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The example of the rotating mass-spring system

Consider a mass m, attached to a spring of stiffness k to a reference frame.
Hamilton’s principle reads

5]
Voqloq(ty) =6q(t1) =0,641q] =0 l(q,q)dt=0

4}

For this problem, the Lagrangian is
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Euler-Lagrange equations are
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The example of the rotating mass-spring system
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The example of the rotating mass-spring system
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A variational integrator for continuum thermodynamics

Variational principle

Balance principles
Conservation of linear momentum
Conservation of angular momentum
First principle of thermodynamics
Second principle of thermodynamics

Discretisation¢

¢Discretisation

Discrete variational principle

Discrete balance principles
Conservation of linear momentum
Conservation of angular momentum
First principle of thermodynamics
Second principle of thermodynamics

1. Variational integrators through the example of a rotating mass-spring system

10



Table of Contents

2. Review of variational principles for continuum thermodynamics

2. Review of variational principles for continuum thermodynamics

11



Variational principles - continuous

The first variational principles for continuum thermodynamics/thermodynamics of irreversible
processes aimed at stating the entropy production into a variational form.

/4
John William Strutt, ] _ o
Lord Rayleigh Lars Onsager Maurice Anthony Biot Ilya Prigogine
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Variational principles - continuous
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Variational principles - continuous

Brezis-Ekeland-Nayroles principle

Haim Brezis
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Variational principles - continuous

Brezis-Ekeland-Nayroles principle
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Variational principles - continuous

Bracket formulations.

The idea is to generalise the Poisson bracket (coming from [Dirac 1950]) to dissipative systems. Two
families of bracket formulations :

Single generator bracket formulations Double generators bracket formulations
(total energy) (total energy and entropy)
af _ .« x af _ .«
T ={fL, U7+ 11,171 T ={, U7 +(f)9)
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Variational principles - continuous

Bracket formulations.
The idea is to generalise the Poisson bracket (coming from [Dirac 1950]) to dissipative systems. Two
families of bracket formulations
Single generator bracket formulations Double generators bracket formulations
(total energy) (total energy and entropy)

Allan Nathan Kaufman . Hans Christian
Miroslav Grmela

Philip J. Morrison Ottinger
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Variational principles - continuous
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Variational principles - discrete

Energy
Momentum
Entropy

GENERIC'?

Metriplectic

Double Bracket
Structure

2. Review of variational principles for continuum thermodynamics
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General presentation

Introduce a state vector z [Maugin and Muschik 1994], such that [Buliga and De Saxcé 2017]
Z = Zrey + Zipr

Define a functional dependent on the state vector

F:M—-Rz—F[z]= f(z,dz)dwx

wx

The Double Bracket Structure reads

dF of T(oz OfT(az) R
o |2 (= =L |Z| |dox={Fé F,) +boundary t
i fwx(az (at)rev+6z 2. wx ={F, 6wt} +( ) + boundary terms

where
{g,é"mt} is a skrew-symmetric bracket, representing the reversible evolution of the system;
(#,) is a positive, symmetric bracket, representing the dissipative evolution of the system.
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Recovering the balance principles

We will recover the balance principles by setting different values for .
In particular, we obtain the first law of thermodynamics through

déot

F = Eror = = {&ot, Grot} +(Etot, #) + boundary terms
\7—1

0

and the second law of thermodynamics by

F=S=> a7 _ {F, 8ot} + (#,F) +boundary terms
dat —

3. Presentation of the Double Bracket Structure
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What is a Generalised Standard Material?

“Nous appelons matériau standard généralisé un matériau élastoviscoplastique et élastoplastique a
déformation plastique instantanée pour lequel il existe une famille de paramétres internes « telle que si
Aj désigne la force associée par la relation A; = —d¢/da j, ’hypothese de dissipativité normale soit
vérifiée pour A = (R, A) [avec R la vitesse associée au gradient de la vitesse de la transformation
plastique].”[Halphen and Nguyen 1975]

Hypothése de dissipativité normale “Il existe un potentiel ¢ convexe, semi-continu inférieur, tel que,
dans un processus thermodynamique réel, la vitesse thermodynamique « j associée a la force
thermodynamique A; est un sous gradient de ¢, c’est-a-direa; € 0A;”

m JW " nj JW & L JW Y

B el E; el En el

4. The example of a Generalised Standard Material, small strains, unidimensional 24



Choice of the state vector
The state vector for the problem is chosen as

z=(u p ¢ T «a

where
u is the displacement;
p is the linear momentum;
€ is the symmetric part of the gradient of displacement, here ¢ = 0u/dX;
T is the absolute temperature;
a is a set of internal dissipative variables.
Next, we take the time derivative of a functional & dependent of the state vector

.
dﬁzf ﬁa_”+ﬁ6_l’+%%+ﬂ0_3’+(ﬂ) 9% ) oy
A~ Jux\ouar “opar acor oT or \oa) or

4. The example of a Generalised Standard Material, small strains, unidimensional
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The state laws of thermodynamics

The Double Bracket Structure is obtained from
T
47 _[ (Mo, 200 00, 00T, (01 0m),,,
dr «\oudt 0pot oOeot OT ot \da) Ot
ou _ 0Fot
ot dp
ap _ GE"tot 0 (aﬁtot _ (aEtot)( os )_1 63)

First Legendre transformation

= + — —] — Conservation of linear momentum
ot ou ox\ ae \or \oT) ae vatl ! !

o _ 0 (aétot)

3" x Compatibility equation

ap
oT 1 0 0Eini\T 0 (0S) 19s 0 (0Eiot .
— Gibbs’ |
ot pC@X( ) ( ) 5 ~\or) seaxlap op ) Gibbs'law
0 1 15) 2 0
9¢ _ _Zqy1 Tt %S | py1 98 Internal dissipative laws

ot c oa 0T o
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The state laws of thermodynamics

The Double Bracket Structure is obtained from

[ (G oo aror (o) on),,
dt  Jo \ou ot op ot oeor oT ot \da) ot
ou OEtot
ot op
a_pzaﬁtot_'_i(aﬁtot (aEtot)(as) IQ)
ot ou 0X\ Oe oT J\oT) oOe
9 _ 2 (9bur)
ot 90X\ dp We observe a split of the

or 1 a( OT) (6E,nt)T6a (as) s 0 (agtot) gvolutionof.thetemperature
ot pcox\ ax oa ot \oT) odeox op into a reversible and an

irreversi bution.
Py 1 ,10Eint as L os irreversible contribution
— TV ' ———+TV

at ¢ da 0T oa
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A unidimensional Generalised Standard Material

The Double Bracket Structure emerges from the evolution laws

d7 )
E:{gyéatot}"‘(g»y)*'
of ou af(as)lasaétot f 10f T2 0 (63
L dowx) - | Z|=| = dowyx) - | —LK——|—
+fawx 3¢ ot 100x) fawxﬁp o) oe or COUNT ) LTt @ ax\aT
where
5 of 0 (of )) 0Fwt Of (aﬁtot 0 (aﬁtot))
F, &t} = L _—[|=L _A -z
{6t = | (6u ax(ag op op\ou ox\oe )"
(as)—las(aﬁtot 0 (6f) of o (aﬁtot))
=] = — = -=—= doy
oT) e\ oT 0x\op) oTox\ ap
N T N
10 (0f\ T? 8 (0s af1T(aEmt) _1 0Bt 0s
7,.9=| [-—=|Z|k>—|=|+2-— |20t p1int =2
7 Lx(an(aT) CZax(a:r)+ach da da oT

N T N
O (0 05 1O 0 35 OV ),

0T c \ da
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da ¢ \da oa 0T o oa

) d(Owx)
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A unidimensional Generalised Standard Material

In details, we have the reversible bracket

{F, ot} =fwx

(ﬁ_

+(6s
or

oe)] Op Op

oe\ 0T 0X

op

where we define the skrew-symmetric matrix

L(z) =

0 1
-1 0

_(2)_1§ 00ight
0T 0e 0X

4. The example of a Generalised Standard Material, small strains, unidimensional

ou
of 0

0T 0X

|

0X

|

os
oT

|

) )

) (5

o0e

N

0Eiot ))
d
op “x

0
-1 0s aDleft
0e 0X

- f (g)TL(z) Okt dwy
wx

0z 0z
0-vvve- 0
0-vvve- 0
0-vnn.. 0
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A unidimensional Generalised Standard Material

In details, we have the dissipative bracket

(#,9) = fwx(l 0 (af)Kf_jaiX(g)+glz(aE.nt) V,1@§+

an oT 0T} 0T cc |\ Oa oa 0T
of T aE,nt) _,0s T(af)T 0B Os (af)T _163) f Af\T s
vz (L] vt 2L dw —| M(z)—d
a:rc( da da ¢ \oa da oT ' \oa da )X X(az) (#) 5z 2x
where we define the symmetric, positive matrix
0 0 0 of
0 0 0 of
0 0 0 o'
= AT . .
M(z) 0 0 o laDleftK( )a[lnght ZaEint V_laEmt _Z(aEint)TV—l
p 0X c 0X 2 da o o
T . 0F
000 S 7 a1 TV-1
c o
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Remarks on the boundary terms

The Double Bracket Structure is given by

dg
—_— _{9 é"tot}+(9 L)+

of du 6f(0s) '35 0ot f 10f T 0 (63)
% 40w g 9t 40w Ly S d@
+fawx d¢ o 409~ fawx ap\at) ae or 0N | par’ @ ax \ar)0wX

Boundary terms appear within the calculus, which are often neglected or cancelled [Romero 2010;

Hiitter and Svendsen 2012; Schiebl and Betsch 2021]. However, they are necessary to be able to
recover balance principles without additional information.

4. The example of a Generalised Standard Material, small strains, unidimensional
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How to recover the balance principles from the structure?

The conservation of linear momentum can be obtained through

9y __ 0Fiot

3 kP +div(o)

T = pdowx=(..)=>

wx

The conservation of angular momentum does not make sense in the unidimensional problem.
The first principle of thermodynamics reads

. 11 . 0Fn 0 0
9=<§tot=f (Ep;p+pEint(£,T,a,-))da)X:(-~):> ) alrnt:EU_a_g

wx

Finally, the second principle of thermodynamics is

ds 0 (q 1 1 0T ow\Toa
T=0 (5-) >0
T oa

F=F=| sdox,=(.)=p2+ 2 R I dal .
e =)= em ey “or | T9%x P or
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Choice of the state vector
Small strains example
z=(u p ¢ T «a

where
u is the displacement;
p is the linear momentum,;

€ is the symmetric part of the gradient of
displacement, here e =0u/dX;

T is the absolute temperature;

a is a set of internal dissipative variables.

5. The example of large strains thermo-visco-elastodynamics

Large strains thermo-visco-elastodynamics
-1
Z:(l p 0T gi )

where
x is the configuration;
é is the linear momentum;
T is the first Piola Kirchhoff stress tensor;
T is the absolute temperature;

C~listheinverse of the inelastic
=l
Cauchy-Green tensor.

34



Finite visco-elasticity - multisymplectic Hamiltonian

Thermo-visco-elastodynamics: Sidoroff’s decomposition of the gradient of transformation [Lee 1969;
Sidoroff 1974; Govindjee and Reese 1997]

F=F -F

= e i

We hold ourselves to have the total energy and the entropy defined in terms of the first Piola Kirchhoff
stress tensor

ox ox al al
* -1y _ IR s O o = -1 — -
FPpLT.C)=p = -W:E-lly, = FT.C ),g a(a—"),g 3F
t L

pw (IIL,CTY)=M:F~pw(T,F,C) =I1: F+ pTs(T,E, ) ~pEint(T, F, )
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Expression of the Double Bracket Structure

After “some” calculus, we obtain

Lo S S, 5, ) 5

dr oy ot op ot oF ="' aT at Ji) T oc1" ot

={F, Ei} + (F,7)+

of [ 1of ( ) 3 (as)
¥ fawx UGN fa o oarkle) ax(5r) Aacew

boundary terms already present before appear through the calculus;

use of the Lie derivative, or of time derivatives on Lagrangian quantities to derive the reversible
bracket;

remark a derivative of f in terms of the gradient of transformations, which appears naturally within
the calculus, through transformations using

I=
I
119}

where S is the second Piola Kirchhoff stress tensor.
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Details of the brackets

The reversible bracket is given by
{gé;*}:f (5_f.0tot_5_f.0tot af atot _Of g totSJr
v ooy ap op oy Zxop ol = an Yy op =
aE x —1 * x —1 aE*
tot(as ) v a_f:fis S+6_f(6s ) as tOt sldw
oT \oT/) =X0p oll = oT'\oT/ ol ‘=X dp =

The bracket is skrew-symmetric if the second Piola-Kirchhoff stress tensor is symmetric
s=sT

|

Comparison with the previous reversible bracket
5 of o (of )) oLt Of (aEtot 0 (6Etot))
{7 6tot} = (6u ax(as op oplou ox\ae )T
(57) 5o (5r) - ()
oT X \op) 0T oX

oT

5. The example of large strains thermo-visco-elastodynamics
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Details of the brackets

The dissipative bracket is given by

* 10 (of TV? 9 (0s*) of 4 0Ly, .\
(g’y ) f POX(GT) K(C) 0X(6T)+6T cz(ac_—l gi )'T acl =i Jar
=l =i

wx
* 0 x4 0B
o) ) S ) (2

L o

oc!

(0 |T1t CI_I)E+

=

|
3
ﬂ
o
(e}
lq‘
I
Iﬂ
1=
B

+
P
9
H
=

The bracket is symmetric if the conduction operator K and the viscous operator N are both symmetric

T:

(¢ Napcp = Npapc)

lis}
I
[~
=
=

The bracket is positive if K, N and the temperature are positive

g.

1=
IS

=20 Va :A=0 VA

I
=
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Recover the balance principles

The conservation of linear momentum can be obtained through

op aE‘t*ot
F = d )= === +DIVy Il
wa wx=0= ot ox X=
The conservation of angular momentum yields
F=| (xxpdox=(-)=|S=8"(¢0-F' =F-0")
wx — - - — —
The first principle of thermodynamics reads
b % 11 Ak 6Ei;t ag .
g:gtotz\/l‘vx E;EQ+pElnt d(,()X:>():> pW:Eg_DIV*Q
Finally, the second principle of thermodynamics is
-1
F =" S doy = ()= 2+ DIV (9)>0© Lo 0L, 0w % >0
= = w Y — = —_—— - — — =
X P ot X\ T= 60X "oc7l’ ot

wx
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A variational integrator for continuum thermodynamics

Variational principle
Double Bracket Structure
9Z —{F, 8ot} + (F, ) + boundary terms

Balance principles
Conservation of linear momentum
Conservation of angular momentum
First principle of thermodynamics
Second principle of thermodynamics

Discretisation¢

¢Discretisation

Discrete variational principle
_ Discrete Double Bracket Structure
97 = {F 6ot} + (F,) + boundary terms

Discrete balance principles
Conservation of linear momentum
Conservation of angular momentum
First principle of thermodynamics
Second principle of thermodynamics

5. The example of large strains thermo-visco-elastodynamics

40



Table of Contents

6. An example of discretisation of the linear thermo-elastodynamics problem

6. An example of discretisation of the linear thermo-elastodynamics problem

4



Statement of the problem

Consider the following problem

L
1 =I
1 1
: Fext
] ——
—
qext
We have the following boundary conditions
o(X=L1=F>s forX=1L Mechanical Neumann condition
uX=0,0=0 forX=0 Mechanical Dirichlet condition
gX=L1=qg™ forx=1 Thermic Neumann condition
forX=0 Thermic Dirichlet condition

TX=0,)=T

6. An example of discretisation of the linear thermo-elastodynamics problem
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Statement of the problem

The Double Bracket Structure is given by

(e I e el I

dt ou 0X\oe))] op Op\ ou OX\ O¢
2 e )
oT) e\ oT ox\ap) aroax\ ap
10 (of ds
K— X+
+f0 (de(@T) 2 ax(a:r))d
af ou)t [af(as) ﬁaEtot] [1afK:r2 (as)r
de Ot op\dT) 9de 4T |, |pdT ¢?9dXx\dT

6. An example of discretisation of the linear thermo-elastodynamics problem
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The equations of linear thermo-elasticity

Consider the potentials of linear thermo-elasticty, for small perturbations, small variations of
temperature

ou 10u ou ou 1pc 5
— T) === A +21) == — (T = Tk — — = —(T =T,
pw(ax ) 2ox M Gy —(T-Tokay 2T0( 0)
ou ou pc
—,T)=k=—+ —=(T-T,
ps(ax ) ox "1, T~ To)
. ou 11 10u ou ou lpc , , .,
Biot(,py ==, T) == p=p+ = —— (A +2u) — + Tok— + = = (T? - T,
t°t(”pax ) 2P Pt ax Wramax tlokax to - 1o)

Consider the expression of

f=0u"XuX, 0D+6p"X)pX, D +6T"(X)T(X, 1)

where du*(X),0p* (X),6 T* (X) are test fields.
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The equations of linear thermo-elasticity

We obtain the equations of linear thermo-elasticity [Day 1985; Lemaitre and Chaboche 2001]

5, = glett s ((/1+2;u)——k(T 1)

or 0 (1 FT o
pc—+kT0—(—p) —Kﬁ—q

6. An example of discretisation of the linear thermo-elastodynamics problem
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A semi-discretised Double Bracket Structure

Consider the following discretisation of the problem

! Fext

—
Ny-1 Ny gext

Consider a finite element discretisation of the fields (and their corresponding test fields)
wX, 1) =) Ng(X)u“(), Su*(X) =Y NE(X)du”
a a
p(X, 0 =Y NLx)p“(n), 8p* (0 =Y N (X)dp?
a a

T(X,0)=Y NFOOT®), ST*(X)=Y NI o0dT?
a a

6. An example of discretisation of the linear thermo-elastodynamics problem
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A semi-discretised Double Bracket Structure

We have a weak formulation of the Double Bracket Structure

fL(é *‘; +6p* 6” L 6T *a—T)dX

66 * +To 0 (1 00T* K 0T
f 6w =p- DP kr-s7* 2 ( )+ ==
X 0X pco0X 0X pcoX

ext ext

-6T" (X = L)

F
+6p*(X=L) 5 -6p* (X =L)Tok

which gives the following expression of a semi-discretised Double Bracket Structure
M o o \(u 0 M0 \ gy (00 0 " 0
0 Irp 0 5 | _HP’u' 0 Lp’T (P)+ 00 0 ( )+ Fext

0 0

p
TT T Tol 4Ty _ 1 _ext
0 o0 I T 0 -2l o T ocd
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A semi-discretised Double Bracket Structure

How to express the semi-discretised Double Bracket Structure in terms of the total energy

. ou Lr1 o1 ou lpc _, .,
é"tot_fo Etot(u Py )dx_fo (—p—p+§ﬁ(ﬂ+2,u) xRyt (T - T3))dx

1 c

Erotlu,p, T = TM PPp SuTH e TIL  u TTITTT+ : TOZI;
0

0ot gy TT LT 0ot _ p1PP agtot _pc

, , ITTT
ou 0 op oT Ty

We need to impose the same test functions on the displacement and the linear momentum to identify
the energy within the previous expression.

NX=N,  Vva

Then, we identify, within the semi-discretised double bracket structure the expresion of the derivatives
of the total energy.
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A semi-discretised Double Bracket Structure

We obtain an expression of the semi-discretised Double Bracket Structure in terms of the derivatives of

the total energy
0 (rvw! 0
u —(rpy1 0 E([PP)—ILP'T(ITT)_I
P|= pc
T T 1oy
o —2arny LT arny! 0
pc
00 0 u 0
Lo o 01 (p)+ 0 COY AN O B AL
L TTy " T'T -1
0 0 ne I'*) K T —(ITT) ﬁlet

Can we identify a semi-discrete Poisson Structure?
The following developments consider no conduction effects.

6. An example of discretisation of the linear thermo-elastodynamics problem
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A semi-discrete Poisson Structure?

Consider two functions dependent on

F =Fu,p, T,

Taking the time derivative of & yields
47 _(97)Ty 4 (2)
dt  \du op
where

-\ T
0F

u
0F
ap
0F
oaT

0

{F, 6ot} = —arn™

L

semi-discretised variables
ot = Eotlu,p, T

"o (22T 5+ (22

(qu)—l 0
0 E(Ipp)—le’T(ITT)_l
pc
_E(ITT)_ILTP'(IW)—I 0
pc

6. An example of discretisation of the linear thermo-elastodynamics problem
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A semi-discrete Poisson Structure?

We obtain the following bracket

T _

0F . 0ot
u 0 e 0 ou

2 0F -1 To 1y T 771 || 060t
| [ -arr 0 2arn LT Totot

{F, 6t} 3 (IPp) Pt a’my 5
a_g 0 _E(ITT)_ILTp'(Ipp)—l 0 08¢0t

B

It is skrew-symmetric provided that
LplT — (LTDI)T

If the skrew-symmetry is fulfilled, then it automatically checks Leibniz’ and Jacobi’s identities.

6. An example of discretisation of the linear thermo-elastodynamics problem




A time integration scheme

We can propose a time-integration scheme (based on the central difference scheme for the
displacement-momentum part)

I"“upsy = 1wy + MM P pria o
IPPpi3p =1PPpuiyge +At(FeXt— (H*" wpyy - LP TTn+1))
1At 1At Ty 1

(ITT
2 pc 2 pc pcp

KT,T,) Tn+1 — (ITT

This scheme is said to preserve the Poisson structure if [Hairer, Lubich, and Wanner 2006]
D' (2,)B(z,)P'(2,) | = B(®(z))
where

DQ: (up, pu+1/2, Tn) — Wps1, Pr+3iz, Tne)

is the algorithm, @' is the amplification matrix (the Jacobian).

6. An example of discretisation of the linear thermo-elastodynamics problem
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A variational integrator for continuum thermodynamics

Variational principle
Double Bracket Structure
9Z —{F, 8ot} + (F, ) + boundary terms

Balance principles
Conservation of linear momentum
Conservation of angular momentum
First principle of thermodynamics
Second principle of thermodynamics

Discretisation¢

¢Discretisation

Discrete variational principle
_ Discrete Double Bracket Structure
97 = {F 6ot} + (F,) + boundary terms

Discrete balance principles
Conservation of linear momentum
Conservation of angular momentum
First principle of thermodynamics
Second principle of thermodynamics

6. An example of discretisation of the linear thermo-elastodynamics problem
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The Double Bracket Structure:
A methodology to build variational integrators for continuum
thermodynamics.
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