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Main system

Stokes system in QT (t) and Q(t) with (u*,p*,u~, p~, X) as unknown:

—dive(ut,pt) =f*"

—dive(u™,p7)=f"

divu™ =0
divu™ =0
ut =0
oX
ut=u" = E(X(ﬁ) L),
olut,p )Nt +o(u,p )T =ukn" +g
X(+,0) = Xo

in QT (t), t e (
in Q7 (t), te(
in QT (t), te(
in Q7 (t), t € (0,
on 99 x (0, 00),

on I(t), t €(0,00),

on I (t),t € (0,00),
onlyg,

The interface I'(t) = X(lo, t) splits Q into Q" (t) and Q(t).
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A couple system with jump conditions
Cauchy stress tensor: o(u,p) = 2ve(u) — pld = v(Vu + Vu') — pId

—divo(ut,pt)=fF and divut=0 inQF(t), t € (0,00),
ut =0 ondf x (0,00),
X
ut = gt (X(.t)"ht) and —[o(u,p)ln=prn+g onT(t), t e (0,00),

X(-,0)=Xo onTs.

e 1, the mean curvature of I'(t), satisfies: xn = Arpld  onT(t).
e Jump of p across I'(t):  [p] :== T — ¢~
e Energy estimate:

d _
M&|r(t)| +2v <||€(U+)||i2(9+(t)) + [le(u )H]iz(Q*(t))) = <fivui>L2(Qi(t)) + <9,Ui>L2(F(t))'
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Simulations (FEM, fictitious domain approach)
Ellipsoidal deformations, pressure field (S. C, J. Comput. Appl. Math, 2019):

t =0.00675 t =0.00975
t=10.0135 t = 0.02725 t=0.08

THES Sébastien Court, Université de La Rochelle — Lyon - June 24, 2026 7/33



Simulations (FEM, fictitious domain approach)
Ellipsoidal deformations, velocity field (S. C, J. Comput. Appl. Math, 2019):

t = 0.00975

t=0.0135 t=0.02725 t=0.08
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Goal

® Forany A\ > 0, find g, a surface tension force, such that

1€(X — Id) || oo (0,012 (1) /&2) < ClIXo — 1|1z, m2-

® Design g = gi1 + g2 in a feedback form:
- g1 chosen explicit for making the linearized system coercive
- g, of finite-dimension, solution of a Riccati equation.
® |nstead of Id above, one can choose any smooth diffeomorphism X, of the
circle such that X.(I's) is another circle.
® The stationary states are indeed the mappings X., namely X(I's) is still a
circle of the same volume.
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A couple system with jump conditions

Cauchy stress tensor: o(u, p) = 2ve(u) — pld = v(Vu + VuT) — pld

—divo(ut,pT) =fF and divut=0 in Q(t), t € (0,0),
ut =0 ondQ x (0,0),

ut = % (X(t)"ht) and —[o(u,p)ln=pkn+g onT(t), te€ (0,00),

X(,0)=Xo onTs.

e 1, the mean curvature of I'(t), satisfies: kn = Arld  onT(t).
e Jump of p across I'(t):  [p] =T — ¢~

e System highly coupled with the domains geometry.
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Extension of diffeomorphisms

® We need to extend X(-, t) : s — I'(t) to the disc Q.

® Existence of harmonic extensions relies on the
Radd-Kneser-Choquet theorem (for diffeomrohpisms of the disc).

e Douady-Earle extension in 2D: Explicit formula.

® Extension of these theorems to the case of diffeomorphisms from the circle
to another Jordan curve often requires that the latter enclosed a convex set.

® More recently, Alessandrini & Nesi, 2009-2017: Harmonic extension from
the disc Q- to the domain enclosed by X(I's,t) = I'(t), provided smoothness
of X, that X is orientation-preserving, and that detVX > 0.

— X diffeomorphism from Q5 onto Q(t)~, such that X, = X.

8 Sébastien Court, Université de La Rochelle — Lyon - June 24, 2026 11/33



Rewriting the main system in cylindrical domains

Using the Piola transform:
—div ((o(u®, p*) o X) cof (VX)) = f£ and div (cof(VX)TT) =0 in QF x (0,0),
ut=0 on 99 x (0, 00),
and  — [(o(u,p) o X)] cof VAns = plcof VXns|(ArpId) o X+ onTs x (0,00),
X(-,0) = Xo on Ty,

ot

with

(Brigla)o X o Xs = (deta(0) 2 1 ((dera()2 2025 a(t) 1), )

(detg(t))Y/? = \cofVanl(detgs)l/z
|cof VXns|(Arpld) o X ~ divr, ((ns @ ns)Vr,X)  (# ArX)
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Linearization

Change of variables:

0F = eMut oX), pE(y.t):=eM(ptoX —pE), inQf x
Z =eM(X —1d), on g x
= eM(det VX)(FE 0 X), in QF x
g := eM|cof (VX)ns| (g o X), on g x

The linearized system is then:

—dive(0F,pF) =FF and diviT =0
at =0

4 5O ; ns
ir=0"=- - AZ and  —[o(0,p)]ns = pdivr, ViZZ +G
Z(-,0) = Z,

x (0,00),

0,00)

x (0, 00),
x(

0, 00).

in QF x (0,7),
on 02 x (0,T),

onlsx(0,T),

on .
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The linearized system
For A > 0, find Z € L2(0, T; H>/2(T's)) N HY(0, T; H3/2(Ts)) such that

—dive(ut,pt)=FF and divut=0 inQFf x(0,7),
ut =0 ondQx(0,T),

+ - 0z ; Ns
=u"=—_-—-X and —[o(u,p)]ns=pdivr, ViZZ+G  onTlsx(0,T),

Y ot
Z(,0)0=2Zy onTsg,
where the data are assumed to satisfy
Ff e L2(0,T;L3(QF)), G eL?(0,T;HY?(y)), Zoe=H%(s)/R2.

Problem: V{* = (ns ® ns)Vr, is not coercive. . .
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The kernel of V{* = (ns ® ng)Vr,

There are non-trivial mappings X = Z + Id that are:

® smooth ¢ transforming the circle into a
Jordan curve

® orientation-preserving ® that can be chosen arbitrarily
close to the identity

® volume-preserving * and such that Vi*Z = 0.

| O O
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First feedback operator - regularization

® |n order to get back coercivity, and unique continuation, we add an
additional term.
In stead of considering divr, oV, we consider

dinS VFz + dins VF‘Z = dins Vrs = Ars

where VEZ := (15 ® 75)Vr,Z.
* Rigidity: If Ar.Z = 0, then Z is a constant.

The corresponding displacement X = Z + Id is then a translation.
® Poincaré/Garding-type inequalities:

HZHHI(FS)/RZ < CHVFSZH]LZ(rs)a
1Zllk2rgy e < ClIARZIL(r.)-
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A Poincaré-Styeklov operator

Let be G € H™/2(T;). The Stokes system with jump conditions:
—dive(ut,pt) =0 and divut=0 inQf,
ut=0 onodN,
[u]=0 and —Jo(u,p)lns=G onTs.

+

Goal: Define Pr, : G — ujr .

Method: A weak solution (u*, p*, ¢ = ujr,) is a saddle-point of

Lt ptoum o  XEAT0) = 20 gy + 20
—(pT. divuT) gy — (P, diVUT) 2o
—(Atut — Pyu-1/2(ry)m/2(ry) — (AT U7 = O)u-1/2(ry)mi/(ry)
—{Gs )u-ra(roya(r.)-

At the optimality: A\* = o(u*, p)n®, A" +A"+G=0, and¢=u..
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Definition of Pr,

A saddle-point of £ satisfies a variational formulation in the form

Denote u = (u™,p*,u™,p7, AT, A7, ¢), v=(vT,q",v g7, ut u", )
Find u € U such that M(u;v) = G(v) Vo €Y,

where M(uv) = 2w(e(u™),e(vF))aqr) +2v(e(uT) E(‘F))JLZ(Q;)
—(p™, div V+>L2(Q;r) — (g%, div U+>L2(Qs+) —({p~,div V_>L2(Q;) - <q_7divu_>L2(Q;)
(AT v —ohwrw — (pt ut = Oy — (AT VT —@wew — (T, UT = P,
g(U) <G990>W’;W .

Ladyzhenskaya-Babuska-Brezzi inf-sup condition:
o
ueB\{0} pew\ {0} [|ulwloflw

= Pr,:HY2(5) 3 G = ujf_ € HY/?(T5) is well-defined.
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Operator formulation

® The operator Pr, is symmetric and positive.

® The linear system

—dive(ut,pt)=0 and divur=0 inQF x(0,7),
ut=0 ondQx(0,T),

. .0z
Ut =uT = - X and —[o(u,p)]lns =pAr,Z+G onlsx(0,T),

is rewritten as
0z

ot
Z(0) =2y onls.

— A = Pr,(ndr,Z) + Pr,G

Z(-,0) = Zo on I,

in T x (0,00),
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Operator formulation and fundamental properties

It is more convenient to consider the tangential gradient of this equation:

OVr.Z
ot
VrSZ(O) = VFSZO on Fs.

— AVr.Z = Vr Pr.(pdivr, V. Z) + Vi, Pr.G in s x (0,00),

The operator A = 'V, o Pr, odivr, below is self-adjoint, dissipative, and
infinitesimal generator of an analytic semigroup of contraction on Vr5H5/2(Fs):

A: VR HY2(Ts) = D(A) — Vi, H32(T)
vr.Z = uVr. Pr.(divr, Vi .2)

Moreover, its resolvent is compact.
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Approximate controllability

For some control function G € Gr(ls):

—dive(ut,pt) =0 and divut =0
ut =0
L 0z

TS

and —J[o(u,p)]n=puAr,Z+G
Z(-,0)=0

The reachable set R(T) is dense in L?(I's)/R?.

in QF x (0,7),
on 9Q x (0,T),

()
onlsx(0,T),

on .

R(T) := {Z(-,T) such that Z is solution of (x) | G € gr(rs)}~

The set R(T)" is reduced to constants.

Let be Zr € R(T)*, and let us show that necessarily Zr is constant.
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Unique continuation argument

How do we prove approximate controllabiltiy?
Introduce the adjoint system with unknowns (¢*, ", ¢, 1™, ():

—divo(¢F,9F) =0 and diveT=0 inQF x(0,7T),

o =0 on 9Q x (0,T),

s =0 and —[o(6,0)lns=pbrC  onTsx (0.7),
T)=2Zr on I,

Taking the scalar product of the first equation by u* and integrating gives:

T ac
2 <VFSZT7 vrsZ(T)>]LZ(|—5) = /0 G7 E (1) dt.
L2(Ts

=(=0 =¢*=0 = pAr.(=[lns=0 = (= constant.
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Back to the operator formulation

Considering the tangential gradient of this equation:

OVr.Z
ot
VrSZ(O) = VFSZO on Fs.

— AVr.Z = Vr Pr.(pdivr, V. Z) + Vi, Pr.G in s x (0,00),

The operator A = 'V, o Pr, odivr, below is self-adjoint, dissipative, and
infinitesimal generator of an analytic semigroup of contraction on Vr5H5/2(Fs):

A: VR HY2(Ts) = D(A) — Vi, H32(T)
vr.Z = uVr. Pr.(divr, Vi .2)

s

Moreover, its resolvent is compact.
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The unstable modes are of finite number

The spectrum of A is sectorial:
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Finite-dimensional feedback operator
We define the following finite-dimensional feedback operator

Kx = —Pr(Vr) WPV, € £ (H/2(T), Z)

where 1, € L <]H£,>‘), (]HE,A))*> satisfies the Riccati equation
My =M"*>0, [M\A)\ —l—.AKn)\ — HABABKH)\ +1=0,
where
Ay = PyAPy € @Y, HM)
By = PyPr, € L(HY2(T5), HY),

where P, is the orthogonal projection on IEL(,’\).
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Optimal control problem in infinite-time horizon
Where does the feedback operator K, come from?
igf{j(z,e) | Z satisfies (*)},
with 1 oo 1 [
_ = 2 - 2
72.6) =3 [T IPrzigder 5 [ el

The 1st-order optimality conditions lead to

G = —P{,(Vr,) T\PAV,Z = Pr, divr, (M\PAVT,Z),

where 1, = [1,* = 0 satisfies the Riccati equation of the previous slide.
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A non-homogeneous linear system

Assume Zo € H2(T'5)/R?, F* € L2(0, 00; L2(QF)) and G € L2(0, oo; HY/2(T)).
There exists a unique solution Z € L?(0, oo; H>/2(T'5)) N H(0, 0o; H3/2(T)) to the

following system

—dive(ut,pt) =Ff and divut=0

ut =0

_ oz
ut =u" = i AZ and —[o(u,p)]n=puAr,Z +K\Z+G
Z(-,0) = Z

and it satisfies

in QF x (0, 00),
on 99 x (0, ),
on s x (0,00),

on g,

1t oy + 1P oy + 10 by + 107 o ary + 12020

< € (1Zoll zo(r) + IF* gy + IF N5y + 16 guair
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Back to the original system - Summary

® We introduced 2 linear feedback operators:
- One explicit: Gy = divr, (s ® 75)Vr,Z) with Z = e*(X — Id).
- One of finite-dimension: G, = K,Z.
® The resulting operator G = G; + G» stabilizes the linearized system around a
given stationary state (a displacement corresponding to another circle).

® This feedback operator also stabilizes the nonlinear system rewritten in
cylindrical domain

(via a fixed-point argument, with smallness assumptions).
® For coming back to the original variables in time-dependent domains:

g= (r(detg)*/2 (divr, ((1s ® T5) Vi (X — 1d)) + Ka(X — Id)))oX’l on I(t).
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Possible extension to 3D/Navier-Stokes

® NSE: Not clear how an operator formulation could be derived.

® NSE: Approxicmate controllability involves zeros of Bessel functions (2D) or
zeros of spherical harmonics (3D) — Rummler 2010.

® 3D: The linearized system involving V[’Zz was obtained with simplifications
that are specific to dimension 2.

® 3D: The mean curvature is only extrinsic — stationary states?
However, Alexandrov 1956 (see 1962 for an English translation).

® 3D: The question of extension of diffeomorphism defined on the sphere is
much more delicate.
- Sufficient condition: The set of diffeomorphisms of this boundary
preserving the orientation is connected.
- Smale 1959, Diffeomorphisms of the 2-sphere: Requires C* regularity.
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Extension to Navier-Stokes (2D)

Linearized Navier-Stokes:

ou div(o(u,p)) =f in QF,

ot
divu=0 in QF,
—[o(u,p)]ns = pAr,Z+G onTs.

Theorem
Assume that the radius rs > 0 of the sphere of reference I satisfies

rs ¢ {\/?ro; A€ Sp(AT), ro Ejl_l({o})} ,

where A~ denotes the Stokes operator in QQ~. Then system the linear system is
approximately controllable.
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