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4 + 1 symmetry breaking of the Universe

size of the observable
4D Universe “~ 10%° cm
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BANG
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An elementary particle, a very tiny think

Wave-particle duality

It behaves sometimes as a particle

.... sometimes as a wave
Wave equations in natural unitsc =h =1

Photon Oy =029 — Ah =0
Schrodinger electron ¢ € C iOrp = 7ﬁ Ap=Hyp < H= ﬁ Il pII?
Pauli electron P € C?

Dirac electron Y eC Ok =Hmorp H=1/llpl?+m?

History i 9:tp = A1 = (X3_; Prak + mofB) ¢ with ay, 8 € CH*4
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Dirac spinors and matrices

Dirac spinors (Souriau, Calcul linéaire)

@ The metric G = |: (I)Cz 0 1 ] makes Hermitian the space C*
—lea

/
of spinors ) = { z,, } , decomposed into half spinors
Z/ Zl/
P = |: i :| , P = |: 4 ] € C? with the standard metric
22 22

Example : Ty = 1/7TGw = [WT - W'T] [ zu } =Ty — /iy =[ 9’ |2 —|y” ‘2

o Quaternions Q € H=C2%X2 & Q=ylez +x1l +x2J+x3K, y,x1,x2,x3 €R

. 0 —i o -1 [ =i o
wni=[0 ] =0 2] w=[y ?]

LN
N i

o Conjugate QT = Q = y1c2 — x1/ — x2J — x3K with 1, J, K anti-Hermitian

Pauli matrices 01 =il, o2=iJ o03=iK = o01,02,03 Hermitian
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Dirac spinors and matrices

Dirac matrices (Souriau, Calcul linéaire)

o Quaternionic matrices vy € [ = H2*2
Canonical decomposition of their space ' =T; & ST

space elements dimension  basis

r quaternionic 16

I isotropic 1 1ca

e Hermitian and traceless 5 Y0, V1,72, Y35 V5

r— anti-Hermitian and traceless 10 ~ivs, i (0 < i< j<3)

o Dirac matrices v € I}
lcz2 O |0 —1c2
0 —le2|” 7|1 O

o 1 o J o kK
71—,0772—J07'Y3—K0

R-linear and bijective map v : R% — Iy : X = y(X) = X%y,

basis : y0 =

RS is endowed with the hyperbolic metric of signature (+ — — — —)
XX = (X0 — [(XI)2+ (X22 + (542 + (X°)2]
Our hypothesis is that the 5 coordinate y is that of the Kaluza-Klein theory

Properties :  (v(X))2 = (X*X)1ca < ~F(U)y(V)+v(V)v(U) =2(U*V)1ca
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Dirac spinors and matrices

Spin group (Souriau, Calcul linéaire)

o Unitary matrices S € Spin(1,4) < STS=1ca
In "Calcul linéaire", the construction of the spin group is purely algebraic
and does not resort to the matrix exponential as in classical textbooks

Theorem (Souriau)
& Sq(V)ST =~(P(V)) then P is a 5D rotation : P € O(1,4)

O(1,4) is a linear representation of Spin(1,4)
but, conversely, S = S(P) is defined only up to a factor z root of unity,

© s_| VIHIHP= H F o I Fl=| Gl=1
H VI+ [H[? 1g2 0 G|’

o 4D reduction : space-time R* equipped with the Minkowski metric
XX = (X0)2 = [(X1)? + (X?)* + (X3)]

s [ VIFTHPL —H F o
H VI+ [ H[? 12 0 F

generates a boost generates a rotation
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The co nt orbit method

The coadjoint orbit method (Souriau, Structure des Systémes Dynamiques)

Lie group
G
§=TG 9 W coadjoint orbit
(symplectic manifold)
€

momentum map
(symplectomorphism)

space of motions of
an elementary particle >

classifying the coadjoint orbits,
you classify the elementary particles of physicists
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Application of the coadjoint orbit method to the electron

o dim(G) — dim(orb(p)) = 10 — 8 = 2 invariants :
the spin s > 0 and the rest mass mg > 0 (or the energy e = mg 2 = mo)

electron classical relativistic
G Galilei group Poincaré group
linear
momentum  p = mov N=| 7 | =mU=mo| ™ U*U=1
P Yul
with v, = 1/ /I [ a2
angular
momentum [ =xXmgv+sn M=mg(XU*—UX*)+sQ J* ) =-1
[ n]=1 with Q = J (U, J) J*U=0

o symplectic form | wy(dp, dp) = mo(6X*dU — dX*6U) — s Tr(62Q dQQ) ‘

Other orbits : photon, neutrino, ...
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Geometric prequantization

Geometric prequantization

prequantum manifold iy .
U(1)-principal bundle iy 2el(1)

g

space of motions U v

The prequantum manifold ) is endowed with a contact and symplectic structure :
o is a 1-form and wy = da such that

{ dim(ker(da)) =1, & dim(ker(a) Nker(da)) =0
& Vg, wy(iy,66) =0

Let ¢ and ¢’ be two orbits of U(1) on the prequantum manifold ).
Then the action integral is conserved Vc, ¢/ J.a(d€) = [ a(df)

O Sommerfeld quantization condition J.o(dé) =2mn, neN
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Geometric prequantization

Prequantization of the relativistic electron

dim=8
dim =10 dim =9
dm=6
X
o =)l > .
) Quotient/
6 time
Wio Yo

E
Prequantum manifold

Spinor space
. . o s
Polarization line dm=4

dim=9 dim=8
X
oV =|U > o
J Quotient/
i time Us

Space of motion

Minkowski space
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Geometric prequantization

Prequantization of the relativistic electron

space basis

r=r,erLor_

I Tca

My Y0571,725 73,75

M 7ivs, 7 (0 <7 <j<3)

o Step 1 : normalization condition 11 41 = T =" |2 — | " P=¢, e=+1
X6 = {’L/) € C* suchthat ¥fyp=¢ and yTrsep = 0} decomposed into
Y, = {¢ € X6 such that iy =1}, Y_ = {¢ € X such that yfyp = -1}
Remark : J.-M. Souriau considers only

o Step 2 : vk = G¥™~,, where G is the Minkowski metric
Ik = pf~rkeh | (k=0,...,3), components of a 4-vector /

U timelike, futur-directed such that U*U =1 (as the 4-velocity of the electron)
Let ¢ be an eigenvector of y(U) = ~, U, of eigenvalue ey = +U*U = +1
U futur-directed = 0 < ¢Ty(U)y = eyt = eye = ey =¢

o Step 3 : | JK = iypTrkasah|, (k=0,...,3), components of a 4-vector J
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Geometric prequantization

Prequantization of the relativistic electron

If U is timelike futur-directed such that U* U = 1, there is equivalence between <> and © :

{ Y € T, eigenvector of y(U) s.t. I, J are defined by
Ik =ptyky (1), Jk=iyTykqsy (2) with k=0,...,3

Q The 4-vectors | and J verify | = U, u*Uu =1, J*J = -1, J*U=0

Proof : & = QO 9y, U= [ 3”u ] being given, boil down to a simple case :
u

Apply the Lorentz boost P of velocity u s.t. UO=pP U= [ (1) ]

then calculate J = P~1J, ¢ =S(P 1)y
(1) VdX € R*,  1*dX = oty(dX) 1, next use the relativistic covariance :
vdX = P~tdX, §ly(dX) ¢ = (STe)T(STH(P~1dX) S) (STw) = ¢iv(dX) ¥
thus 7(0) § = 706 = 3 o

. W . . 0 Plysh =0
fe=1, ¢ = { 0 ] ife=—1, ¥= { W } = { o [ 0 } Inl=1

n
and we verify easily © for 0,1, J, then for U, I, J.
Remark : The method is constructive but there is no uniqueness of
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Geometric prequantization

Prequantization of the relativistic electron

Observe that ws(dv, §¢) = —3(dyT6v) is a 2-form

If ¢ € X, we have

2 Tr(dQQ6Q) = —S(dyioy) | with Q = T (U, J)

Proof : observing that the identity has the relativistic covariance
we only prove it for a simple value of ¢
o VvT
v i(w)
V=-2 %('#/)”TU' w/) x (wl-ro. w/ + ¢//Ta. ¢//)
w = _(| d’, |2 + | d’” |2) (’(,D/TO"(,D/ + w//fo.,d)//) _ 4%(11/1-#)//) %(d}//’rad)/)

in the simple case

Calculate Q = { } with

1 1 0

Y= 8 , U= 8 VA g = L TH(dQQ Q) = —S(dz 62} — dz 5z
0 0 -1

On the other hand, —S(dytdy) = —S(dz] 8z + dz} 6z} — dzl/ 5z} — dzfl 6z

Y €Te = —(dyioy) = —S(dz 625 — dz 52Y')
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Geometric prequantization

Prequantum manifolds of the electron and the positron

(R* x £4)/R \
(electron) v
&t

7r+\_

space of motions U T /’ v

(positron) &
(R x B_)/R

H “ electron “ positron H
[spin [vexry UeR* JeR* Tgpex_ UeR* JeR* ]
M1 [ 17 fo T [0 17 [0 ]
1 0 0 0 0 0 0
0 0 0 1 0 0
Lo | o] | -1] | 0 | o] | -1]
[0 17 o T [0 17 [0 ]
+ 1 0 0 0 0 0
0 0 0 0 0 0
L 0 ] L 0 | L +1 | L 1] L 0 | | +1 |
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Geometric prequantization

Symplectic and contact structure

dim=10
dm=9
x ¢ N
ov:{v} <— o ’7=[¢}
J
Vo
Wio

wy (o, dp) = —s Tr(62Q2dQ) ww (6n, dn) = 45 S(dpt o)
—2mo R[{6¢T(dX) — dyTv(6X)} ¢]

+mo(6X*dU — dX*5U) =

On this basis, we define the contact structure

] a(dn) = —2isidy — moiy(dX) ¢ verifying wy = da

We apply the Sommerfeld quantization condition :
[.o(dg) =2is [ pldyp =4ns=2mn = s=2, neN

For the electron, | s 5
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Geometric quantization

Geometric quantization

o A state vector is a field £ — W(&) on the prequantum manifold ) with compact support,

constant on the U(1)-orbits, then we may apply the measure du of U

Construction of the wave equation
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Planck condition : | £ V=juyV for observables u; in involution

grad u;

If we take as observables minus the components MV of the linear 4-momentum 1
the Planck condition gives % = —imgo U* V,
of solutions : W(g) = e/ Mo U"X yy(U)

If U~ +(U) is a smooth function on the manifold
M = {U € R* such that U*U =1 and U future-directed}

we define W(X) = " e=imoUX ydy
where 1) is an eigenvector of v(U) with eigenvalue €

It verifies the Dirac equation ’ ivko, U —emeW =0 ‘

Let us define the probability current U of components (V = Wi~/

Particular case : for the free electron, dyu is a Dirac measure : U = e~/ ™m0 urx 1 then

Lyon GDR-GDM juin 2026
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CPT symmetries

CPT symmetries

The transformation law of a spinor 1 € £ and vk € End(&) are respectively
¢ =514 and vk = S715k S

Through (v(X))? = (X*X) 1¢a, there is a correspondance
between -y, and the coordinate XX, up to the sign

Correspondance rule
When a symmetry acts on spinors by S = +; in such way that
B { 5k k=]
7= _ =~k :
A% otherwise
it acts on the 5D space by
Xk —XK ifk=j
Xk otherwise
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CPT symmetries

CPT symmetries

symmetry C P T
charge conjugation parity time reversal
H action on spinors H P “ Y5 Y1273 Yo ”
t= t t —t
action on coordinates || x = X —X X
y= -y y y

o Our hypothesis is that the 5" coordinate y is that of the Kaluza-Klein theory

in which the electric charge q is the linear momentum with respect to y, then for the
corresponding symmetry C, § = mog % = —mp % =—q

o For the electron W € Y. If it is at rest, the action of C on the spinors gives

v=6o o= % o [V ] | ex

and the wave function W of the electron is transformed into that W of the positron.
Because of the relativistic covariance, it is true even if these particles are not at rest.

o We verify that the Dirac equation of the electron [i v8 — mo 1ca] W =0

is transformed by C into that of the positron [ Y0k + molca] W =0
L’électron relativiste de Jean-Marie Souriau
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CPT symmetries

Conclusions and perspectives

Souriau's geometric quantization can be considered
as the deepening, the improvement of the wave-particle duality.

In Souriau's theory of the electron, there are four key formulae :
k=g, =igiykysy,  F TH(dQQQ) = —S(dyT o)
and a(dn) = —2isyTdy — mopTy(dX)

Dirac claims that his equation models both the electron and the positron.

In our work, they may be associated respectively to the manifolds ¥ and X _.
Unlike Dirac, these two particles have the same spin and rest mass

(or energy, not of opposite sign).

Our opinion is that this ambiguity in Dirac theory on the sign of the energy results from the
absence of the charge in the formalism, ambiguity which might be resolved by introducing
the Kaluza-Klein 5 dimension of the Universe that allows to identify naturally the charge
as an extra invariant of the coadjoint orbit as proposed in :

@ de Saxcé, G., Which symmetry group for elementary particles with an electric charge
today and in the past? Journal of Geometry and Physics 213 (2025) 105491

For more details, you can read

@ de Saxcé, G., On Jean-Marie Souriau’s geometric quantization of the relativistic
electron arXiv :2606.01121v1 (2026)
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CPT symmetries

Thank you for your attention !

and thank to Richard Kerner
for his suggestion to study this topics and his valuable advice
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