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Stabilization of rigid body dynamics
by the Energy—Casimir method
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Department of Mathematics, Ohio State University, Columbus,
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Abstract: We show how the Energy-Casimir method can be
used 10 prove stabilizability of the angular momentum equa-
tions of the rigid body about its intermediate axis of inertia, by
a single torque applied about the major or minor axis. We also
show how this system has associated with it, a Lie-Poisson
bracket which is invariant under SO(3) for small feedback, but
is invariant under SO(2, 1) for feedback large enough to achieve
stability.

Keywords: Stabilization; feedback; rigid body; Encrgy-Casi-
mir; Hamiltonian.

equations may be asymptotically stabilized to rev-
olute motion about a principal axis.

In Brockett [12], it is shown by finding a
Lyapunov function that the null solution of the
angular velocity equations may be stabilized by
two control torques. In Aeyels [2], the same result
is demonstrated by center manifold theory. In
Aeyels [1], it is shown that the null solution of the
angular velocity equations may be ‘robustly’
stabilized (though not asymptotically stabilized)
by a single torque about the major or minor axis.
This result is in fact sharp since Aeyels and
Szafranski (3] show that the equations cannot be
asymptotically stabilized by a single torque about
a principal axis.

Another area in which there has been much
fruitful activity in recent years is the analysis of
the stability of coupled rigid and flexible bodies.
Some new techniques for this problem were intro-
duced in Baillieul and Levi [7] and Krishnaprasad
and Marsden [161 both based on geometric formu-
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Liouville—Arnold theorem (complete integrability):
Let n smooth functions F; on a 2n-dimensional manifold M be in
involution: {F;, Fj} = 0. Consider the level set of functions F;
Ms = {(a,p) : Fi(a,p) =fi,i=1,...,n}.
Let the functions F; be independent on M¢. Then:

e My is invariant under the phase flow with the hamiltonian
function H = F1(q,p) (pi = —g—:, gi = gg :

e If M¢ is compact, then each connected component of it is
diffeomorphic to an n-dimensional torus
T" = {(¢1,-.-,n) mod 27w}

e The phase flow with the hamiltonian H defines on My a
quasi-periodic motion: ¢ = w(f) (action-angle variables)

e Canonical hamiltonian equations can be integrated in
quadratures.

In this case the system is called completely integrable or
integrable in Liouville—Arnold sense
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Kadomtsev—Petviashvili equation

From Wikipedia, the free encyclopedia

In mathematics and physics, the Ki tviashvili equation (often
abbreviated as KP equation) is a partial differential equation to describe
nonlinear wave motion. Named after Boris Borisovich Kadomtsev and Vladimir
losifovich Petviashvili, the KP equation is usually written as:

0, (O + uBpu + € Dpppu) + Adyyu =0
where A = £1. The above form shows that the KP equation is a generalization
to two spatial dimensions, x and y, of the one-dimensional Korteweg—de Vries
(KdV) equation. To be physically meaningful, the wave propagation direction has
to be not-too-far from the x direction, i.e. with only slow variations of solutions in
the y direction.

Crossing swells, consisting of near-cnoidal wave &7
trains. Photo taken from Phares des Baleines (Whale
also be solved using the inverse scattering transform much like the nonlinear Lighthouse) at the western point of fle de Ré (Isle of
Schradinger equation.[®] Rhé), France, in the Atlantic Ocean. The interaction of
such near-solitons in shallow water may be modeled
Contents [hide] through the Kadomtsev—Petviashvili equation.

Like the KdV equation, the KP equation is completely integrable.[1I2IBI418] |t can
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