
Mécanique symplectique  
 et structures de Poisson



Pre-history

Lecture by Jean-Pierre Bourguignon (google: Souriau symplectic)
https://www.youtube.com/watch?v=93hFolIBo0Q

0. Histoire

https://www.youtube.com/watch?v=93hFolIBo0Q


1. Géométrie symplectique au lycée









2. Rappels de la géométrie différentielle 











3. Mécanique symplectique 











4. Et les Poissons









Idea of Poisson integrators: study the foliation of π

cf. Oscar Cosserat – arXiv:2205.04838.





Example: Lotka–Volterra systems

Let A = (aij)1≤i ,j≤n be an anti-symmetric real matrix; πij = aijxixj ,
H =

∑n
i=1 xi the Hamiltonian system of Lotka-Volterra equations:

ẋj = xj
∑
i

aijxi , 1 ≤ j ≤ n

trajectory error CI of order 4 trajectory error RK of order 4

Casimir error CI of order 4 Casimir error RK of order 4



Integrability
Liouville–Arnold theorem (complete integrability):
Let n smooth functions Fi on a 2n-dimensional manifold M be in
involution: {Fi ,Fj} = 0. Consider the level set of functions Fi
Mf = {(q,p) : Fi (q,p) = fi , i = 1, . . . , n}.
Let the functions Fi be independent on Mf . Then:

• Mf is invariant under the phase flow with the hamiltonian
function H = F1(q,p) (ṗi = − ∂H

∂qi
, q̇i = ∂H

∂pi
).

• If Mf is compact, then each connected component of it is
diffeomorphic to an n-dimensional torus
Tn = {(ϕ1, . . . , ϕn) mod 2π}
• The phase flow with the hamiltonian H defines on Mf a

quasi-periodic motion: ϕ̇ = ω(f) (action-angle variables)
• Canonical hamiltonian equations can be integrated in

quadratures.

In this case the system is called completely integrable or
integrable in Liouville–Arnold sense

Intégrabilité



Advanced and less-studied tools: integrability



Merci  
pour  
votre 
patience


