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Contexte - Problématique

Système à 2 ddl - Cas linéaire
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• Mouvement synchrone

Modes linéaires

• Nombre modes = nombre ddls

Courbe de réponse en fréquence (solutions périodiques)
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Contexte - Problématique

Système à 2 ddl - Cas non linéaire
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• Résonances superharmoniques

• Dépendance fréquence-amplitude
• Localisation d’énergie

Phénomènes non linéaires

• Bifurcations
• Multi-stabilité
• Plusieurs solutions (sauts possibles)

Courbe de réponse en fréquence (solutions périodiques)
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Contexte - Problématique
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De l’utilité d’étudier les bifurcations
Rotor de Jeffcott avec contact rotor-stator

rotor : 
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De l’utilité d’étudier les bifurcations
Rotor de Jeffcott avec contact rotor-stator
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De l’utilité d’étudier les bifurcations
Rotor de Jeffcott avec contact rotor-stator
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De l’utilité d’étudier les bifurcations
Rotor de Jeffcott avec contact rotor-stator
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De l’utilité d’étudier les bifurcations
Rotor de Jeffcott avec contact rotor-stator
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De l’utilité d’étudier les bifurcations
Rotor de Jeffcott avec contact rotor-stator
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o cartographie des zones de stabilité
o cartographie des changements de 

régime dynamique du système
o optimisation lors de la phase de 

conception

En un seul calcul : 
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Outils numériques pour l’analyse de bifurcations

Calcul des courbes de réponse non linéaires
Méthode de l’équilibrage harmonique (HBM)
+ continuation par longueur d’arc
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Méthode de l’équilibrage harmonique (HBM)

𝐱 t = 𝐗" +&
#$%

&

𝐗'( cos kωt + 𝐗)( sin kωt

vecteur des coeff. de Fourier de taille 𝐿 = 𝑛	×(2𝐻 + 1)𝐗 = 𝐗"*, 𝐗'%
*, 𝐗)%

*, … , 𝐗'+
*, 𝐗)+

* *

développement en série de Fourier à 𝐻 harmoniques

Continuation des solutions périodiques

Equilibre dynamique non linéaire
𝐫(𝐱,ω,t)=𝐌	𝐱̈(t)+𝐂	𝐱̇(t)	+𝐊	𝐱(t)	+	𝐟,-(𝐱,	𝐱̇)	−𝐩(ω,t)=𝟎

: vecteur déplacement  de taille 𝑛 ddl𝐱(t)

Système différentiel non linéaire 
de taille 𝑛 ddl

: vecteur des efforts non linéaires de taille 𝑛 ddl𝐟,-(𝐱,	𝐱̇,	𝐱̈)

: vecteur des efforts extérieurs  de taille 𝑛 ddl𝐩(ω,t)

Calcul des efforts non linéaires 𝐗
	 𝑭𝑭𝑻!𝟏	

𝐱(t),	𝐱̇(t)
	

𝐟,-(𝐱,	𝐱̇)
	 𝑭𝑭𝑻	

𝐅,-(𝐗)
fréquentiel temporel fréquentiel

G. Von Groll and D. J. Ewins. The harmonic balance method with arc-length continuation in rotor/stator contact problems. 
J. Sound Vib., 241(2), 223–233, 2001. doi: 10.1006/jsvi.2000.3298.

Equilibre dynamique dans le domaine fréquentiel

𝐑(𝐗,ω)	=	𝐙(ω)	𝐗	+	𝐅,-(𝐗)+𝐏	=	𝟎1
Système algébrique non linéaire 

de taille 𝐿 = 𝑛	×(2𝐻 + 1)

Solution périodique = point d’équilibre𝐙 ω = ω2∇2⊗𝐌+ω∇⊗ 𝐂 + 𝐈2+3%⊗𝐊

http://doi.org/10.1006/jsvi.2000.3298
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Continuation des solutions périodiques

Courbe de réponse en fréquence
o Continuation par pseudo-longueur d’arc avec 𝜔 variable
o Longueur de pas adaptative

Equilibre dynamique dans le domaine fréquentiel

𝐑(𝐗,ω)	=	𝐙(ω)	𝐗	+	𝐅,-(𝐗)+𝐏	=	𝟎1 taille 𝐿 = 𝑛	×(2𝐻 + 1)

Continuation par pseudo-longueur d’arc



S. Baguet, INSA Lyon / LaMCoS GDR GDM -  22-25 juin 2026, Lyon 19

Continuation des solutions périodiques

Courbe de réponse en fréquence
o Continuation par pseudo-longueur d’arc avec 𝜔 variable
o Longueur de pas adaptative

Equilibre dynamique dans le domaine fréquentiel

𝐑(𝐗,ω)	=	𝐙(ω)	𝐗	+	𝐅,-(𝐗)+𝐏	=	𝟎1

• on part d’une solution connue X",	ω"

taille 𝐿 = 𝑛	×(2𝐻 + 1)

Continuation par pseudo-longueur d’arc X

X", ω"

ω

pas
tangent

prédicteur

X%, ω%

𝑡

Δ𝑠

• pas prédicteur de longueur fixée Δ𝑠 selon la 
direction tangente 𝑡

• On résout simultanément l’équilibre dynamique 
+ équation de longueur d’arc

𝐆(𝐘)	= 𝐑(𝐗,ω)
longueur d’arc =𝟎13% taille 𝐿+1

corrections

X#, ω#

• corrections selon la direction  orthogonale à 𝑡
(itérations Newton-Raphson)

X", ω"

𝑡
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Stabilité des solutions périodiques

Théorie de Floquet
Une solution périodique est stable si de petites perturbations ne modifient pas significativement sa 
périodicité, i.e. si elle reste proche de sa forme initiale malgré les perturbations.

Equilibre dynamique

𝐑(𝐗,ω)	=	𝐙(ω)	𝐗	+	𝐅,-(𝐗)+𝐏	=	𝟎

Solution périodique 𝐳) + perturbation δ𝐳)

taille 𝐿 = 𝑛	×(2𝐻 + 1)

solution
périodique

δz(T)

δz0z0
z(T,z0)

z(T,z0+δz0)solution périodique
perturbée

x(t)

x(t).

Evolution dans l’espace des phases d’une solution 
périodique perturbée

𝐳 t = 𝐱 t
𝐱̇ t

𝐫(𝐱,ω,t)=𝐌	𝐱̈(t)+𝐂	𝐱̇(t)	+𝐊	𝐱(t)	+	𝐟,-(𝐱,	𝐱̇)	−𝐩(ω,t)=𝟎

domaine fréquentiel

taille 𝑛 domaine temporel

Domaine temporel

δ𝐳 T = 𝕄	δ𝐳)

Monodromie = mesure de la variation d’une 
solution périodique sur une période T. 
Représentée par une matrice de monodromie 𝕄

taille 2𝑛

valeurs propres de 𝕄 = multiplicateurs de Floquet 𝜇*
𝑛	paires de v.p. complexes conjuguées

Solution stable ssi 𝜇* <1 ∀	𝑗 = 1…2𝑛

On regarde l ’évolution de la perturbation au cours 
du temps
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Stabilité des solutions périodiques

Théorie de Floquet
Une solution périodique est stable si de petites perturbations ne modifient pas significativement sa 
périodicité, i.e. si elle reste proche de sa forme initiale malgré les perturbations.

Equilibre dynamique

𝐑(𝐗,ω)	=	𝐙(ω)	𝐗	+	𝐅,-(𝐗)+𝐏	=	𝟎

Solution périodique 𝐳) + perturbation δ𝐳)

taille 𝐿 = 𝑛	×(2𝐻 + 1)

𝐫(𝐱,ω,t)=𝐌	𝐱̈(t)+𝐂	𝐱̇(t)	+𝐊	𝐱(t)	+	𝐟,-(𝐱,	𝐱̇)	−𝐩(ω,t)=𝟎

domaine fréquentiel

taille 𝑛 domaine temporel

Domaine fréquentiel (HBM)
Méthode de Hill
Système aux valeurs propres quadratique

taille L

On regarde l ’évolution de la perturbation au cours 
du temps

(𝐑𝑿+Λ	𝚫%+Λ2	𝚫2)	𝛟	=	𝟎

𝐑𝑿	matrice jacobienne

𝚫% = 2ω∇⊗𝐌+ 𝐈2+3%⊗𝐂
𝚫2 = 𝐈2+3%⊗𝐌
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Stabilité des solutions périodiques

Théorie de Floquet
Une solution périodique est stable si de petites perturbations ne modifient pas significativement sa 
périodicité, i.e. si elle reste proche de sa forme initiale malgré les perturbations.

Equilibre dynamique

𝐑(𝐗,ω)	=	𝐙(ω)	𝐗	+	𝐅,-(𝐗)+𝐏	=	𝟎

Solution périodique 𝐳) + perturbation δ𝐳)

taille 𝐿 = 𝑛	×(2𝐻 + 1)

𝐫(𝐱,ω,t)=𝐌	𝐱̈(t)+𝐂	𝐱̇(t)	+𝐊	𝐱(t)	+	𝐟,-(𝐱,	𝐱̇)	−𝐩(ω,t)=𝟎

domaine fréquentiel

taille 𝑛 domaine temporel

Domaine fréquentiel (HBM)
Méthode de Hill
Système aux valeurs propres quadratique

taille 𝐿

Solution stable ssi   Re(𝜆*	)<0 ∀	𝑗 = 1…2𝑛

On regarde l ’évolution de la perturbation au cours 
du temps

(𝐑𝑿+Λ	𝚫%+Λ2	𝚫2)	𝛟	=	𝟎

2𝐿 valeurs propres Λ+	tq Λ+ = 𝜆* +𝑖	ℎω quand 𝐻⟶∞

⇒ exposants de Floquet 𝜆* 
On retient les 2𝑛 Λ+	avec la plus petite partie imaginaire

Re(Λk)
+ω/2

ω

ω

ω

ω

ω

ω

-ω/2

Im(Λk)
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Détection des bifurcations

X

ω

LP BP

X

ω

X

ω

BP

X

ω

NS
périodique

quas
i-

pério
diqu

e

Point limite (LP) Point de branchement (BP)
transcritique  / surcritique

Neimark-Sacker (NS)

UnstableStable

Im(λi)

Re(λi)

+ω/2

-ω/2

Im(λi)

Re(λi)

Stable Unstable
+κ

-κ

-ω/2

+ω/2

Neimark-Sacker (NS)

Doublement de période (PD)

0 < 𝜅 < 5
2
 

𝜅 = 5
2
 

Point limite (LP)
Point de branchement (BP)

𝜆 = 0

𝜆 = ±𝑖	𝜅

Scénarios de perte de stabilité avec les exposants de Floquet
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Détection des bifurcations

Dans la pratique, à chaque fin de pas de continuation :

2.2 2.3 2.4 2.5 2.6 2.7 2.8 2.9 3

1

1.5

2

2.5

3

point limite

ω

A
m

pl
itu

de t

t

- on comptabilise les
𝑵',(-	exposants de Floquets instables tq Re(𝜆6 	)>0

• Si 𝑁',(-' − 𝑁',(-'.#  = 0  :  pas de bifurcation

• Si 𝑁',(-' − 𝑁',(-'.#  = 1  :
Point limite (LP) si changement de
                     direction du vecteur tangent
Point de branchement (BP) sinon

• Si 𝑁',(-' − 𝑁',(-'.#  = 2  :

Neimark-Sacker (NS) si  0 < 𝜅 < /
$

Doublement de période (PD) si 𝜅 = /
$

0 1 2 3 4 5 6 7
0

2

4

6

8

10

12

Am
pl

itu
de

ω

fin de pas de continuation
branche stable
branche instable
point limite (LP)
point de branchement (BP)

- on compare avec le pas de continuation précédent
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Calcul des bifurcations par système augmenté

Equilibre dynamique 𝐑(𝐗,ω)	=	𝐙(ω)	𝐗	+	𝐅,-(𝐗)+𝐏	=𝟎1 taille 𝐿 = 𝑛	×(2𝐻 + 1)

Exposants de Floquet taille 𝐿(𝐑𝑿+Λ	𝚫%+Λ2	𝚫2)	𝛟	=𝟎1

UnstableStable

Im(λi)

Re(λi)

+ω/2

-ω/2

Λ = 0

Im(λi)

Re(λi)

Stable Unstable
+κ

-κ

-ω/2

+ω/2

Λ = ±𝑖	𝜅

Neimark-Sacker (NS) et Doublement de période (PD)
Λ = ±𝑖	𝜅  valeur propre complexe conjuguée

𝐆(𝐘)	=

𝐑(𝐗,ω)
𝐑𝑿𝛟𝟏−𝜅𝚫%𝛟𝟐−𝜅2𝚫2𝛟𝟏
𝐑𝑿𝛟𝟐+𝜅𝚫%𝛟𝟏−𝜅2𝚫2𝛟𝟐

𝒒𝑻𝛟𝟏

𝛟𝟏
𝑻𝛟𝟏 − 𝟏

=𝟎9132

courbe de réponse
caractérisation des NS et PD

normalisation de 𝛟𝟏et 𝛟𝟐

taille 3𝐿+2𝐘=(𝐗,𝛟𝟏, 𝛟𝟐, 𝜅, ω)

Point limite (LP) et Point de branchement (BP)
Λ = 0  valeur propre nulle

𝐆(𝐘)	=
𝐑(𝐗,ω)
𝐑𝑿𝛟

𝛟𝑻𝛟− 𝟏
=𝟎213%

courbe de réponse
caractérisation des LP et BP
normalisation de 𝛟 

Restriction de la courbe de réponse 
aux LP ou BP

taille 2𝐿+1𝐘=(𝐗,𝛟,ω)

L. Xie, S. Baguet, B. Prabel, and R. Dufour. Bifurcation tracking by Harmonic Balance Method for performance tuning of nonlinear 
dynamical systems. MSSP, 88, 445–461, 2017. doi: 10.1016/j.ymssp.2016.09.037.

http://doi.org/10.1016/j.ymssp.2016.09.037
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Suivi numérique des bifurcations

Equilibre dynamique 𝐑(𝐗,ω)	=	𝐙(ω)	𝐗	+	𝐅,-(𝐗)+𝐏	=𝟎1 taille 𝐿 = 𝑛	×(2𝐻 + 1)

Exposants de Floquet taille 𝐿(𝐑𝑿+Λ	𝚫%+Λ2	𝚫2)	𝛟	=𝟎1

L. Xie, S. Baguet, B. Prabel, and R. Dufour. Bifurcation tracking by Harmonic Balance Method for performance tuning of nonlinear 
dynamical systems. MSSP, 88, 445–461, 2017. doi: 10.1016/j.ymssp.2016.09.037.

Neimark-Sacker (NS) et Doublement de période (PD)
Λ = ±𝑖	𝜅  valeur propre complexe conjuguée

𝐆(𝐘)	=

𝐑(𝐗,ω)
𝐑𝑿𝛟𝟏−𝜅𝚫%𝛟𝟐−𝜅2𝚫2𝛟𝟏
𝐑𝑿𝛟𝟐+𝜅𝚫%𝛟𝟏−𝜅2𝚫2𝛟𝟐

𝒒𝑻𝛟𝟏

𝛟𝟏
𝑻𝛟𝟏 − 𝟏

=𝟎9132

courbe de réponse
caractérisation des NS et PD

normalisation de 𝛟𝟏et 𝛟𝟐

taille 3𝐿+2𝐘=(𝐗,𝛟𝟏, 𝛟𝟐, 𝜅, ω)

Point limite (LP) et Point de branchement (BP)
Λ = 0  valeur propre nulle

courbe de réponse
caractérisation des LP et BP
normalisation de 𝛟 

Restriction de la courbe de réponse 
aux LP ou BP

taille 2𝐿+1𝐘=(𝐗,𝛟,ω)

𝐆(𝐘)	=
𝐑(𝐗,ω)
𝐑𝑿𝛟

𝛟𝑻𝛟− 𝟏
=𝟎213%

𝐇(𝐘,α)	= 𝐆(𝐘)
longueur d’arc =𝟎

Continuation des bifurcations 
par rapport au paramètre α
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Suivi numérique des bifurcations
Rotor de Jeffcott avec contact rotor-stator
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Dans la pratique, on ne calcule pas toutes 
les courbes de réponses !
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Bifurcations de codimension 1 et 2

Neimark-Sacker (NS)
Doublement de période (PD)

Point limite (LP)
Point de branchement (BP)

Solution périodique

Courbe de réponse

Suivi de bifurcations Bifurcations sur les branches de bifurcations ?

Niveau de continuation

0

1

2

164 W. GOVAERTS, YU. A. KUZNETSOV, AND B. SIJNAVE 

Branching 

Point 

Equilibrium 

Hopf 

Cusp BT Zero Double Generalized 

L y ú ú =Hopf 

Swallow Triple Double Triple Hopf + Zero + Resonant 
tail Equilibrium Equilibrium Zero BT DH DH 

FIG. 1. Interactions between objects of codimension 0, 1, 2, 3. 

codim 

o 

2 

3 

objects (limit point and Hopf) as well as some codimension-3 objects (triple 
zero eigenvalue, resonant double Hopf, etc.). For an overview of the possible 
interactions, we refer to figure 1. There are several ways to compute and 
continue a given object. We call these computational schemes. To store 
a computed representative of any given object, CONTENT uses bifurcation 
data, namely, the equilibrium coordinates and critical parameter values 
(Le., the values u,a from (1.1)) and certain other data that depend on 
the object but not on the computational scheme. This allows to compute 
an object using one computational scheme and switch to another scheme 
whenever necessary. 

The kernel of CONTENT describes how objects are read from file, con-
tinued, detected and written to file. The user chooses the computational 
scheme and many details of the computation by using specially designed 
windows. The same continuation code is used in all computational schemes. 

The variables of the continuation in a particular computational scheme 
are called the continuation data. They always include the equilibrium 
coordinates but not necessarily the other bifurcation data of the object. 
On the other hand, the continuation data may include variables not in the 
bifurcation data of the object. Apart from this, a computational scheme 
often uses variables which are not part of the continuation data but have to 
be initialized at the starting point and updated along the computed curve. 
These we call auxiliary data. 

Suppose that a computational scheme C (Ob) has to be written for the 
object Ob. Logically, the first task is to write Starters for C(Ob). One 
needs as many Starters as source objects, i.e., objects from which Ob can 
be continued. This includes Ob itself but typically there are more. For 
example, a Hopf curve may start from a Hopf point (Hopf is an object) but 
also from a BT-point (a different object) or from a ZH-point (still another 

W. Govaerts, Y. A. Kuznetsov, and B. Sijnave. Continuation of codimension-2 equilibrium bifurcations in Content.
In Numerical Methods for Bifurcation Problems and Large-Scale Dynamical Systems, Springer, 2000. doi: 10.1007/978-1-4612-1208-9_7

codimension

https://doi.org/10.1007/978-1-4612-1208-9_7
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Bifurcations de codimension 1 et 2
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Branche de points d'équilibre 164 W. GOVAERTS, YU. A. KUZNETSOV, AND B. SIJNAVE 

Branching 

Point 

Equilibrium 

Hopf 

Cusp BT Zero Double Generalized 

L y ú ú =Hopf 

Swallow Triple Double Triple Hopf + Zero + Resonant 
tail Equilibrium Equilibrium Zero BT DH DH 

FIG. 1. Interactions between objects of codimension 0, 1, 2, 3. 

codim 

o 

2 

3 

objects (limit point and Hopf) as well as some codimension-3 objects (triple 
zero eigenvalue, resonant double Hopf, etc.). For an overview of the possible 
interactions, we refer to figure 1. There are several ways to compute and 
continue a given object. We call these computational schemes. To store 
a computed representative of any given object, CONTENT uses bifurcation 
data, namely, the equilibrium coordinates and critical parameter values 
(Le., the values u,a from (1.1)) and certain other data that depend on 
the object but not on the computational scheme. This allows to compute 
an object using one computational scheme and switch to another scheme 
whenever necessary. 

The kernel of CONTENT describes how objects are read from file, con-
tinued, detected and written to file. The user chooses the computational 
scheme and many details of the computation by using specially designed 
windows. The same continuation code is used in all computational schemes. 

The variables of the continuation in a particular computational scheme 
are called the continuation data. They always include the equilibrium 
coordinates but not necessarily the other bifurcation data of the object. 
On the other hand, the continuation data may include variables not in the 
bifurcation data of the object. Apart from this, a computational scheme 
often uses variables which are not part of the continuation data but have to 
be initialized at the starting point and updated along the computed curve. 
These we call auxiliary data. 

Suppose that a computational scheme C (Ob) has to be written for the 
object Ob. Logically, the first task is to write Starters for C(Ob). One 
needs as many Starters as source objects, i.e., objects from which Ob can 
be continued. This includes Ob itself but typically there are more. For 
example, a Hopf curve may start from a Hopf point (Hopf is an object) but 
also from a BT-point (a different object) or from a ZH-point (still another 

N. Neirynck. Advances in numerical bifurcation software : MatCont. PhD thesis, Ghent University, Belgium, 2019. 
URL http://hdl.handle.net/1854/LU-8615817.

Oscillateur catalytique

Courbes de réponses 𝑥 − 𝑄2 pour plusieurs valeurs 
du paramètre K 
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Bifurcations de codimension 1 et 2

Pas de bifurcation
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FIG. 1. Interactions between objects of codimension 0, 1, 2, 3. 
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objects (limit point and Hopf) as well as some codimension-3 objects (triple 
zero eigenvalue, resonant double Hopf, etc.). For an overview of the possible 
interactions, we refer to figure 1. There are several ways to compute and 
continue a given object. We call these computational schemes. To store 
a computed representative of any given object, CONTENT uses bifurcation 
data, namely, the equilibrium coordinates and critical parameter values 
(Le., the values u,a from (1.1)) and certain other data that depend on 
the object but not on the computational scheme. This allows to compute 
an object using one computational scheme and switch to another scheme 
whenever necessary. 

The kernel of CONTENT describes how objects are read from file, con-
tinued, detected and written to file. The user chooses the computational 
scheme and many details of the computation by using specially designed 
windows. The same continuation code is used in all computational schemes. 

The variables of the continuation in a particular computational scheme 
are called the continuation data. They always include the equilibrium 
coordinates but not necessarily the other bifurcation data of the object. 
On the other hand, the continuation data may include variables not in the 
bifurcation data of the object. Apart from this, a computational scheme 
often uses variables which are not part of the continuation data but have to 
be initialized at the starting point and updated along the computed curve. 
These we call auxiliary data. 

Suppose that a computational scheme C (Ob) has to be written for the 
object Ob. Logically, the first task is to write Starters for C(Ob). One 
needs as many Starters as source objects, i.e., objects from which Ob can 
be continued. This includes Ob itself but typically there are more. For 
example, a Hopf curve may start from a Hopf point (Hopf is an object) but 
also from a BT-point (a different object) or from a ZH-point (still another 

Oscillateur catalytique

Courbes de réponses 𝑥 − 𝑄2 pour plusieurs valeurs 
du paramètre K + bifurcations 

K=0.15

K=0.4
K=2

2 bifurcations LP (extremums selon Q2) 
+ 2 bifurcations Hopf
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Bifurcations de codimension 1 et 2
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FIG. 1. Interactions between objects of codimension 0, 1, 2, 3. 
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objects (limit point and Hopf) as well as some codimension-3 objects (triple 
zero eigenvalue, resonant double Hopf, etc.). For an overview of the possible 
interactions, we refer to figure 1. There are several ways to compute and 
continue a given object. We call these computational schemes. To store 
a computed representative of any given object, CONTENT uses bifurcation 
data, namely, the equilibrium coordinates and critical parameter values 
(Le., the values u,a from (1.1)) and certain other data that depend on 
the object but not on the computational scheme. This allows to compute 
an object using one computational scheme and switch to another scheme 
whenever necessary. 

The kernel of CONTENT describes how objects are read from file, con-
tinued, detected and written to file. The user chooses the computational 
scheme and many details of the computation by using specially designed 
windows. The same continuation code is used in all computational schemes. 

The variables of the continuation in a particular computational scheme 
are called the continuation data. They always include the equilibrium 
coordinates but not necessarily the other bifurcation data of the object. 
On the other hand, the continuation data may include variables not in the 
bifurcation data of the object. Apart from this, a computational scheme 
often uses variables which are not part of the continuation data but have to 
be initialized at the starting point and updated along the computed curve. 
These we call auxiliary data. 

Suppose that a computational scheme C (Ob) has to be written for the 
object Ob. Logically, the first task is to write Starters for C(Ob). One 
needs as many Starters as source objects, i.e., objects from which Ob can 
be continued. This includes Ob itself but typically there are more. For 
example, a Hopf curve may start from a Hopf point (Hopf is an object) but 
also from a BT-point (a different object) or from a ZH-point (still another 

Oscillateur catalytique

Courbes de réponses 𝑥 − 𝑄2 pour plusieurs valeurs 
du paramètre K + suivi des LP 
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Bifurcations de codimension 1 et 2

Cusp (CP) Un exposant de Floquet Λ = 0  (LP) + 𝐑𝑿𝑿 singulier
Point limite sur la branche de LP.
Marque l’apparition/disparition des LP, i.e. d’une zone à solutions multiples.
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FIG. 1. Interactions between objects of codimension 0, 1, 2, 3. 
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objects (limit point and Hopf) as well as some codimension-3 objects (triple 
zero eigenvalue, resonant double Hopf, etc.). For an overview of the possible 
interactions, we refer to figure 1. There are several ways to compute and 
continue a given object. We call these computational schemes. To store 
a computed representative of any given object, CONTENT uses bifurcation 
data, namely, the equilibrium coordinates and critical parameter values 
(Le., the values u,a from (1.1)) and certain other data that depend on 
the object but not on the computational scheme. This allows to compute 
an object using one computational scheme and switch to another scheme 
whenever necessary. 

The kernel of CONTENT describes how objects are read from file, con-
tinued, detected and written to file. The user chooses the computational 
scheme and many details of the computation by using specially designed 
windows. The same continuation code is used in all computational schemes. 

The variables of the continuation in a particular computational scheme 
are called the continuation data. They always include the equilibrium 
coordinates but not necessarily the other bifurcation data of the object. 
On the other hand, the continuation data may include variables not in the 
bifurcation data of the object. Apart from this, a computational scheme 
often uses variables which are not part of the continuation data but have to 
be initialized at the starting point and updated along the computed curve. 
These we call auxiliary data. 

Suppose that a computational scheme C (Ob) has to be written for the 
object Ob. Logically, the first task is to write Starters for C(Ob). One 
needs as many Starters as source objects, i.e., objects from which Ob can 
be continued. This includes Ob itself but typically there are more. For 
example, a Hopf curve may start from a Hopf point (Hopf is an object) but 
also from a BT-point (a different object) or from a ZH-point (still another 

Oscillateur catalytique

Bifurcations sur la branche de suivi des LP
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Bifurcations de codimension 1 et 2
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FIG. 1. Interactions between objects of codimension 0, 1, 2, 3. 
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objects (limit point and Hopf) as well as some codimension-3 objects (triple 
zero eigenvalue, resonant double Hopf, etc.). For an overview of the possible 
interactions, we refer to figure 1. There are several ways to compute and 
continue a given object. We call these computational schemes. To store 
a computed representative of any given object, CONTENT uses bifurcation 
data, namely, the equilibrium coordinates and critical parameter values 
(Le., the values u,a from (1.1)) and certain other data that depend on 
the object but not on the computational scheme. This allows to compute 
an object using one computational scheme and switch to another scheme 
whenever necessary. 

The kernel of CONTENT describes how objects are read from file, con-
tinued, detected and written to file. The user chooses the computational 
scheme and many details of the computation by using specially designed 
windows. The same continuation code is used in all computational schemes. 

The variables of the continuation in a particular computational scheme 
are called the continuation data. They always include the equilibrium 
coordinates but not necessarily the other bifurcation data of the object. 
On the other hand, the continuation data may include variables not in the 
bifurcation data of the object. Apart from this, a computational scheme 
often uses variables which are not part of the continuation data but have to 
be initialized at the starting point and updated along the computed curve. 
These we call auxiliary data. 

Suppose that a computational scheme C (Ob) has to be written for the 
object Ob. Logically, the first task is to write Starters for C(Ob). One 
needs as many Starters as source objects, i.e., objects from which Ob can 
be continued. This includes Ob itself but typically there are more. For 
example, a Hopf curve may start from a Hopf point (Hopf is an object) but 
also from a BT-point (a different object) or from a ZH-point (still another 

Oscillateur catalytique

Courbes de réponses 𝑥 − 𝑄2 pour plusieurs valeurs 
du paramètre K + suivi des Hopf 
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Bifurcations de codimension 1 et 2
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FIG. 1. Interactions between objects of codimension 0, 1, 2, 3. 
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objects (limit point and Hopf) as well as some codimension-3 objects (triple 
zero eigenvalue, resonant double Hopf, etc.). For an overview of the possible 
interactions, we refer to figure 1. There are several ways to compute and 
continue a given object. We call these computational schemes. To store 
a computed representative of any given object, CONTENT uses bifurcation 
data, namely, the equilibrium coordinates and critical parameter values 
(Le., the values u,a from (1.1)) and certain other data that depend on 
the object but not on the computational scheme. This allows to compute 
an object using one computational scheme and switch to another scheme 
whenever necessary. 

The kernel of CONTENT describes how objects are read from file, con-
tinued, detected and written to file. The user chooses the computational 
scheme and many details of the computation by using specially designed 
windows. The same continuation code is used in all computational schemes. 

The variables of the continuation in a particular computational scheme 
are called the continuation data. They always include the equilibrium 
coordinates but not necessarily the other bifurcation data of the object. 
On the other hand, the continuation data may include variables not in the 
bifurcation data of the object. Apart from this, a computational scheme 
often uses variables which are not part of the continuation data but have to 
be initialized at the starting point and updated along the computed curve. 
These we call auxiliary data. 

Suppose that a computational scheme C (Ob) has to be written for the 
object Ob. Logically, the first task is to write Starters for C(Ob). One 
needs as many Starters as source objects, i.e., objects from which Ob can 
be continued. This includes Ob itself but typically there are more. For 
example, a Hopf curve may start from a Hopf point (Hopf is an object) but 
also from a BT-point (a different object) or from a ZH-point (still another 

Oscillateur catalytique

Bifurcations sur la branche de suivi des Hopf

Bogdanov-
Takens (BT)

Deux exposants de Floquet Λ% = Λ2 = 0 (mais multiplicité géométrique 1).
Une branche de Hopf émane d’une bifurcation BT qui ∈ branche de LP. 
Les Hopf deviennent des neutral saddle en traversant les BT. 
Hopf + neutral saddle = boucle fermée
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Bifurcations de codimension 1 et 2
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FIG. 1. Interactions between objects of codimension 0, 1, 2, 3. 
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objects (limit point and Hopf) as well as some codimension-3 objects (triple 
zero eigenvalue, resonant double Hopf, etc.). For an overview of the possible 
interactions, we refer to figure 1. There are several ways to compute and 
continue a given object. We call these computational schemes. To store 
a computed representative of any given object, CONTENT uses bifurcation 
data, namely, the equilibrium coordinates and critical parameter values 
(Le., the values u,a from (1.1)) and certain other data that depend on 
the object but not on the computational scheme. This allows to compute 
an object using one computational scheme and switch to another scheme 
whenever necessary. 

The kernel of CONTENT describes how objects are read from file, con-
tinued, detected and written to file. The user chooses the computational 
scheme and many details of the computation by using specially designed 
windows. The same continuation code is used in all computational schemes. 

The variables of the continuation in a particular computational scheme 
are called the continuation data. They always include the equilibrium 
coordinates but not necessarily the other bifurcation data of the object. 
On the other hand, the continuation data may include variables not in the 
bifurcation data of the object. Apart from this, a computational scheme 
often uses variables which are not part of the continuation data but have to 
be initialized at the starting point and updated along the computed curve. 
These we call auxiliary data. 

Suppose that a computational scheme C (Ob) has to be written for the 
object Ob. Logically, the first task is to write Starters for C(Ob). One 
needs as many Starters as source objects, i.e., objects from which Ob can 
be continued. This includes Ob itself but typically there are more. For 
example, a Hopf curve may start from a Hopf point (Hopf is an object) but 
also from a BT-point (a different object) or from a ZH-point (still another 

Oscillateur catalytique

Bifurcations sur la branche de suivi des Hopf

Generalized 
Hopf (GH)

Transition entre les bifurcations de Hopf sous-critiques et sur-critiques. 
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Plan de la présentation

o Phénomènes non linéaires indésirables

o De l’utilité d’étudier les bifurcations

o Outils numériques pour l’analyse de bifurcations

• Continuation des solutions périodiques

• Stabilité des solutions périodiques

• Calcul et suivi des bifurcations 

o Bifurcations de codimension 1 et 2

o Applications

• Absorbeur de vibrations non linéaire accordé (NLTVA)

• MEMS

• Vibro-impacts
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Absorbeur de vibrations non linéaire accordé (NLTVA)
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𝑚!𝑥̈! 	+ 𝑐!𝑥̇! 	+ 𝑘!𝑥! 	+ 𝑘"#!	𝑥!$ 	+ 𝑐% 𝑥̇! − 𝑥̇% + 𝑘% 𝑥! − 𝑥% + 𝑘"#% 𝑥! − 𝑥% $ 	= 	 𝑓& 	𝑐𝑜𝑠(ω 𝑡)

𝑚!ε 𝑥̈% + 𝑐% 𝑥̇% − 𝑥̇! + 𝑘% 𝑥% − 𝑥! + 𝑘"#% 𝑥% − 𝑥! $ = 0

Structure principale : 𝑚! =1kg 𝑘! =1N/m𝑐! =0.002Ns/m 𝑘"#! =1N/m3

NLTVA : 𝜀 =5% 𝑘% =0.0454N/m𝑐% =0.0128Ns/m 𝑘"#% =0.0042N/m3𝑚!/𝑚%=
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Detroux, Habib, Masset, Kerschen. Performance, robustness and sensitivity analysis of the nonlinear tuned vibration absorber. 
MSSP 2015, doi: 10.1016/j.ymssp.2015.01.035

2 pics de même amplitude (equal-peak method)
Courbe de réponse - 𝑓"	= 0.05N

http://doi.org/10.1016/j.ymssp.2015.01.035
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Absorbeur de vibrations non linéaire accordé (NLTVA)
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2 pics de même amplitude (equal-peak method)
Courbe de réponse - 𝑓"	= 0.095N
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Absorbeur de vibrations non linéaire accordé (NLTVA)
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Absorbeur de vibrations non linéaire accordé (NLTVA)
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Absorbeur de vibrations non linéaire accordé (NLTVA)
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FIG. 1. Interactions between objects of codimension 0, 1, 2, 3. 

codim 

o 

2 

3 

objects (limit point and Hopf) as well as some codimension-3 objects (triple 
zero eigenvalue, resonant double Hopf, etc.). For an overview of the possible 
interactions, we refer to figure 1. There are several ways to compute and 
continue a given object. We call these computational schemes. To store 
a computed representative of any given object, CONTENT uses bifurcation 
data, namely, the equilibrium coordinates and critical parameter values 
(Le., the values u,a from (1.1)) and certain other data that depend on 
the object but not on the computational scheme. This allows to compute 
an object using one computational scheme and switch to another scheme 
whenever necessary. 

The kernel of CONTENT describes how objects are read from file, con-
tinued, detected and written to file. The user chooses the computational 
scheme and many details of the computation by using specially designed 
windows. The same continuation code is used in all computational schemes. 

The variables of the continuation in a particular computational scheme 
are called the continuation data. They always include the equilibrium 
coordinates but not necessarily the other bifurcation data of the object. 
On the other hand, the continuation data may include variables not in the 
bifurcation data of the object. Apart from this, a computational scheme 
often uses variables which are not part of the continuation data but have to 
be initialized at the starting point and updated along the computed curve. 
These we call auxiliary data. 

Suppose that a computational scheme C (Ob) has to be written for the 
object Ob. Logically, the first task is to write Starters for C(Ob). One 
needs as many Starters as source objects, i.e., objects from which Ob can 
be continued. This includes Ob itself but typically there are more. For 
example, a Hopf curve may start from a Hopf point (Hopf is an object) but 
also from a BT-point (a different object) or from a ZH-point (still another 

Les points limites sur les branches de LP sont soit des points de formation/disparition d’isolas, 
soit des bifurcations de co-dimension 2 de type Cusp (CP).
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interactions, we refer to figure 1. There are several ways to compute and 
continue a given object. We call these computational schemes. To store 
a computed representative of any given object, CONTENT uses bifurcation 
data, namely, the equilibrium coordinates and critical parameter values 
(Le., the values u,a from (1.1)) and certain other data that depend on 
the object but not on the computational scheme. This allows to compute 
an object using one computational scheme and switch to another scheme 
whenever necessary. 

The kernel of CONTENT describes how objects are read from file, con-
tinued, detected and written to file. The user chooses the computational 
scheme and many details of the computation by using specially designed 
windows. The same continuation code is used in all computational schemes. 

The variables of the continuation in a particular computational scheme 
are called the continuation data. They always include the equilibrium 
coordinates but not necessarily the other bifurcation data of the object. 
On the other hand, the continuation data may include variables not in the 
bifurcation data of the object. Apart from this, a computational scheme 
often uses variables which are not part of the continuation data but have to 
be initialized at the starting point and updated along the computed curve. 
These we call auxiliary data. 

Suppose that a computational scheme C (Ob) has to be written for the 
object Ob. Logically, the first task is to write Starters for C(Ob). One 
needs as many Starters as source objects, i.e., objects from which Ob can 
be continued. This includes Ob itself but typically there are more. For 
example, a Hopf curve may start from a Hopf point (Hopf is an object) but 
also from a BT-point (a different object) or from a ZH-point (still another 

apparition LP / zone à solutions multiples sur le 2ème pic

Suivi de points limites
Projection dans le plan 𝑓" − 𝜔  des branches de LP

Les points limites sur les branches de LP sont soit des points de formation/disparition d’isolas, 
soit des bifurcations de co-dimension 2 de type Cusp (CP).
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FIG. 1. Interactions between objects of codimension 0, 1, 2, 3. 
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objects (limit point and Hopf) as well as some codimension-3 objects (triple 
zero eigenvalue, resonant double Hopf, etc.). For an overview of the possible 
interactions, we refer to figure 1. There are several ways to compute and 
continue a given object. We call these computational schemes. To store 
a computed representative of any given object, CONTENT uses bifurcation 
data, namely, the equilibrium coordinates and critical parameter values 
(Le., the values u,a from (1.1)) and certain other data that depend on 
the object but not on the computational scheme. This allows to compute 
an object using one computational scheme and switch to another scheme 
whenever necessary. 

The kernel of CONTENT describes how objects are read from file, con-
tinued, detected and written to file. The user chooses the computational 
scheme and many details of the computation by using specially designed 
windows. The same continuation code is used in all computational schemes. 

The variables of the continuation in a particular computational scheme 
are called the continuation data. They always include the equilibrium 
coordinates but not necessarily the other bifurcation data of the object. 
On the other hand, the continuation data may include variables not in the 
bifurcation data of the object. Apart from this, a computational scheme 
often uses variables which are not part of the continuation data but have to 
be initialized at the starting point and updated along the computed curve. 
These we call auxiliary data. 

Suppose that a computational scheme C (Ob) has to be written for the 
object Ob. Logically, the first task is to write Starters for C(Ob). One 
needs as many Starters as source objects, i.e., objects from which Ob can 
be continued. This includes Ob itself but typically there are more. For 
example, a Hopf curve may start from a Hopf point (Hopf is an object) but 
also from a BT-point (a different object) or from a ZH-point (still another 

apparition LP / zone à solutions multiples sur le 1er pic

Suivi de points limites
Projection dans le plan 𝑓" − 𝜔  des branches de LP

Les points limites sur les branches de LP sont soit des points de formation/disparition d’isolas, 
soit des bifurcations de co-dimension 2 de type Cusp (CP).
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FIG. 1. Interactions between objects of codimension 0, 1, 2, 3. 

codim 
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3 

objects (limit point and Hopf) as well as some codimension-3 objects (triple 
zero eigenvalue, resonant double Hopf, etc.). For an overview of the possible 
interactions, we refer to figure 1. There are several ways to compute and 
continue a given object. We call these computational schemes. To store 
a computed representative of any given object, CONTENT uses bifurcation 
data, namely, the equilibrium coordinates and critical parameter values 
(Le., the values u,a from (1.1)) and certain other data that depend on 
the object but not on the computational scheme. This allows to compute 
an object using one computational scheme and switch to another scheme 
whenever necessary. 

The kernel of CONTENT describes how objects are read from file, con-
tinued, detected and written to file. The user chooses the computational 
scheme and many details of the computation by using specially designed 
windows. The same continuation code is used in all computational schemes. 

The variables of the continuation in a particular computational scheme 
are called the continuation data. They always include the equilibrium 
coordinates but not necessarily the other bifurcation data of the object. 
On the other hand, the continuation data may include variables not in the 
bifurcation data of the object. Apart from this, a computational scheme 
often uses variables which are not part of the continuation data but have to 
be initialized at the starting point and updated along the computed curve. 
These we call auxiliary data. 

Suppose that a computational scheme C (Ob) has to be written for the 
object Ob. Logically, the first task is to write Starters for C(Ob). One 
needs as many Starters as source objects, i.e., objects from which Ob can 
be continued. This includes Ob itself but typically there are more. For 
example, a Hopf curve may start from a Hopf point (Hopf is an object) but 
also from a BT-point (a different object) or from a ZH-point (still another 

apparition LP / zone à solutions multiples sur l’isola

Suivi de points limites
Projection dans le plan 𝑓" − 𝜔  des branches de LP

Les points limites sur les branches de LP sont soit des points de formation/disparition d’isolas, 
soit des bifurcations de co-dimension 2 de type Cusp (CP).
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FIG. 1. Interactions between objects of codimension 0, 1, 2, 3. 

codim 

o 

2 

3 

objects (limit point and Hopf) as well as some codimension-3 objects (triple 
zero eigenvalue, resonant double Hopf, etc.). For an overview of the possible 
interactions, we refer to figure 1. There are several ways to compute and 
continue a given object. We call these computational schemes. To store 
a computed representative of any given object, CONTENT uses bifurcation 
data, namely, the equilibrium coordinates and critical parameter values 
(Le., the values u,a from (1.1)) and certain other data that depend on 
the object but not on the computational scheme. This allows to compute 
an object using one computational scheme and switch to another scheme 
whenever necessary. 

The kernel of CONTENT describes how objects are read from file, con-
tinued, detected and written to file. The user chooses the computational 
scheme and many details of the computation by using specially designed 
windows. The same continuation code is used in all computational schemes. 

The variables of the continuation in a particular computational scheme 
are called the continuation data. They always include the equilibrium 
coordinates but not necessarily the other bifurcation data of the object. 
On the other hand, the continuation data may include variables not in the 
bifurcation data of the object. Apart from this, a computational scheme 
often uses variables which are not part of the continuation data but have to 
be initialized at the starting point and updated along the computed curve. 
These we call auxiliary data. 

Suppose that a computational scheme C (Ob) has to be written for the 
object Ob. Logically, the first task is to write Starters for C(Ob). One 
needs as many Starters as source objects, i.e., objects from which Ob can 
be continued. This includes Ob itself but typically there are more. For 
example, a Hopf curve may start from a Hopf point (Hopf is an object) but 
also from a BT-point (a different object) or from a ZH-point (still another 

Suivi de points limites
Projection dans le plan 𝑓" − 𝜔  des branches de LP

apparition 
isolas

fusion isolas

Les points limites sur les branches de LP sont soit des points de formation/disparition d’isolas, 
soit des bifurcations de co-dimension 2 de type Cusp (CP).
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FIG. 1. Interactions between objects of codimension 0, 1, 2, 3. 

codim 
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3 

objects (limit point and Hopf) as well as some codimension-3 objects (triple 
zero eigenvalue, resonant double Hopf, etc.). For an overview of the possible 
interactions, we refer to figure 1. There are several ways to compute and 
continue a given object. We call these computational schemes. To store 
a computed representative of any given object, CONTENT uses bifurcation 
data, namely, the equilibrium coordinates and critical parameter values 
(Le., the values u,a from (1.1)) and certain other data that depend on 
the object but not on the computational scheme. This allows to compute 
an object using one computational scheme and switch to another scheme 
whenever necessary. 

The kernel of CONTENT describes how objects are read from file, con-
tinued, detected and written to file. The user chooses the computational 
scheme and many details of the computation by using specially designed 
windows. The same continuation code is used in all computational schemes. 

The variables of the continuation in a particular computational scheme 
are called the continuation data. They always include the equilibrium 
coordinates but not necessarily the other bifurcation data of the object. 
On the other hand, the continuation data may include variables not in the 
bifurcation data of the object. Apart from this, a computational scheme 
often uses variables which are not part of the continuation data but have to 
be initialized at the starting point and updated along the computed curve. 
These we call auxiliary data. 

Suppose that a computational scheme C (Ob) has to be written for the 
object Ob. Logically, the first task is to write Starters for C(Ob). One 
needs as many Starters as source objects, i.e., objects from which Ob can 
be continued. This includes Ob itself but typically there are more. For 
example, a Hopf curve may start from a Hopf point (Hopf is an object) but 
also from a BT-point (a different object) or from a ZH-point (still another 
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Les points limites sur les branches de LP sont soit des points de formation/disparition d’isolas, 
soit des bifurcations de co-dimension 2 de type Cusp (CP).
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Les branches de de bifurcations de Neimark-Saker (NS) naissent et finissent aux points de bifurcations de 
co-dimension 2 de type Bogdanov-Takens (BT) et deviennent des Neutral-Saddle en les traversant.

Projection dans le plan 𝑓" − 𝜔  des branches de LP + NS
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FIG. 1. Interactions between objects of codimension 0, 1, 2, 3. 

codim 
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3 

objects (limit point and Hopf) as well as some codimension-3 objects (triple 
zero eigenvalue, resonant double Hopf, etc.). For an overview of the possible 
interactions, we refer to figure 1. There are several ways to compute and 
continue a given object. We call these computational schemes. To store 
a computed representative of any given object, CONTENT uses bifurcation 
data, namely, the equilibrium coordinates and critical parameter values 
(Le., the values u,a from (1.1)) and certain other data that depend on 
the object but not on the computational scheme. This allows to compute 
an object using one computational scheme and switch to another scheme 
whenever necessary. 

The kernel of CONTENT describes how objects are read from file, con-
tinued, detected and written to file. The user chooses the computational 
scheme and many details of the computation by using specially designed 
windows. The same continuation code is used in all computational schemes. 

The variables of the continuation in a particular computational scheme 
are called the continuation data. They always include the equilibrium 
coordinates but not necessarily the other bifurcation data of the object. 
On the other hand, the continuation data may include variables not in the 
bifurcation data of the object. Apart from this, a computational scheme 
often uses variables which are not part of the continuation data but have to 
be initialized at the starting point and updated along the computed curve. 
These we call auxiliary data. 

Suppose that a computational scheme C (Ob) has to be written for the 
object Ob. Logically, the first task is to write Starters for C(Ob). One 
needs as many Starters as source objects, i.e., objects from which Ob can 
be continued. This includes Ob itself but typically there are more. For 
example, a Hopf curve may start from a Hopf point (Hopf is an object) but 
also from a BT-point (a different object) or from a ZH-point (still another 
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Applications

l(μm) W(nm) b(nm) a1(μm) g1(nm) a2(nm) g2(nm) d2(μm)
E-E 10 300 300 1.00 200 200 100 5

Projet Inter Carnot Ingénierie@Lyon CEA-Leti NEMROD : NEMs Resonant Oscillator for mass Detection

Fabrication 
du 

résonateur 
(CEA-Leti)

Nano-poutre 
résonante

Nanofil 
de détection

Electrode 
d’actionnement

2µm

Masse ajoutée
à mesurer

A
m
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de

Fréquence

Balayage en
fréquence

Ajout de
masse

Vdc2=0.4V

Δf Δf
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A
m
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Fréquence

Balayage en
fréquence

Δf Δf
biffcf cf

Vdc2=0.4V

Vdc2=0.6V

Principe du procédé de détection par balayage 

fc=25.52MHz, Δf=4kHz, fMOD =44Hz

Vdc2=0.4V Vdc2=0.6V
m=4.1x10-20kg m=8.3x10-20kg

Resolution
≈10-20kg

Mesures avec masse variable dans le temps

Détection en 
temps réel

V-N. Nguyen, S. Baguet, C-H. Lamarque, R. Dufour Bifurcation-based micro/nanoelectromechanical mass detection, Nonlinear Dyn., 2014

Capteurs résonants MEMS Post-doc V.N. Nguyen (2014)



S. Baguet, INSA Lyon / LaMCoS GDR GDM -  22-25 juin 2026, Lyon 60

Plan de la présentation

o Phénomènes non linéaires indésirables

o De l’utilité d’étudier les bifurcations

o Outils numériques pour l’analyse de bifurcations

• Continuation des solutions périodiques

• Stabilité des solutions périodiques

• Calcul et suivi des bifurcations 

o Bifurcations de codimension 1 et 2

o Applications

• Absorbeur de vibrations non linéaire accordé (NLTVA)

• MEMS

• Vibro-impacts



S. Baguet, INSA Lyon / LaMCoS GDR GDM -  22-25 juin 2026, Lyon 61

Applications

Vibrations excessives ⇒ usure ⇒ perçage des tubes ⇒ mélange circuits primaire et secondaire.
Problème aggravé par l’allongement de la durée de vie des centrales.

• GV = faisceau de tubes élancés excités par de forts écoulements diphasiques.
• Vibrations limitées par plaques entretoises et barres anti-vibratoires ⇒ contacts.

Crédit : AREVA

Collaboration CEA Saclay, B. Prabel.

Cartographie des différents régimes dynamiques de contact grâce au suivi de bifurcations.

Vibro-impacts dans les réseaux de tubes des générateurs de vapeur
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Applications
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• Point de branchement (BP) = changement régime bi-impact / régime annulaire.

Influence de l’excentrement /y sur les courbes de réponse

• Fréquence BP indépendante de l’excentrement /y mais augmente avec l’excentrement /x.

• BP disparaissent si excentrement combiné selon x et y (brisure de symétrie).

• Modèle numérique indispensable à la compréhension de courbes de réponses expérimentales.

P. Becerra, S. Baguet, B. Prabel, C. Grenat, and R. Dufour. Influence of symmetry breaking on the multi-stable responses of a vibro-impact system : 
Experimental and numerical investigation. MSSP, 2025. 

Vibro-impacts dans les réseaux de tubes des générateurs de vapeur Thèse P. Becerra (2021-2025)
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Applications

Recalage de paramètre 
par comparaison des résultats expérimentaux et du suivi numérique de bifurcations.

Résultats expérimentaux

0
1

0.5

1

4

||Q
||/

g 1.5

3

Sliding  coefficient  (7s)

0.5

2

!/!0

2

2.5

1
0 0

FRF 7s = 0
FRF 7s = 0.1
FRF 7s = 0.2
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Bifurcation tracking

Suivi de bifurcations par rapport au 
coefficient de frottement

P. Becerra, S. Baguet, B. Prabel, C. Grenat, and R. Dufour. Influence of symmetry breaking on the multi-stable responses of a vibro-impact system : 
Experimental and numerical investigation. MSSP, 2025. 

Vibro-impacts dans les réseaux de tubes des générateurs de vapeur Thèse P. Becerra (2021-2025)
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Applications

Recalage de paramètre 
par comparaison des résultats expérimentaux et du suivi numérique de bifurcations.
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Suivi de bifurcations par rapport au 
coefficient de frottement

Courbe de réponse pour 𝜇 = 0.34

𝜇 = 0.34

P. Becerra, S. Baguet, B. Prabel, C. Grenat, and R. Dufour. Influence of symmetry breaking on the multi-stable responses of a vibro-impact system : 
Experimental and numerical investigation. MSSP, 2025. 

Vibro-impacts dans les réseaux de tubes des générateurs de vapeur Thèse P. Becerra (2021-2025)
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Applications

Influence du coefficient de régularisation dans la loi de contact
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Suivi de bifurcations par rapport au coefficient de régularisation

Pas de modification des bifurcations jusqu’à une certaine valeur seuil.
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P. Becerra, S. Baguet, B. Prabel, C. Grenat, and R. Dufour. Influence of symmetry breaking on the multi-stable responses of a vibro-impact system : 
Experimental and numerical investigation. MSSP, 2025. 

Vibro-impacts dans les réseaux de tubes des générateurs de vapeur Thèse P. Becerra (2021-2025)
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