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Definition of the system and associated energy

System: liquid occupying the
domain Q; of volume V + liquid-gas
interface

Internal energy of the system

Eq, = —PiigV +vgA; (1)

e Pjiy liquid pressure inside the capillary bridge
e Aj; surface of the liquid-gas interface
® g liquid-gas surface tension

Rem : the variation of liquid-gas surface energy may be seen as the one of
a membrane with associated membrane stress tensor n; = ’Ylg/Tw,
g
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Definition of the system and associated energy

First law of thermodynamics in adiabatic conditions:

5EQ/ - Wcht/sys = O (2)
WE,

wxt/sys MeChanical work of external forces acting on the system (liquid
capillary bridge)

External work of pressure forces
dFo 0, = —Pe dS ng, (3)

ng, : unit external normal to €,
Pg gas (air) pressure outside the capillary bridge

W,_—pt/Q :/ —Pg ng,.0u dS = —Pg/ nig.0udS
ext/Q o9,

Wig (4)
= —Pg 6V
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Definition of the system and associated energy

Friction forces acting on the contact line
Friction forces exerted by the solid substrates Q4 on the liquid €;:

fesxt = —YsVs| — Qlgjg (5)
e vy and tg, are the normal and tangent unit vectors to the contact ligne
L of Darboux basis (tsg, gs/, nsi) of Lgg
e Friction forces in the tangent plane of the solid only

B(p) yta p
p) ®

%

Figure: Contact line and Darboux basis
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Definition of the system and associated energy

Work of external friction forces acting on the contact line

Wf:xt/Q, - _’YS/L

We have exactly:

ve.oudl — a/ tsig.Oud!
L

slg slg

Ws = —7s0Ag — Oé&cs/g

ext/Q

0Lsjg : variation of the the length L, of the contact line Ly,
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Definition of the system and associated energy

Adhesion forces acting on the system
¢ = (5 + )ng (8)

e f°: normal adhesion forces located on the contact line Lg
° f35’: normal adhesion forces located on wyg

Work of adhesion forces associated to the displacement du :

Wf33d == /

Remark: We could also define a tangential friction/adhesion force £/
acting on wg with

£5'v5 dw + / fvs dl (9)
L

sl slg

Wia = / o vel dw (10)

sl

At the end, we will prove from the final equilibrium equations that ff’ =0
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Definition of the system and associated energy

First law of thermodynamics in adiabatic conditions:

6EQ/ - Wcht/sys = O (11)
General form of the energy of the system
y/chA/g + vs0Ag £ ’Yslg(;leg — AP SV — WFesxt/Q, =0 (12)

with Wes e work of other external action on €.
ex |

In general we have s = 75 — vsg which an be identified as a tangential
friction force exerted by the solid substrates on the liquid €,

Other possible definition of the system
Equivalently, we have

§Eq — AP 6V + vgglgg = 0 (13)

with
Eq = 'YlgAlg + fYSAS/
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Calculation of different contributions of energy of the

system

e Variation of volume

Figure: Initial and final configuration of the liquid domain
After some algebra, we can prove that we have

5V:/5p-n/gdw+/5p-n5/dw (14)
Wig Wsl

Rem: Due to the use of Stokes theorem, the outer unit normals nj and ng must
be considered pointing outer the liquid domain €,
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Calculation of different contributions of energy of the

system

Decomposition of the displacement dp

/ Ig
op = v+ v3 Nig on wig (15)
op = vil+ v3 ngy on  wg
into a tangential part and a normal part, both on wg and wyg
General expression of the volume variation
5V = / vE dw +/ vi' dw (16)

Wig Ws|

O. Millet
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Calculation of different contributions of energy of the

system

e Variation of liquid gas area Aj, (needs intrinsic differential geometry)

Figure: Initial and final configuration of liquid surface

Using the decomposition 6p = v/ + vi€ny,, we have exactly

0Aig = —/Va',gTr(C) dw + / Ve - vigd! (17)

Wig Ls/g
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Calculation of different contributions of energy of the

system

e Variation of solid-liquid area A

In a similar way, using the decomposition §p = v + v§'n,,,, we have
exactly
SAy = — / VS Ty (C5’> dw + / v vgd (18)
Ws| Ls/g

e Jwg corresponds to the contact line Ly (Owjg coincides also with Lgg)

e v denotes the outer normal to the Lg,
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Calculation of different contributions of energy of the

system

First synthesis of the results

o= /végdw—i—/vgldw

Wig Ws|
A = —/VégTI"(C) dw + / vtlg'ylgdl
Wig leg
0Ay = —/ V3SITr (CSI) dw + / vtSI -vgdl
Ws/ Ls/g

26 juin 2025
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Calculation of different contributions of energy of the

system

Minimization of energy

/(—AP—’y/gTr(C)) végdw—i-/(—AP—Tr <C5’>> vildw

Wig Wsl

+ / Vg ViE - vig + Vi verdl = / £'v5' dw
w

sl
leg

)

Necessity to decompose the displacement dp in the same basis

v dl + / £ v dw

slg sl
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Calculation of different contributions of energy of the

system

Decomposition of §p in the same basis

Continuity of the displacement on the contact line

I I
Ve 4 vingg = v+ v3ing on Lgg (21)
General definition of the contact angle 6

Vsl - Vjg = CcOsSa = sinf (22)

my v
\ v
\ B Tt
na

b,/
\|Y
R @
tg

Figure: Definition of angle 6
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Calculation of different contributions of energy of the

system

One has

T = / (’ylg thg Vg + vf/ . 1/5/> dl

leg
(23)
= / (’Y/g vi v + v Vsl) dl + /’y/g sin6 v§'dl
leg Ls/g

and then after some algebra

T = /(fy/g cosf + s) vtSI -vg dl + /’y/g sin 9v3Sldl (24)

L L

slg slg
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Calculation of different contributions of energy of the

system

We finally obtain the following equilibrium equation or variational
principle without line energy

/(—AP — ’y/gTr(C)) v3lgdw + /(COS@ Yig + '75)Vt$/ - vgdl

Wig Ls/g

—i—/(—AP—Tr <C51>> vl dw + /sinG'y,g v35’dlz/ ' vsl duw

Wsl
Wgf L

+/f§cv3sl dl—l—/ ftSI.vts’ dw

sl

slg

(25)

/

I
> 3 degrees of freedom: v;¥, v&' - vg and vj!
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Calculation of different contributions of energy of the

system

The degrees of freedom involved in the variational principle are :

. vsfg that plays the role of dy(x) in the particular case considered of an

axisymmetric capillary bridge between two plates or other geometries
o v - g that plays the role of dy.
e v§ that plays the role of §x.

and must/can be considered as independent in the minimization problem.
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Associated equilibrium equations without line energy

Young-Laplace equation

Eq. (25) must be satisfied for all virtual displacements v3lg defined on wyg,
considering vts’ =0 and v§/ = 0 defined on wy

/ (=AP — 4 Tr (C)) vidw =0 Vv
Wig

We obtain the classical Young-Laplace equation in its general intrinsic
form:

Tr(C)=——- (26)
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Associated equilibrium equations without line energy

”Young equation” and its interpretation

Coming back to Eq. (25), and considering any non vanishing v defined
on wg (with v§' = 0), we obtain :

/(cos@ Yig +s)vi g dl =0 Wy
leg
—Ys = Yig cos (27)

which provides the expression of the local tangentiel friction force on the
contact line (5):

S

ot = —YsVs| = Yig Cos b vg (28)
It is generally written on the form
Vs +Ygcost =0

and called Young equation.
O. Millet
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Associated equilibrium equations without line energy

General expression of associated capillary force

Work of the adhesion force during the displacement v3/

/ 1‘35/v35/ dw—i—/ ffvfl dl
wsl L

slg

:/(—AP—%Tr(CS’)) v351dw+/'y/gsin0v§’dl (29)

Wsl

ng,ad =

Ls/g
By identification, we may define the "local” adhesion forces:
£l = yigsin

ff= AP Tt (Cs’) (30)

e Classical for plane surface when Tr(Cs) = 0.

e First term often called " capillary force” and second one Laplace pressure force
e This identification is "local” whereas the definition of the capillary force that
can be measured is "global”, resulting from an integration on wg and Ly
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Associated equilibrium equations without line energy

General expression of associated capillary (adhesion) force
Consequently we write

Fsl = / (AP + g cos(6) Tr(C*)) ™S

sl

F:,,C:/ Yig sin(0)n*'dI
L

slg

The capillary (adhesion) force is then given by

Fadh — / (_AP + g cos(0) Tr(C5’)> n®'dS +/ Vig sin(0)n®dl (31)
Ws| LS/g

> The capillary-adhesion force, is defined as the adhesion force exerted by
the solid on the liquid
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Explicit calculation of capillary force for simple geometries

Axisymmetric capillary bridge between two parallel planes

.CSIZO

e In that particular case, n® = —e, for the upper plate and e, for the
lower plate.
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Explicit calculation of capillary force for simple geometries

Lower plate case

One has
i~ [ —apedss [ psni0)ed )
W/ LS/g
We obtain

> Classical expression of literature

Note that F§" = (—=AP my? + 27ycyjg sin0) (—ex) for the upper plate.
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Explicit calculation of capillary force for simple geometries

Axisymmetrical capillary bridge between two spheres

x

e For spheres Tr Cs = %, with R > 0 the radius of the spheres.

26 juin 2025
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Explicit calculation of capillary force for simple geometries

Lower sphere case

One has

2
F3dh — <AP+’Wg cos(e)R> / n*dS + g sin(6) / nldl  (34)
W/

Ls/g
Here /
w.

This leads to

n*'dS = 7R?sin%§ ey and / n*'dS = 2rRsindcosd ey.

sl Ls/g

F{9 = (—A PrR?sin?§ + 2Rz sin dsin(6 + 6)) ex (35)
> Classical expression of literature

Note that F§9" = (—A PrR?sin§ + 21 Ryjg sin dsin(6 + 0)) (—ex) for
the upper sphere.
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Explicit calculation of capillary force for simple geometries

Axisymmetric capillary bridge between two identical cones of
opening angle o

<

e Imposed virtual displacement of the upper cone in x-direction.

e Here on the upper cone n* = cos 3 (-ex) where 8 = /2 — a with
Qe =
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Explicit calculation of capillary force for simple geometries

General expression of work of normal adhesion forces

F;dh:/<—AP—’75Tr(C)SI> nSIdw—{—/’y/gSinenSIdl

Ws/ leg

= —Ap—sTrC) sinac dw (—ex) + | g sinOsinac dl (—ey
g

Wsl Vslg

(36)
Using Young equation and the relation Tr C¥ = C;?—;’SC for a cone, we have

F3dh = / (—Ap—i— W) dw+ /’ylg sinf dl | sinac (—eyx)

Ws/ Vslg

(37)
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Explicit calculation of capillary force for simple geometries

After some algebra, we obtain

Fadh (_A p 7T_y(_-2 + 27T’ylgyc COS(9 — ac)) + €y (38)

> General expression of the normal capillary force for a capillary bridge
between two cones

Feap = —A p 7y2 + 217jgye cos(f — o) (39)

e For a. = /2 we recover the expression of Fc,p, for two parallel plates

e New expression obtained also by direct parametric (explicit) calculation
x > y(x) for axisymmetrical meridian
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Energy minimization with line energy

Back to initial energy minimization problem
"YlgdAlg + vs0Aq + 'Yslgéﬁslg — AP 6V — Wes =0 (40)

ext/Q

> How to compute 0L in the general case?

Very general result for any curve (plane or non planar)

t.
0Lslg = [ts/g : vf’] tl —/ k du - Ngg dl (41)
2 leg

e k is the curvature of Ly, defined in Frénet basis

e Ju is the elementary displacement corresponding to the variation §
defined on Ly,
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Darboux and frenet Basis on the triple line

e Frenet basis (tsg, Nsjg, Bsj) at any point p of Ly
e Bardoux basis (tsg, gsig, Ns1) With geg = —vg

e Relation between Darboux en Frenet basis

Nsjg = cos(av)gsig — sin(a)ng (42)
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Energy minimization with line energy

General variational principle accounting with line energy

/(—AP — g Tr (C)) v3lgdw + /(7/g cos® +ystyggk cos(a)) vil - vgdl

Wig leg

+/(—AP—ysTr(CS’>) v§'dw+/(W/gsineifys/gksin(a)) vldi

Ws| leg

+ t . sl t _ f‘s/ sl d
Vslg | Lslg * V¢ o = w + .
Wl

fvg dl+/ v dw
Wsi
(43)

S| slg
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Energy minimization with line energy

Associated equilibrium equations

e Young-Laplace equation unchanged

Yig

e Generalized Young equation
Vig €0s 0 + s = Ysigk cosa =0

> Supplementary term involving line energy

O. Millet
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Energy minimization with line energy

e Axisymmetrical capillary bridge with plane substrates (k = %)
cos + =4 Tk _ g (46)
Yig YigYe

° Axisymmetrical capillary bridge between two spheres of same radius
1
(k=5 = Rsmg and a = —()

cosf + L2 4 e cos¢ =0 (47)
Vig YigYec

e Axisymmetrical capillary bridge with two cones of same opening angles
c (k:i and a = pi/2 — ac)

cosf +£:l:75inozcz (48)
Vig YigYec

> Same expressions obtained by a direct calculation for axisymmetrical
meridian
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Energy minimization with line energy

Associated expression of capillary forces

e To be detailed

e For a simple geometries, line energy does not add a supplementary
contribution! In the general case... ?

Thanks for your attention

O. Millet A mechanical view of capillarity 26 juin 2025



	Definition of the system and associated energy
	Calculation of different contributions of energy of the system
	Associated equilibrium equations without line energy 
	Explicit calculation of capillary force for simple geometries
	Energy minimization with line energy

