww=">AAAB9XicbZBLSwMxFIXv1FetVUc3LtwEi+CqzNSFbgTBjcsK9gHtUDJppg3NZIbkjlCG2fhX3LhQxL/izn9j+lho64HAxzkJN/eEqRQGPe/bKW1sbm3vlHcre9X9g0P3qNo2SaYZb7FEJrobUsOlULyFAiXvpprTOJS8E07uZnnniWsjEvWI05QHMR0pEQlG0VoD96QfacpyWeTD4mbBjSK/LAZuzat7c5F18JdQg6WaA/erP0xYFnOFTFJjer6XYpBTjYJJXlT6meEpZRM64j2LisbcBPl8gYKcW2dIokTbo5DM3d8vchobM41DezOmODar2cz8L+tlGF0HuVBphlyxxaAokwQTMmuDDIXmDOXUAmVa2L8SNqa2BbSdVWwJ/urK69Bu1H2v7j94UIZTOIML8OEKbuEemtACBgW8wBu8O8/Oq/OxqKvkLHs7hj9yPn8AykSVaA==</latexit><latexit sha1_base64="W0uGzOjkOlf+Xaqwr4btsenzEww=">AAAB9XicbZBLSwMxFIXv1FetVUc3LtwEi+CqzNSFbgTBjcsK9gHtUDJppg3NZIbkjlCG2fhX3LhQxL/izn9j+lho64HAxzkJN/eEqRQGPe/bKW1sbm3vlHcre9X9g0P3qNo2SaYZb7FEJrobUsOlULyFAiXvpprTOJS8E07uZnnniWsjEvWI05QHMR0pEQlG0VoD96QfacpyWeTD4mbBjSK/LAZuzat7c5F18JdQg6WaA/erP0xYFnOFTFJjer6XYpBTjYJJXlT6meEpZRM64j2LisbcBPl8gYKcW2dIokTbo5DM3d8vchobM41DezOmODar2cz8L+tlGF0HuVBphlyxxaAokwQTMmuDDIXmDOXUAmVa2L8SNqa2BbSdVWwJ/urK69Bu1H2v7j94UIZTOIML8OEKbuEemtACBgW8wBu8O8/Oq/OxqKvkLHs7hj9yPn8AykSVaA==</latexit><latexit sha1_base64="iJlxHP2Uvoz+Wr1ZRfLIdmaapUs=">AAACAHicbZDLSsNAFIZP6q3WW9SFCzeDRXBVklbQjVBw47KCvUAbymQyaYdOJmFmIpSQja/ixoUibn0Md76N0zYLbf1h4OM/53Dm/H7CmdKO822V1tY3NrfK25Wd3b39A/vwqKPiVBLaJjGPZc/HinImaFszzWkvkRRHPqddf3I7q3cfqVQsFg96mlAvwiPBQkawNtbQPhmEEpOM51mQ3yy4nmeNfGhXnZozF1oFt4AqFGoN7a9BEJM0okITjpXqu06ivQxLzQineWWQKppgMsEj2jcocESVl80PyNG5cQIUxtI8odHc/T2R4UipaeSbzgjrsVquzcz/av1Uh9dexkSSairIYlGYcqRjNEsDBUxSovnUACaSmb8iMsYmBW0yq5gQ3OWTV6FTr7lOzb13qs3LIo4ynMIZXIALV9CEO2hBGwjk8Ayv8GY9WS/Wu/WxaC1Zxcwx/JH1+QNBcJbB</latexit><latexit sha1_base64="zME9N4FIDXHb+7peU8sTvQzUIyE=">AAACAHicbZDLSsNAFIZP6q3WW9SFCzeDRXBVklrQjVBw47KCvUAbymQyaYdOJmFmIpSQja/ixoUibn0Md76N0zYLbf1h4OM/53Dm/H7CmdKO822V1tY3NrfK25Wd3b39A/vwqKPiVBLaJjGPZc/HinImaFszzWkvkRRHPqddf3I7q3cfqVQsFg96mlAvwiPBQkawNtbQPhmEEpOM51mQ3yy4nmeX+dCuOjVnLrQKbgFVKNQa2l+DICZpRIUmHCvVd51EexmWmhFO88ogVTTBZIJHtG9Q4IgqL5sfkKNz4wQojKV5QqO5+3siw5FS08g3nRHWY7Vcm5n/1fqpDq+9jIkk1VSQxaIw5UjHaJYGCpikRPOpAUwkM39FZIxNCtpkVjEhuMsnr0KnXnOdmnvfqDYbRRxlOIUzuAAXrqAJd9CCNhDI4Rle4c16sl6sd+tj0Vqyiplj+CPr8wdCsJbF</latexit><latexit sha1_base64="zME9N4FIDXHb+7peU8sTvQzUIyE=">AAACAHicbZDLSsNAFIZP6q3WW9SFCzeDRXBVklrQjVBw47KCvUAbymQyaYdOJmFmIpSQja/ixoUibn0Md76N0zYLbf1h4OM/53Dm/H7CmdKO822V1tY3NrfK25Wd3b39A/vwqKPiVBLaJjGPZc/HinImaFszzWkvkRRHPqddf3I7q3cfqVQsFg96mlAvwiPBQkawNtbQPhmEEpOM51mQ3yy4nmeX+dCuOjVnLrQKbgFVKNQa2l+DICZpRIUmHCvVd51EexmWmhFO88ogVTTBZIJHtG9Q4IgqL5sfkKNz4wQojKV5QqO5+3siw5FS08g3nRHWY7Vcm5n/1fqpDq+9jIkk1VSQxaIw5UjHaJYGCpikRPOpAUwkM39FZIxNCtpkVjEhuMsnr0KnXnOdmnvfqDYbRRxlOIUzuAAXrqAJd9CCNhDI4Rle4c16sl6sd+tj0Vqyiplj+CPr8wdCsJbF</latexit><latexit sha1_base64="zME9N4FIDXHb+7peU8sTvQzUIyE=">AAACAHicbZDLSsNAFIZP6q3WW9SFCzeDRXBVklrQjVBw47KCvUAbymQyaYdOJmFmIpSQja/ixoUibn0Md76N0zYLbf1h4OM/53Dm/H7CmdKO822V1tY3NrfK25Wd3b39A/vwqKPiVBLaJjGPZc/HinImaFszzWkvkRRHPqddf3I7q3cfqVQsFg96mlAvwiPBQkawNtbQPhmEEpOM51mQ3yy4nmeX+dCuOjVnLrQKbgFVKNQa2l+DICZpRIUmHCvVd51EexmWmhFO88ogVTTBZIJHtG9Q4IgqL5sfkKNz4wQojKV5QqO5+3siw5FS08g3nRHWY7Vcm5n/1fqpDq+9jIkk1VSQxaIw5UjHaJYGCpikRPOpAUwkM39FZIxNCtpkVjEhuMsnr0KnXnOdmnvfqDYbRRxlOIUzuAAXrqAJd9CCNhDI4Rle4c16sl6sd+tj0Vqyiplj+CPr8wdCsJbF</latexit><latexit sha1_base64="zME9N4FIDXHb+7peU8sTvQzUIyE=">AAACAHicbZDLSsNAFIZP6q3WW9SFCzeDRXBVklrQjVBw47KCvUAbymQyaYdOJmFmIpSQja/ixoUibn0Md76N0zYLbf1h4OM/53Dm/H7CmdKO822V1tY3NrfK25Wd3b39A/vwqKPiVBLaJjGPZc/HinImaFszzWkvkRRHPqddf3I7q3cfqVQsFg96mlAvwiPBQkawNtbQPhmEEpOM51mQ3yy4nmeX+dCuOjVnLrQKbgFVKNQa2l+DICZpRIUmHCvVd51EexmWmhFO88ogVTTBZIJHtG9Q4IgqL5sfkKNz4wQojKV5QqO5+3siw5FS08g3nRHWY7Vcm5n/1fqpDq+9jIkk1VSQxaIw5UjHaJYGCpikRPOpAUwkM39FZIxNCtpkVjEhuMsnr0KnXnOdmnvfqDYbRRxlOIUzuAAXrqAJd9CCNhDI4Rle4c16sl6sd+tj0Vqyiplj+CPr8wdCsJbF</latexit><latexit sha1_base64="zME9N4FIDXHb+7peU8sTvQzUIyE=">AAACAHicbZDLSsNAFIZP6q3WW9SFCzeDRXBVklrQjVBw47KCvUAbymQyaYdOJmFmIpSQja/ixoUibn0Md76N0zYLbf1h4OM/53Dm/H7CmdKO822V1tY3NrfK25Wd3b39A/vwqKPiVBLaJjGPZc/HinImaFszzWkvkRRHPqddf3I7q3cfqVQsFg96mlAvwiPBQkawNtbQPhmEEpOM51mQ3yy4nmeX+dCuOjVnLrQKbgFVKNQa2l+DICZpRIUmHCvVd51EexmWmhFO88ogVTTBZIJHtG9Q4IgqL5sfkKNz4wQojKV5QqO5+3siw5FS08g3nRHWY7Vcm5n/1fqpDq+9jIkk1VSQxaIw5UjHaJYGCpikRPOpAUwkM39FZIxNCtpkVjEhuMsnr0KnXnOdmnvfqDYbRRxlOIUzuAAXrqAJd9CCNhDI4Rle4c16sl6sd+tj0Vqyiplj+CPr8wdCsJbF</latexit><latexit sha1_base64="zME9N4FIDXHb+7peU8sTvQzUIyE=">AAACAHicbZDLSsNAFIZP6q3WW9SFCzeDRXBVklrQjVBw47KCvUAbymQyaYdOJmFmIpSQja/ixoUibn0Md76N0zYLbf1h4OM/53Dm/H7CmdKO822V1tY3NrfK25Wd3b39A/vwqKPiVBLaJjGPZc/HinImaFszzWkvkRRHPqddf3I7q3cfqVQsFg96mlAvwiPBQkawNtbQPhmEEpOM51mQ3yy4nmeX+dCuOjVnLrQKbgFVKNQa2l+DICZpRIUmHCvVd51EexmWmhFO88ogVTTBZIJHtG9Q4IgqL5sfkKNz4wQojKV5QqO5+3siw5FS08g3nRHWY7Vcm5n/1fqpDq+9jIkk1VSQxaIw5UjHaJYGCpikRPOpAUwkM39FZIxNCtpkVjEhuMsnr0KnXnOdmnvfqDYbRRxlOIUzuAAXrqAJd9CCNhDI4Rle4c16sl6sd+tj0Vqyiplj+CPr8wdCsJbF</latexit>

free energy density kinetics

simulation : 256x256x256

growth of a single precipitate

(111) plane

(110) profil

� = 1

� = 0

precipitate :

matrice :

�F > 0

h(�) = 3�2 � 2�3
<latexit sha1_base64="I7vFUtaRFq9O7Rz5LMnLJE/nufo=">AAACAXicbZBPS8MwGMbT+W/Of1VP4iU4hHlwtNtAPQgDLx4nWDfY6kizdAtL05KkwijDi1/FiwcVr34Lb34b064H3Xwh5MfzvC/J+3gRo1JZ1rdRWFpeWV0rrpc2Nre2d8zdvTsZxgITB4csFB0PScIoJ46iipFOJAgKPEba3vgq9dsPREga8ls1iYgboCGnPsVIaalvHowqvWhET+AlrKdwXzutZXe9b5atqpUVXAQ7hzLIq9U3v3qDEMcB4QozJGXXtiLlJkgoihmZlnqxJBHCYzQkXY0cBUS6SbbCFB5rZQD9UOjDFczU3xMJCqScBJ7uDJAayXkvFf/zurHyz92E8ihWhOPZQ37MoAphmgccUEGwYhMNCAuq/wrxCAmElU6tpEOw51deBKdWvahaN41ys5GnUQSH4AhUgA3OQBNcgxZwAAaP4Bm8gjfjyXgx3o2PWWvByGf2wZ8yPn8AnpqVKg==</latexit><latexit sha1_base64="I7vFUtaRFq9O7Rz5LMnLJE/nufo=">AAACAXicbZBPS8MwGMbT+W/Of1VP4iU4hHlwtNtAPQgDLx4nWDfY6kizdAtL05KkwijDi1/FiwcVr34Lb34b064H3Xwh5MfzvC/J+3gRo1JZ1rdRWFpeWV0rrpc2Nre2d8zdvTsZxgITB4csFB0PScIoJ46iipFOJAgKPEba3vgq9dsPREga8ls1iYgboCGnPsVIaalvHowqvWhET+AlrKdwXzutZXe9b5atqpUVXAQ7hzLIq9U3v3qDEMcB4QozJGXXtiLlJkgoihmZlnqxJBHCYzQkXY0cBUS6SbbCFB5rZQD9UOjDFczU3xMJCqScBJ7uDJAayXkvFf/zurHyz92E8ihWhOPZQ37MoAphmgccUEGwYhMNCAuq/wrxCAmElU6tpEOw51deBKdWvahaN41ys5GnUQSH4AhUgA3OQBNcgxZwAAaP4Bm8gjfjyXgx3o2PWWvByGf2wZ8yPn8AnpqVKg==</latexit><latexit sha1_base64="I7vFUtaRFq9O7Rz5LMnLJE/nufo=">AAACAXicbZBPS8MwGMbT+W/Of1VP4iU4hHlwtNtAPQgDLx4nWDfY6kizdAtL05KkwijDi1/FiwcVr34Lb34b064H3Xwh5MfzvC/J+3gRo1JZ1rdRWFpeWV0rrpc2Nre2d8zdvTsZxgITB4csFB0PScIoJ46iipFOJAgKPEba3vgq9dsPREga8ls1iYgboCGnPsVIaalvHowqvWhET+AlrKdwXzutZXe9b5atqpUVXAQ7hzLIq9U3v3qDEMcB4QozJGXXtiLlJkgoihmZlnqxJBHCYzQkXY0cBUS6SbbCFB5rZQD9UOjDFczU3xMJCqScBJ7uDJAayXkvFf/zurHyz92E8ihWhOPZQ37MoAphmgccUEGwYhMNCAuq/wrxCAmElU6tpEOw51deBKdWvahaN41ys5GnUQSH4AhUgA3OQBNcgxZwAAaP4Bm8gjfjyXgx3o2PWWvByGf2wZ8yPn8AnpqVKg==</latexit>

gtot(�) = g(�) � �F h(�)
<latexit sha1_base64="RhIZoUkxu2LI3bXhxeWq1JMKPkg=">AAACHHicbZDLSgMxFIYz9VbrbdSlm2ARKtQy0wp2IxQUcVnBXqBTSiZN29DMheSMUIY+iBtfxY0LRdy4EHwbM+0stPVAwsf/n0NyfjcUXIFlfRuZldW19Y3sZm5re2d3z9w/aKogkpQ1aCAC2XaJYoL7rAEcBGuHkhHPFazljq8Sv/XApOKBfw+TkHU9MvT5gFMCWuqZlWEvhgCmBScc8VN8iYcpYafoFM+Sy7lmAgi+cYqjudcz81bJmhVeBjuFPEqr3jM/nX5AI4/5QAVRqmNbIXRjIoFTwaY5J1IsJHRMhqyj0SceU914ttwUn2iljweB1McHPFN/T8TEU2riubrTIzBSi14i/ud1IhhUuzH3wwiYT+cPDSKBIcBJUrjPJaMgJhoIlVz/FdMRkYSCzjOnQ7AXV16GZrlkV0rlu/N8rZrGkUVH6BgVkI0uUA3dojpqIIoe0TN6RW/Gk/FivBsf89aMkc4coj9lfP0Aqa+ejw==</latexit>
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⟶  comparison S-PFM / “classical” PFM :

⟶ For a precision on the interface velocity of env. 1.7% : 

 Curvature-driven collapse of a single precipitate :

15 20 25 30
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x / (√2/2 d)
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 d/w = 3     ;  S-PFM
  d/w = 0.6 ; "2-"4

(110) profil

ability of S-PFM to reproduce the “exact” interfacial kinetics

 

0 50 1000.0

0.2

0.4
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          t / t0

f 2/
3

  d/w = 3
  d/w = 2
  d/w = 1
  continuous limit

  d/w = 2
  d/w = 1
  d/w = 0.60

S-PFM

“classical” PFM

t/t0
<latexit sha1_base64="NyGoV91xC2eAxc8VSgNLHZiR4F4=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU01EsMeCF48VTFtoQ9lsN+3SzSbsToQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbRSB8kVwYE7qNbcursAWSdeQWpQoDWofvWHCctirpBJakzPc1MMcqpRMMlnlX5meErZhI54z1JFY26CfHHujFxYZUiiRNtSSBbq74mcxsZM49B2xhTHZtWbi/95vQyjRpALlWbIFVsuijJJMCHz38lQaM5QTi2hTAt7K2FjqilDm1DFhuCtvrxO2td1z617Dze1ZqOIowxncA6X4MEtNOEeWuADgwk8wyu8Oanz4rw7H8vWklPMnMIfOJ8/8U2OnA==</latexit><latexit sha1_base64="NyGoV91xC2eAxc8VSgNLHZiR4F4=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU01EsMeCF48VTFtoQ9lsN+3SzSbsToQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbRSB8kVwYE7qNbcursAWSdeQWpQoDWofvWHCctirpBJakzPc1MMcqpRMMlnlX5meErZhI54z1JFY26CfHHujFxYZUiiRNtSSBbq74mcxsZM49B2xhTHZtWbi/95vQyjRpALlWbIFVsuijJJMCHz38lQaM5QTi2hTAt7K2FjqilDm1DFhuCtvrxO2td1z617Dze1ZqOIowxncA6X4MEtNOEeWuADgwk8wyu8Oanz4rw7H8vWklPMnMIfOJ8/8U2OnA==</latexit><latexit sha1_base64="NyGoV91xC2eAxc8VSgNLHZiR4F4=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU01EsMeCF48VTFtoQ9lsN+3SzSbsToQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbRSB8kVwYE7qNbcursAWSdeQWpQoDWofvWHCctirpBJakzPc1MMcqpRMMlnlX5meErZhI54z1JFY26CfHHujFxYZUiiRNtSSBbq74mcxsZM49B2xhTHZtWbi/95vQyjRpALlWbIFVsuijJJMCHz38lQaM5QTi2hTAt7K2FjqilDm1DFhuCtvrxO2td1z617Dze1ZqOIowxncA6X4MEtNOEeWuADgwk8wyu8Oanz4rw7H8vWklPMnMIfOJ8/8U2OnA==</latexit><latexit sha1_base64="NyGoV91xC2eAxc8VSgNLHZiR4F4=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU01EsMeCF48VTFtoQ9lsN+3SzSbsToQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbRSB8kVwYE7qNbcursAWSdeQWpQoDWofvWHCctirpBJakzPc1MMcqpRMMlnlX5meErZhI54z1JFY26CfHHujFxYZUiiRNtSSBbq74mcxsZM49B2xhTHZtWbi/95vQyjRpALlWbIFVsuijJJMCHz38lQaM5QTi2hTAt7K2FjqilDm1DFhuCtvrxO2td1z617Dze1ZqOIowxncA6X4MEtNOEeWuADgwk8wyu8Oanz4rw7H8vWklPMnMIfOJ8/8U2OnA==</latexit>

(t0 = d2/µ�)
<latexit sha1_base64="TV47xz/GJP0bToRzGpTCHOgQnBA=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSxCBalJEXUjFNy4rGAf0MQwmUzaoTOTMDMRSu3CX3HjQhG3/oY7/8Zpm4W2HrhwOOde7r0nTBlV2nG+rYXFpeWV1cJacX1jc2vb3tltqiSTmDRwwhLZDpEijArS0FQz0k4lQTxkpBX2r8d+64FIRRNxpwcp8TnqChpTjLSRAnu/rAPnKrqvwlOPZ96Jp2iXo+PALjkVZwI4T9yclECOemB/eVGCM06Exgwp1XGdVPtDJDXFjIyKXqZIinAfdUnHUIE4Uf5wcv8IHhklgnEiTQkNJ+rviSHiSg14aDo50j01643F/7xOpuNLf0hFmmki8HRRnDGoEzgOA0ZUEqzZwBCEJTW3QtxDEmFtIiuaENzZl+dJs1pxnYp7e1aqnedxFMABOARl4IILUAM3oA4aAINH8AxewZv1ZL1Y79bHtHXBymf2wB9Ynz+bF5SC</latexit><latexit sha1_base64="TV47xz/GJP0bToRzGpTCHOgQnBA=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSxCBalJEXUjFNy4rGAf0MQwmUzaoTOTMDMRSu3CX3HjQhG3/oY7/8Zpm4W2HrhwOOde7r0nTBlV2nG+rYXFpeWV1cJacX1jc2vb3tltqiSTmDRwwhLZDpEijArS0FQz0k4lQTxkpBX2r8d+64FIRRNxpwcp8TnqChpTjLSRAnu/rAPnKrqvwlOPZ96Jp2iXo+PALjkVZwI4T9yclECOemB/eVGCM06Exgwp1XGdVPtDJDXFjIyKXqZIinAfdUnHUIE4Uf5wcv8IHhklgnEiTQkNJ+rviSHiSg14aDo50j01643F/7xOpuNLf0hFmmki8HRRnDGoEzgOA0ZUEqzZwBCEJTW3QtxDEmFtIiuaENzZl+dJs1pxnYp7e1aqnedxFMABOARl4IILUAM3oA4aAINH8AxewZv1ZL1Y79bHtHXBymf2wB9Ynz+bF5SC</latexit><latexit sha1_base64="TV47xz/GJP0bToRzGpTCHOgQnBA=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSxCBalJEXUjFNy4rGAf0MQwmUzaoTOTMDMRSu3CX3HjQhG3/oY7/8Zpm4W2HrhwOOde7r0nTBlV2nG+rYXFpeWV1cJacX1jc2vb3tltqiSTmDRwwhLZDpEijArS0FQz0k4lQTxkpBX2r8d+64FIRRNxpwcp8TnqChpTjLSRAnu/rAPnKrqvwlOPZ96Jp2iXo+PALjkVZwI4T9yclECOemB/eVGCM06Exgwp1XGdVPtDJDXFjIyKXqZIinAfdUnHUIE4Uf5wcv8IHhklgnEiTQkNJ+rviSHiSg14aDo50j01643F/7xOpuNLf0hFmmki8HRRnDGoEzgOA0ZUEqzZwBCEJTW3QtxDEmFtIiuaENzZl+dJs1pxnYp7e1aqnedxFMABOARl4IILUAM3oA4aAINH8AxewZv1ZL1Y79bHtHXBymf2wB9Ynz+bF5SC</latexit><latexit sha1_base64="TV47xz/GJP0bToRzGpTCHOgQnBA=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSxCBalJEXUjFNy4rGAf0MQwmUzaoTOTMDMRSu3CX3HjQhG3/oY7/8Zpm4W2HrhwOOde7r0nTBlV2nG+rYXFpeWV1cJacX1jc2vb3tltqiSTmDRwwhLZDpEijArS0FQz0k4lQTxkpBX2r8d+64FIRRNxpwcp8TnqChpTjLSRAnu/rAPnKrqvwlOPZ96Jp2iXo+PALjkVZwI4T9yclECOemB/eVGCM06Exgwp1XGdVPtDJDXFjIyKXqZIinAfdUnHUIE4Uf5wcv8IHhklgnEiTQkNJ+rviSHiSg14aDo50j01643F/7xOpuNLf0hFmmki8HRRnDGoEzgOA0ZUEqzZwBCEJTW3QtxDEmFtIiuaENzZl+dJs1pxnYp7e1aqnedxFMABOARl4IILUAM3oA4aAINH8AxewZv1ZL1Y79bHtHXBymf2wB9Ynz+bF5SC</latexit>

l/d = 1
l/d = 2
l/d = 10/3

l/d = 2/3
l/d = 1
l/d = 2

l/d = 2/3
l/d = 10/3

S-PFM :  d /w = 3           ⟶      1 grid point in the interface        
“classical” PFM :  d /w = 0.6         ⟶     8 grid points in the interfacel/d = 10/3

l/d = 2/3

S-PFM PFM
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(111) planec
<latexit sha1_base64="0FTx/GasYqtxaMq60K+6/0UHkrc=">AAAB53icdVDLSgNBEOz1GeMr6tHLYBA8Lbsiai4S8OIxAdcEkiXMTnqTMbOzy8ysEEK+wIsHFa/+kjf/xslD8FnQUFR1090VZYJr43nvzsLi0vLKamGtuL6xubVd2tm90WmuGAYsFalqRlSj4BIDw43AZqaQJpHARjS4nPiNO1Sap/LaDDMME9qTPOaMGivVWadU9tyK51dOffKb+K43RRnmqHVKb+1uyvIEpWGCat3yvcyEI6oMZwLHxXauMaNsQHvYslTSBHU4mh46JodW6ZI4VbakIVP168SIJloPk8h2JtT09U9vIv7ltXITn4cjLrPcoGSzRXEuiEnJ5GvS5QqZEUNLKFPc3kpYnyrKjM2maEP4/JT8T4Jjt+J69ZNy9WKeRgH24QCOwIczqMIV1CAABgj38AhPzq3z4Dw7L7PWBWc+swff4Lx+AKQEjQQ=</latexit><latexit sha1_base64="0FTx/GasYqtxaMq60K+6/0UHkrc=">AAAB53icdVDLSgNBEOz1GeMr6tHLYBA8Lbsiai4S8OIxAdcEkiXMTnqTMbOzy8ysEEK+wIsHFa/+kjf/xslD8FnQUFR1090VZYJr43nvzsLi0vLKamGtuL6xubVd2tm90WmuGAYsFalqRlSj4BIDw43AZqaQJpHARjS4nPiNO1Sap/LaDDMME9qTPOaMGivVWadU9tyK51dOffKb+K43RRnmqHVKb+1uyvIEpWGCat3yvcyEI6oMZwLHxXauMaNsQHvYslTSBHU4mh46JodW6ZI4VbakIVP168SIJloPk8h2JtT09U9vIv7ltXITn4cjLrPcoGSzRXEuiEnJ5GvS5QqZEUNLKFPc3kpYnyrKjM2maEP4/JT8T4Jjt+J69ZNy9WKeRgH24QCOwIczqMIV1CAABgj38AhPzq3z4Dw7L7PWBWc+swff4Lx+AKQEjQQ=</latexit><latexit sha1_base64="0FTx/GasYqtxaMq60K+6/0UHkrc=">AAAB53icdVDLSgNBEOz1GeMr6tHLYBA8Lbsiai4S8OIxAdcEkiXMTnqTMbOzy8ysEEK+wIsHFa/+kjf/xslD8FnQUFR1090VZYJr43nvzsLi0vLKamGtuL6xubVd2tm90WmuGAYsFalqRlSj4BIDw43AZqaQJpHARjS4nPiNO1Sap/LaDDMME9qTPOaMGivVWadU9tyK51dOffKb+K43RRnmqHVKb+1uyvIEpWGCat3yvcyEI6oMZwLHxXauMaNsQHvYslTSBHU4mh46JodW6ZI4VbakIVP168SIJloPk8h2JtT09U9vIv7ltXITn4cjLrPcoGSzRXEuiEnJ5GvS5QqZEUNLKFPc3kpYnyrKjM2maEP4/JT8T4Jjt+J69ZNy9WKeRgH24QCOwIczqMIV1CAABgj38AhPzq3z4Dw7L7PWBWc+swff4Lx+AKQEjQQ=</latexit>

�
<latexit sha1_base64="dMtMv7e4BfhFblIL9dvWnriOVvA=">AAAB6nicdVBNS8NAEJ34WetX1aOXxSJ4ComI2osUvHisYGyhDWWz3TRLdzdhdyOU0L/gxYOKV3+RN/+Nm7aCnw8GHu/NMDMvyjjTxvPenYXFpeWV1cpadX1jc2u7trN7q9NcERqQlKeqE2FNOZM0MMxw2skUxSLitB2NLku/fUeVZqm8MeOMhgIPJYsZwaaUelnC+rW65zY8v3Hqo9/Ed70p6jBHq1976w1SkgsqDeFY667vZSYssDKMcDqp9nJNM0xGeEi7lkosqA6L6a0TdGiVAYpTZUsaNFW/ThRYaD0Wke0U2CT6p1eKf3nd3MTnYcFklhsqyWxRnHNkUlQ+jgZMUWL42BJMFLO3IpJghYmx8VRtCJ+fov9JcOw2XO/6pN68mKdRgX04gCPw4QyacAUtCIBAAvfwCE+OcB6cZ+dl1rrgzGf24Buc1w/v245c</latexit><latexit sha1_base64="dMtMv7e4BfhFblIL9dvWnriOVvA=">AAAB6nicdVBNS8NAEJ34WetX1aOXxSJ4ComI2osUvHisYGyhDWWz3TRLdzdhdyOU0L/gxYOKV3+RN/+Nm7aCnw8GHu/NMDMvyjjTxvPenYXFpeWV1cpadX1jc2u7trN7q9NcERqQlKeqE2FNOZM0MMxw2skUxSLitB2NLku/fUeVZqm8MeOMhgIPJYsZwaaUelnC+rW65zY8v3Hqo9/Ed70p6jBHq1976w1SkgsqDeFY667vZSYssDKMcDqp9nJNM0xGeEi7lkosqA6L6a0TdGiVAYpTZUsaNFW/ThRYaD0Wke0U2CT6p1eKf3nd3MTnYcFklhsqyWxRnHNkUlQ+jgZMUWL42BJMFLO3IpJghYmx8VRtCJ+fov9JcOw2XO/6pN68mKdRgX04gCPw4QyacAUtCIBAAvfwCE+OcB6cZ+dl1rrgzGf24Buc1w/v245c</latexit><latexit sha1_base64="dMtMv7e4BfhFblIL9dvWnriOVvA=">AAAB6nicdVBNS8NAEJ34WetX1aOXxSJ4ComI2osUvHisYGyhDWWz3TRLdzdhdyOU0L/gxYOKV3+RN/+Nm7aCnw8GHu/NMDMvyjjTxvPenYXFpeWV1cpadX1jc2u7trN7q9NcERqQlKeqE2FNOZM0MMxw2skUxSLitB2NLku/fUeVZqm8MeOMhgIPJYsZwaaUelnC+rW65zY8v3Hqo9/Ed70p6jBHq1976w1SkgsqDeFY667vZSYssDKMcDqp9nJNM0xGeEi7lkosqA6L6a0TdGiVAYpTZUsaNFW/ThRYaD0Wke0U2CT6p1eKf3nd3MTnYcFklhsqyWxRnHNkUlQ+jgZMUWL42BJMFLO3IpJghYmx8VRtCJ+fov9JcOw2XO/6pN68mKdRgX04gCPw4QyacAUtCIBAAvfwCE+OcB6cZ+dl1rrgzGf24Buc1w/v245c</latexit>

S-PFM with a conserved order parameter

Simulation box = 256 x 256 x 256 

FCC grid

l

d
=

2

3
<latexit sha1_base64="MHBko9HZsOmW3+DUcA9GB0qVm9o=">AAACAHicdVDLSsNAFL2pr1pfURcu3AwWwVVJqqhdCAU3LivYB7ShTCaTduhkEmYmQgnZ+CtuXCji1s9w5984fQg+D1w4nHMv997jJ5wp7TjvVmFhcWl5pbhaWlvf2Nyyt3daKk4loU0S81h2fKwoZ4I2NdOcdhJJceRz2vZHlxO/fUulYrG40eOEehEeCBYygrWR+vZeL5SYZDzPgvxixqt5dpz37bJTqTlu7dRFv4lbcaYowxyNvv3WC2KSRlRowrFSXddJtJdhqRnhNC/1UkUTTEZ4QLuGChxR5WXTB3J0aJQAhbE0JTSaql8nMhwpNY580xlhPVQ/vYn4l9dNdXjuZUwkqaaCzBaFKUc6RpM0UMAkJZqPDcFEMnMrIkNsUtAms5IJ4fNT9D9pVSuuU3GvT8r12jyOIuzDARyBC2dQhytoQBMI5HAPj/Bk3VkP1rP1MmstWPOZXfgG6/UDtSmXGA==</latexit><latexit sha1_base64="MHBko9HZsOmW3+DUcA9GB0qVm9o=">AAACAHicdVDLSsNAFL2pr1pfURcu3AwWwVVJqqhdCAU3LivYB7ShTCaTduhkEmYmQgnZ+CtuXCji1s9w5984fQg+D1w4nHMv997jJ5wp7TjvVmFhcWl5pbhaWlvf2Nyyt3daKk4loU0S81h2fKwoZ4I2NdOcdhJJceRz2vZHlxO/fUulYrG40eOEehEeCBYygrWR+vZeL5SYZDzPgvxixqt5dpz37bJTqTlu7dRFv4lbcaYowxyNvv3WC2KSRlRowrFSXddJtJdhqRnhNC/1UkUTTEZ4QLuGChxR5WXTB3J0aJQAhbE0JTSaql8nMhwpNY580xlhPVQ/vYn4l9dNdXjuZUwkqaaCzBaFKUc6RpM0UMAkJZqPDcFEMnMrIkNsUtAms5IJ4fNT9D9pVSuuU3GvT8r12jyOIuzDARyBC2dQhytoQBMI5HAPj/Bk3VkP1rP1MmstWPOZXfgG6/UDtSmXGA==</latexit><latexit sha1_base64="MHBko9HZsOmW3+DUcA9GB0qVm9o=">AAACAHicdVDLSsNAFL2pr1pfURcu3AwWwVVJqqhdCAU3LivYB7ShTCaTduhkEmYmQgnZ+CtuXCji1s9w5984fQg+D1w4nHMv997jJ5wp7TjvVmFhcWl5pbhaWlvf2Nyyt3daKk4loU0S81h2fKwoZ4I2NdOcdhJJceRz2vZHlxO/fUulYrG40eOEehEeCBYygrWR+vZeL5SYZDzPgvxixqt5dpz37bJTqTlu7dRFv4lbcaYowxyNvv3WC2KSRlRowrFSXddJtJdhqRnhNC/1UkUTTEZ4QLuGChxR5WXTB3J0aJQAhbE0JTSaql8nMhwpNY580xlhPVQ/vYn4l9dNdXjuZUwkqaaCzBaFKUc6RpM0UMAkJZqPDcFEMnMrIkNsUtAms5IJ4fNT9D9pVSuuU3GvT8r12jyOIuzDARyBC2dQhytoQBMI5HAPj/Bk3VkP1rP1MmstWPOZXfgG6/UDtSmXGA==</latexit><latexit sha1_base64="MHBko9HZsOmW3+DUcA9GB0qVm9o=">AAACAHicdVDLSsNAFL2pr1pfURcu3AwWwVVJqqhdCAU3LivYB7ShTCaTduhkEmYmQgnZ+CtuXCji1s9w5984fQg+D1w4nHMv997jJ5wp7TjvVmFhcWl5pbhaWlvf2Nyyt3daKk4loU0S81h2fKwoZ4I2NdOcdhJJceRz2vZHlxO/fUulYrG40eOEehEeCBYygrWR+vZeL5SYZDzPgvxixqt5dpz37bJTqTlu7dRFv4lbcaYowxyNvv3WC2KSRlRowrFSXddJtJdhqRnhNC/1UkUTTEZ4QLuGChxR5WXTB3J0aJQAhbE0JTSaql8nMhwpNY580xlhPVQ/vYn4l9dNdXjuZUwkqaaCzBaFKUc6RpM0UMAkJZqPDcFEMnMrIkNsUtAms5IJ4fNT9D9pVSuuU3GvT8r12jyOIuzDARyBC2dQhytoQBMI5HAPj/Bk3VkP1rP1MmstWPOZXfgG6/UDtSmXGA==</latexit>



S-PFM with a conserved order parameter and elastic fields
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Inhomogeneous elasticity :

concentration field phase field

C11 = 197 GPa

C12 = 144 GPa

C44 = 90 GPa
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C11 = 193 GPa

C12 = 113 GPa

C44 = 132 GPa
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S-PFM 

”classical” 

2048x2048

2048x2048

S-PFM : an application

Microstructures in a 
Ni-based super-alloy

Degeiter M., PhD (2019)



Outline
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1. The Sharp Phase Field Method (S-PFM)

2. A robust FFT-based solver for microstructures with sharp interfaces

3. FFT-solvers on non-uniform grids (in progress…)
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⟶ need “discrete” FFT-based solvers :

- able to handle sharp interfaces (high material contrasts in elastic stiffness, eigenstrain…)

- that generates no artefacts (Gibbs oscillations, overshoot…) due to High Frequency cut-off generated by the discrete grid

- that converges for any contrast (even      )

- and fast (convergence rate) !

• numerics : - overshoot near discontinuities ∀ d ! (Gibbs phenomenon)

- oscillations of period 2d      (Nyquist frequency)

- convergence problem if high elastic contrast (cracks, voids…)

Context

• mechanical equilibrium :

• “classical” Fourier-based solver : Khachaturyan (1995), Moulinec-Suquet (1994, 1998)

Fourier-based solver :
• microstructure : and



FFT-based solvers : discrete formulation
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- replace derivatives by finite differences :  

ex : centered scheme :⟶

- discrete grids for displacement          and strain

Choice of a stencil :

0
1

N-1

0 N-11

⟶
centered scheme is not stable !

oscillations, checkerboarding…

Brillouin zone

0
0

Discrete Fourier transforms :

⟶ with

Reciprocal Lattice (RL) of the grid (   ) :

Basic 
scheme

Equilibrium in q-space :

Inverse of the elastic 
Green tensor

Polarisation tensor

Lippmann–Schwinger 
equation in q-space
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The “rotated” staggered Simple Cubic scheme (Saenger et al, 2000; 
Willlot, 2015)

- cubic grid for the displacements 

- cubic grid for the strain (stress, stiffness….) 

Discretization :

Stencil :

Solver is unstable : stress oscillations, overshoot…

Reciprocal Lattice (RL) 
of the simple cubic grids

DFT of finite difference operators :

Q-space : Equilibrium in q-space :

Lippmann–Schwinger 
equation



A tetrahedral stencil on a Simple Cubic grid (1)
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cubic grids for the displacements and for the strain (stress, stiffness….) Discretization :

Finel, CMAME (2025)

Stencil : subdivide the displacement grid into 2 FCC lattices ! ⟶ 2 stencils :

:  Solver is stable !

⟶ 2 Lippmann-Schwinger equations with the same Green function : Reciprocal Lattice (RL) 
of the FCC subgrids

Q-space : Fourier transforms on the FFC sublattices : 



A tetrahedral stencil on a Simple Cubic grid (2)
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Discretization :

Finel, CMAME (2025)

Stencil : subdivide the displacement grid into 2 FCC lattices ! ⟶ 2 stencils :

⟶ 2 Lippmann-Schwinger equations with the same Green function :

Q-space : Fourier transforms on the FFC sublattices : 

that we can collapse :

cubic grid for the displacements and for the strain (stress, stiffness….) 



Quality of the tetrahedral solver (1)
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Cubic inclusion with eigenstrain :

• homogeneous isotropic elasticity :

• 3D simple cubic grid 256x256x256

• cubic precipitate of size 32x32x32 with eigenstrain 

✕

✕

✕
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✕

✕
✕
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✕

✕
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Quality of the tetrahedral solver (2)
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tetrahedral solver
rotated solver
Moulinec-Suquet solver

• 3D simple cubic grid 64x64x64

• cubic cavity ( l = 32 d )

• hydrostatic pressure (300 MPa)

• isotropic elasticity :

Cubic void :
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Quality of the tetrahedral solver (2)
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tetrahedral solver
rotated solver
Moulinec-Suquet solver

• 3D simple cubic grid 64x64x64

• cubic cavity ( l = 32 d )

• hydrostatic pressure (300 MPa)

• isotropic elasticity :

Cubic void :
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Quality of the tetrahedral solver (2)
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• 3D simple cubic grid 64x64x64

• cubic cavity ( l = 32 d )

• hydrostatic pressure (300 MPa)

• isotropic elasticity :

Cubic void :

MPa

Moulinec-Suquet’s scheme Rotated scheme Tetrahedral solver

von Mises stress



Quality of the tetrahedral solver (3)
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von Mises stress

Hard spherical inclusion in a soft matrix :
• polyamide matrix : E = 2.1GPa ν = 0.3
• spherical glass inclusion :

• applied strain : 

E = 72GPa ν = 0.22

ϵa
11 = 0.05

• 3D simple cubic grid 128x128x128

• spherical inclusion R = 40 d
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Quality of the tetrahedral solver (3)
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von Mises stress

Moulinec-Suquet’s scheme

MPa

Rotated scheme Tetrahedral solver

• polyamide matrix : E = 2.1GPa ν = 0.3
• spherical glass inclusion :

• applied strain : 

E = 72GPa ν = 0.22

ϵa
11 = 0.05

Hard spherical inclusion in a soft matrix :
• 3D simple cubic grid 128x128x128

• spherical inclusion R = 40 d

MPa



Quality of the tetrahedral solver (4)
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Microstructure with a “double contrast “ :

von Mises stress

Rotated scheme Tetrahedral solver

units : G

• 3D simple cubic grid 64x64x64

• spherical inclusions R = 16 d

⟶
adaptation of the polarization scheme (Monchiet-Bonnet, 2012) to the tetrahedral stencil

“Basic scheme” does not converge ( N = 104 iterations not enough to reach                       )

⟶



Quality of the tetrahedral solver (4)
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Microstructure with a “double contrast “ :

• 3D simple cubic grid 64x64x64

• spherical inclusions R = 16 d

⟶
adaptation of the polarization scheme (Monchiet-Bonnet, 2012) to the tetrahedral stencil

“Basic scheme” does not converge ( N = 104 iterations not enough to reach                       )

⟶

- convergence is linear

- 

Rate of convergence vs contrast : 



Problem of “vocalisation”
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-  FFT algorithms need regular grids

- steps / corners generate artificial high stress 
concentrations…

- inaccurate discretization of  “non-conform” interfaces

  Use of “deformed” grids…



Outline
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1. The Sharp Phase Field Method (S-PFM)

2. A robust FFT-based solver for microstructures with sharp interfaces

3. FFT-solvers on non-uniform grids (in progress…)



Conclusion
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1. The Sharp Phase Field Method :

2. A tethehedron-based FFT solver :

3. FFT solvers and non-uniform grids

- a phase field method that permits interface to be resolved with, typically, only 1 grid 
point….

- mathematically stable, for any elastic contrast

- fast convergence (even in presence of voids…)

- “remapping” :  proposition of a simple (and fast) methodology

- mechanical problem in computational space : “virtual” material with very strong elastic contrasts (elastic tensor, 
eigenstrain) 

- need for a “robust” FFT solver (discretisation stencil and resolution of equilibrium)


