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Variational and Hamiltonian dynamics
Hamiltonian dynamics and symplectic integrators
Euler-Lagrange dynamics and variational integrators

Generating functions in field theories
Boundary Lagrangian
Example and simulations: the wave equation

Research directions



Newton's second law, 1687

(F;)i: Rk — R¥ a force admitting a potential V: RK — R and m > 0 the
mass of the particule.
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where
> x =(q,p) € RF x (R¥)* a point of the phase space,

> J= Oaxg 1 is the symplectic form,

d
> H(q,p) = » lelz — V(q) the Hamiltonian.



Symplecticity

Proposition (Energy conservation)

¢ 11a(t), p(t)) = 0.

oH. Rk x (RK)* —
£ q(0),p(0) = q(t),p(t)

Proposition

Any Hamiltonian flow is symplectic:

Jac(¢f)T - J - Jac(dt') = J

WA
/ s \
Phase plan of G = —%sin(q)

H(q,p) = L2 + mgL(1 — cos q)
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d = 1: volume preservation



Symplectic integrators

Definition (An integrator)
It is a family @ar: xn — Xpi1 parametrized by the time-step At.
wae is symplectic if Jac(pa:)’ - J - Jac(pa:) = J

Example (Symplectic Euler method, DeVogelaere, 1956)
(qn+1> _ dn + At?TE(‘]m Pnt1)
Pn+1 Pn — At%(qnypn+1)
| H(q.p) = 25

At=0.1, n= 100 itérations
Quasi-periodic orbits

Theorem (Quasi-first integral, Benettin et Giorgilli, 1994)
Under some assumptions, 3(Hc)., C > 0, €* > 0 s.t.

* 6*
vn e N,Ve < ¢, [H(p(q.p)) — He(a,p)| < Creexp(——)  (2)

Some stability properties of Hamiltonian Poisson integrators, C., 2025



Euler-Lagrange equations, 1750's

Starting again from Newtonian mechanics (1):

mql = Fi(qlv"'7qd) <~ (Z) = <1v‘\//(q)>
doL oL

< dtov  oq

@5/L_0

» (g, v) position and velocity of the particule,

where

d
> L(q,v) = 5= > v+ V(q) the Lagrangian.
i=1



Generating functions
Definition (The action)

Rk x RK — R

(@) fEL(a(s), d(s))ds G)

where s € [0, t] — g(s) the extremal path s.t. { Z(O) =9

t is small, g1 close to qp.

The graph of the generating function (3) is the graph of the
Hamiltonian flow !

Graph(dSy) — Graph(¢!)
N N
T*(R¥ x R¥) = T*RX X T*Rk

(QO’CIL%(GOWH),%(%»%)) = (CIO7P0)7 gbf(qupO)



Variational integrators?
Discretize S;:

[ ot topis = [ tao, 5%
0 0

t
and obtain the discrete action

S (g0, q1) — th(qo, 20y,

Then, start from, e.g, (qo, g1) and iterate:

o= 015:(qo, 1) )
pr= 025:(q0,q1) = —015:t(q1,q2) (4)

Remark (Correspondence of Lagrangian spaces)

The numerical method (4) has the same stability theory than symplectic
integrators: long run estimates (2) etc...
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Composition of Lagrangian spaces and consequences

Hamiltonian flows oM = M o pH-

Trajectories Concatenation of paths

Generating functions || S3(qo, g2) = extr(S1(qo, q1) + S2(q1, G2))
q1

Composition of Lagrangian spaces in mechanics
= This provides a geometric framework towards:

Symplectic multi-step methods:
» vibration of molecules
> delayed ODEs

Variational integrators for field theories:
> wave equation,
» Poisson equation,

» Geometrically exact beam theory on
S0(3)

=

Ethylene

An oscillation mode of the wave
equation



JetS and boundary Lagra nglan with S. Leyendecker, R. Sato, T. Wang, D. M. de Diego

Given L: (¢, ¢t, ds) — L(¢, dt, ¢s), Euler-Lagrange equations are:

d (oL d[aL\ oL
— - — - | — - = < <k.
dt<av;>+ds< ) O l1<isk

ov! aq’
Define the boundary Lagrangian?®

Loy(¥) = /U L(j ¢)d*x where ¢ solves (5) with Ploa = 1.

Remark (The boundary Lagrangian is a generating function)

Compare with S:(qo, q1) fo (s))ds.

In general, to find the definition domain of Lyy is intricate.
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An example: the 1d wave equation on the square?

¢tt_¢ss:0
> U=[0,1] x [0,1]

> L(¢, b, bs) = 3(¢7 — ¢?)

» The boundary data 1 needs to satisfy

P(a,0) + (1 —a,1) =4(0,0) =¢(1,1 —a) =0

> explicit boundary Lagrangian

Lou()=3 [} (0,0)s(c,0)~1(,0)%¢(0,0) +4b (e, 1)e (1,0) —1p(1,a) s (cx, 1) dex




How to discretise the boundary Lagrangian 7
The hyperbolic case, e.g., the wave equation

Example (Midpoint-midpoint discretization using corner nodes*)

& : <75j + <75J+1 G2 M .
i+1/2 " i T 2 ) ¢,I:+1 Ii_
¢f:, ¢{+1, ¢f:+1, gzﬁ{ﬁ corner nodes
j+1/2 ¢J+¢/+1+¢j+1+¢1
¢J+1/2

2 @i

~ Preissmann Box Scheme?

a

Remark (Interest of a toy model)

Compare with the analytical solution ¢(s,t) = sin(ms) cos(z5t)
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the wave equation on [0, 1] x [0, 20]

Numerical example

with T. Wang

Momentum charge P(t)

Field us.)

Energy charge E()

Vs, 1)

Vs, 1)
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To be continued
Apply the Method of Virtual Power:

> Wave propagation in generalized media?®

> Invariant theory for the acoustic tensor?

Numerical study:

=
» Energy exchanges between vibration modes® QA

a

A \SE

Un mécathicien
b

c

Develop a backward error analysis for variational integrators in field theory:

» Goal-oriented error estimation®

» How about adaptative time-steps? cf Anthony Gravouil's lecture




