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Covariant thermodynamics

Introduction

Principle of covariance

Einstein has postulated that the laws governing our universe should be in
their general formulation covariant under arbitrary substitutions of
space-time variables.

In this document, we wish to explore the implications of such a principle
when applied to material continua with regards to thermodynamics.
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Covariant thermodynamics

Introduction

Context

» Object of study : compact four-volume Q C M
M : four-dimensional pseudo-Riemannian manifold endowed with a
Lorentzian metric g of signature (+, —, —, —)

> A point P € M : event identified by a set of four coordinates
(x")uefo,1,2,33 denoted x

TpM the tangent space and TjM the cotangent space at P.

>

» Define tensor fields.

> Lie derivative along a vector field X noted .Zx
>

Covariant derivative V (metric connection : Vg = 0)
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Covariant thermodynamics

Introduction

General covariance

Consider an energy functional of the form

falér) = /Q A(ér) VE dx* (1)

V& dx* is the volume form associated with the metric g, with
g = —det(g) where det(g) is the determinant of g.

» The functional &g is general covariant if it is invariant under the
action of G, group of local diffeomorphisms, meaning that for all
¢e € G,

éa (pi(¢1)) = éa() (2)
» G : group of local diffeomorphisms ¢, tangent to the identity

> o x = X = p.(x) defined by po(x) = x and
we(x) = x + eX(x) + o(e) with X a vector field.

> ©X(¢) the pull-back of ¢ by the diffeomorphism ¢,
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Covariant thermodynamics
[ Introduction

General covariance

infinitesimal version

Consider an energy functional of the form

faldz) = / A(6r) VE dx*

&q is general covariant if there exists a vector field Y such that
( 0A

A
Por 55 Zx0T + 58 lﬁfxg) V& +J,Y =0

VX e TQ
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Covariant thermodynamics

Introduction

Example of application
Define o@g';w as

558.0) = [ GR:g 7 + A(g 0)VE & (4)

k a constant scalar, R the Ricci curvature tensor.
(ggd’ is general covariant if, with G = R — gg Einstein’s tensor :

OAM K AM

- = — = X e TQ.

<8g 2G+ 2g >$g+ (%.ngb 0 vVXe (5)
that is if

> BA fxgb—o VX eTQ
| kG— T hence DivT =0

oA Mg—1

» Energy-momentum tensor T = 2¥ + A
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Covariant thermodynamics

Space-time kinematics

Entities

Given a vector field X and its induced flow ¢(/, x) :
» X is spacelike if X.X <0

» X is time-like if X.X >0

> define 8 > 0 the norm of this time-like vector field (temperature)
» Define u its velocity, u being the unitary vector such that X = fu

» Define Dx the rate of deformation induced by the time-like vector
field X :

Dy = 2 %x(g) (©)

Components of Dx with X = Bu time-like :

2Dx 1 = BLu(8uv) + Uy Ouf + uu0,B. (7)
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Covariant thermodynamics

Space-time kinematics

Orthogonal decomposition

Two projectors are defined :

» The projection on n evaluates the contribution of a tensor in the
direction of the unitary vector n.

» The projection on g = g — n ® n evaluates the contribution of a
tensor in the space orthogonal to n

Orthogonal decomposition of T, second rank tensor :
T=Urn®n+T@n+T@n+T. (8)

with
> the scalar field Ut = T,pn*n?
» the vector field T : TH = Taﬁgl‘o‘nﬁ

> the second rank tensor field T : TH = T,3g*"g"".
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Covariant thermodynamics

Space-time kinematics

Orthogonal decomposition

Useful examples of application :

» the projection twice on n of the Lie derivative along n of the metric
tensor vanishes :
n*n" Z,(g.w) =0 (9)

because n-n=1.

» Decomposition of a contraction :
consider two tensors A and B of type two, then :

A" By, =Uallg + A"B, + A’B, + T""B . (10)
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Covariant thermodynamics

Space-time kinematics

Proper coordinate system

Given a time-like vector field X (that is never null on Q), define
(Straightening theorem)

» the proper coordinate system noted X such that :

X*(1,0,0,0) V& € Q. (11)
» the proper basis noted &,
» the transformation ¢x : R* — R* & — x = px(X)

» the proper time 7 such that Xy = ¢7 where c is the constant speed
of light in vacuum.
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Covariant thermodynamics
(-

Space-time kinematics

Proper tensor fields

such that

A tensor field ax is said to be proper to a time-like vector field X if it is

gx(ax) =0.
for all X time-like. In the proper coordinate system

(12)

Blx) = 0dx

" et

because )A<“(1,0,0,0).

Thus if &x is independent of 7, then

(13)

fx(ax) =0
for all X time-like.

(14)
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Covariant thermodynamics

Space-time kinematics

Examples of proper tensor fields

> X

» b the deformation tensor induced by X such that lA)/,,/ = 1), Where
Nuv are the components of Minkowski's metric and :

ox"~ 9%

— ar ar —
b =n.\&" ® & of components b, = BWWTI”’\

(15)

Space-time counter part of B~ = F~TF~1,

> the rest mass per unit volume noted w,, = pc./g, a scalar density
(volume form), with p. corresponding to the mass density at rest,
i.e. in the proper coordinate system. Then, mass conservation implies

Zx(wp,) = Div(w, X) = 0. (16)
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Covariant thermodynamics
[

Time-covariant functionnals

Definition

The functionnal

nlor) = [ Alx.61) VE o
Q
is said to be time-covariant if

0A

(17)
99z

A
Lxor + Eg_lfxg =0

VX = Bu € TQ time-like

(18)
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Covariant thermodynamics

Covariant thermodynamics

Example for a time-covariant functional
Define the energy functional

Sale s, = [ (SR+ A 500)) VES' (1)

with ax, tensor field proper to the time-like vector field X.
Then &g is time-covariant if V(3u) € TQ :

OAM ke AM oAM
(@ - §G t58 ) Zsu(g) + 3—6-3&(5) =0 (20)
Remember

Z3u(8) v = BLu(&) v + tOuB + uu 0, (
L3u(B) = Bu 0,8 (
u'u” Ly (8u) =0 (23)

A By, = Uplp + A'B, + A'B, + T"B . (
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Covariant thermodynamics

Example for a time-covariant functional
&q is time-covariant if V(Bu) € TQ :

0AM K AM 0AM
—— — -G+ —g ') %, — Z34(8) =0 25
(%~ 56+ 5 ¢) 2@+ S zus) =0 @9)
Define the function 3 (entropy counterpart) as 5§ = %,
Define the energy-momentum tensor field T as
0AM
T=2"—+A"g ' L Bsucu. (26)
og
Then &4 is time-covariant if, for all events in Q :
(TH — kG"")u,0,6 =0 Y(Bu) € TQ. (27)

that is kG = T. Then the conservation of energy-momentum is :
DivT = 0. (28)
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Covariant thermodynamics

Time-covariant thermodynamics

M AM
TfZaa—g+AMg71+dsu®u 5:667
Define
HAM M
> TV =THy, =2—ro AM 1 B3 v
1 8&“/ ( 5 )
a M
> Ur = T"u,u, =2 uuuy + (AM 4 B3)
Qv
8AM OAM
» the heat flux ¢ =T —Uru =2 < -
8gm,
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Covariant thermodynamics
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Covariant thermodynamics

Entropy current

Define the entropy current, a vector field as

¢ _ = q
S=5u+-=
B

that may be rewritten as

(29)
- u” u
S = (8% —Ur)— + TH £,
covariant :

This may also be expressed as, for the energy functional to be time

(30)

o A 2 (ﬂu _ oA
op B \oguw "

——uuu” 31
8gm\u uxu ) (31)
GDR GDM

18 juillet 2025

m]

=

Covariant thermodynamics

21/ 45



Covariant thermodynamics
[

Covariant thermodynamics

Time-covariant Clausius-Duhem Equation
We have defined the entropy current

P u” u
SV = (B —Ur)— + TH L 32
( 7) 3 5 (32)
or M M M
o 0A 2 (0A 0A
5”—u”+<u — ——ugu u”) 33
95 " "5\ 0gu " agn (33)
The divergence of this current is :
DivS = T : Dy — ZLu(Ur — 3) (34)
or :
= 0AM 2 <8AM 0AM
vV, =V, | —=uv'+=- | —
< op B
GDR GDM
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Covariant thermodynamics

Covariant thermodynamics

Conclusion for time-corvariant continua

The energy functional &q(g, 5, ax) = / (gR + AM(g, B,ax)> Vg dx*
Q

is time-covariant if

> fgu(ax) = 0
» kG=T
ith T = 2227 L aMg1 1 (35 d =27
wit = E—i— g '+ (f%u®u an §=%5
This implies _
DivS§ =T:Dy — 24 (Ur — 53) (36)
with

~ 2 [ OAM OAM
VvV, 5" =V, |su" + = <—u — ——ugu u”)) 37
< B\ 08w . 08ix A (37)
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Covariant thermodynamics

Anisotropic hyperelasticity

Anisotropic hyperelastic matter

The hypotheses for the material contribution to the energy density are :
» the transformations are reversible,

» AM depends only on the mass density p., the metric tensor g, the
deformation tensor b and a tensor C containing the characteristics
of the material,

> the existence of a neutral state : AM reduces to the mass energy
density when the deformation b is equal to the ambient metric.
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Covariant thermodynamics

Anisotropic hyperelasticity

Anisotropic hyperelastic matter

The energy functional for such material is :

6a(g, pe,C,b) = /

(5R+ A" sect) vEa' (3
Q

where the material contribution takes the form :

AM(ga pe,C, b) = pc(c2 + W(ga C, b)) (39)
with :
W(g.C.g)=0 (40)
For example :
W(g,C,g) = (g —b)C(g — b) (41)
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Anisotropic hyperelasticity

Anisotropic hyperelastic matter

Evaluate #xAM :

0AM 0AM
CExpet— 1 L —— 1 %xb (42
oor - Dxpet 50 XCt—p 1 Zxb (42)
Remember that Zxp. = 0 and £xb = 0.
The energy &q is then time-covariant if
ZxC =0
kG=T (43)
with oW
T =2 + (pec® + W)gh”
e (p )

GDR GDM
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Anisotropic hyperelasticity

Anisotropic hyperelastic matter

To ensure that there is no dissipation we impose

qg=0
ow
— U.uy =0
8gf€)\ Hhelin
leading to :
where :

™ =Urutu” + T

Ur = (pec® + W) = AM
T 2 ow

+ (pcc2 + W)ij
8uv =
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Covariant thermodynamics
[ Conclusion

Conclusion

Time-covariance enables to construct :
» Covariant thermodynamics

» Covariant anisotropic hyper-elasticity

Next step : model irreversible phenomena (covariant plasticity...)
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Covariant thermodynamics
[

Definitions for deformation tensor fields
:

Définitions 3D, en mécanique classique

» Espace euclidien, systéme de coord. orthonormé.

» Transformation : X(t, X) = X + u(t, X)

» Gradient de la transformation : Fj; = %
J
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Covariant thermodynamics

Definitions for deformation tensor fields

Définitions 3D, en mécanique classique

» La décomposition polaire de F permet d'obtenir les définitions des
tenseurs des dilatations en multipliant F par F'.

Entité Configuration de référence | Configuration actuelle
Gradient F=RU F=VR
Déformation FTF = U2 FFT — \/2
Déformation C=FTF
Déformation Cl=F1f-T
Déformation B=FFT
Déformation b= Bl f-TE-1
ds? = ldx;dx; = /y%%d&d&

m] = = =
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Definitions for deformation tensor fields

Définitions 3D, approche géométrique

Référence : TP Aussois Mecamat 2023.
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Covariant thermodynamics

Definitions for deformation tensor fields

Définitions 3D, approche géométrique

» Espace euclidien.
» Transformation : ¢ : Qo — Q0 : (t,X') = x' = ¢'(t, X') coord. sur la
config. actuelle 3 t d’un point de coord. X' sur la config. de référence.

» Soit F:= Ty : TQo — TS I'application linéaire tangente de ¢ ;
L[ 0x
Fi(5a)
i et Ty sont inversibles.

m] = = =
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Covariant thermodynamics

Definitions for deformation tensor fields

Passer de la configuration de référence a la configuration
déformée et inversement

» Mécanique classique : le transport convectif
On définit des régles de transport pour chaque entité : densité, vecteur,
tenseur d'ordre 2...

» Approche géométrique
Transformation ¢
Passage de la config. de référence vers la config. actuelle : push forward
Passage de la config. actuelle vers la config. de référence : pull back

Tenseur | Config. de référence | Config. actuelle
Cov. ordre 2 K k=p.K=F *(Kop HF!
K=¢"k=F"(koy)F k
Contra. ordre 2 T t=@.T=F(Top H)F*
T=¢t=F (top)F™* t
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Covariant thermodynamics

Definitions for deformation tensor fields

Définitions 3D, approche géométrique

» Soit le tenseur métrique q.

gijdx'dxl = ds?

Entit¢ | Configuration de référence | Configuration actuelle
Déformation C=y*q q
Déformation c!

Déformation g ! B=p,q!
Déformation b=B"1

Les tenseurs des dilatations sont des métriques.

[} = =
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Covariant thermodynamics
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Definitions for deformation tensor fields
:

Composantes

» Calcul dans un repére orthonormé avec un tenseur métrique noté /

k i
C=FTF =20 %

X1 ax
oxox’t
1 _ 1T y_ or kI
C'=F'F'"=>cC = 3k ol
oxK oxt
_ c—Tr-1 _
b=F F — bU = _8Xi _8Xj KL
- Ox' Oxd
_p-1_ T i_ KL
B=5»b FF' - B XK _8XLI

» En plus de ceux ci-dessus, on peut définir une multitude de tenseurs
des dilatations.
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Covariant thermodynamics

Definitions for deformation tensor fields

Définitions 4D, approche Toupin, Souriau, Eringen

Référence : cours de B. Kolev et article B. Kolev et R. Desmorat

600ba/ 30

Tube 4D
ol lunirvers
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Covariant thermodynamics
Definitions for deformation tensor fields

Définitions 4D, approche Toupin, Souriau, Eringen

» DEUX Variétés
1. le body £ 3D
2. le tube de courant .7 dans .# 4D, Espace Riemannien, tenseur
(pseudo-)métrique g de signature (1,—1,—1,—1)
» Transformation : champ de matiere ¢ : 7 — B, 1 : x* = X' = ¢(x*)
coord. 3D sur le body d'un point de coord. 4D x* sur le tube.

» Soit T I'application linéaire tangente de ¢ : T : (37’51)

A\(3x4) pas de gTXE
1) et T1) ne sont PAS inversibles.
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Definitions for deformation tensor fields
:

Définitions 4D, approche Toupin, Souriau, Eringen

» Soit le tenseur métrique g
» Soit la projection sur I'espace de g et de g~ !

(h)

huv = guv — upuy
() =g

utu”
Entité | Sur le body | Sur le tube
Déformation H | H=C 1= Ty (Ty)* | (h#) h+
Déformation C = H™! | C |

h=
H = C! est appelé conformation par Souriau

)*CTy
A\Les déformations sont des tenseurs 3x3
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Definitions for deformation tensor fields

Déformations 4D
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Covariant thermodynamics
Definitions for deformation tensor fields

Déformations 4D

> Une seule variété 4D .#, Espace Riemannien, tenseur (pseudo-)métrique
g de signature (1,—1,-1,—1)

» Soit le systéme de coordonnées courant x* et le systeme de coordonnées
propre X* tel que le champ de vitesse dans soit (1,0, 0,0).

» Transformation : champ de matiére o : 4 — M, ¢ : X" — x* = p(X*).

oxt

> Soit Ty I'application linéaire tangente de ¢ : F : (a)w)' matrice
jacobienne du changement de coord. de propre vers courant
@ et Ty inversibles.
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Definitions for deformation tensor fields

Déformations 4D

» Soit le tenseur métrique g.
» Les déformations sont des tenseurs 4x4.

Sur la variété 4

Entité | Syst. de coord. propre | Syst. de coord. courant
Vitesse u | "(1,0,0,0) | ut
Métrique g | Buwdx'&” =ds® | gudxFx” =ds?

Métrique inverse g~ ! | g | gh
Déformation | Cuv = B | 8uv
Déformation C1 | cH = g’”’ | g

10 0

) : (o -1 0
Déformation bulo o _1 0 by

0o o -

10 0
Déformation B = b1 | B~ g P g B

0 o
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Definitions for deformation tensor fields

Définitions 4D : comparaison des approches

» Calcul de la conformation :

hoB

1 J r—N——
o = X' XY TS

T Ox™ 9xP
» Calcul de C~! dans I'approche 4D :

08" 0% o
T oxe oxP 8

Projection de la métrique sur I'espace dans le systéme propre et courant :

C[_LV — sk

N an ox* Ok
g — oY = Fxa BF g — u*uP)
» Si on calcule : . ,
ox' 0% af ﬂ)—HU
Oxe OxP & “u=

On retrouve la conformation.
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