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Basics
e0

Principe of beams

= Asymptotical model for elongated body L>D

@ One dimensional body (s,t) €[0,L] xR

o Immersion of a 1D material manifold in a 3D Euclidean space

@ Two methodologies

o Asymptotical approach from a 3 dimensional analysis
o Kinematical hypothesis: rigid section



Basics
oe

Kinematical configuration of a Timoshenko beam-like structure

Material coordinates

s€[0,L] (&,&) local chartin S

Configuration in the ambiant space

©(s,t) = 0G
Q(s, t) € SO(3) | di(s, t) = Qe;

Place of a point P of the beam

(&1, 62,5,t) — OP = OG + GP
GP = &1d; + &do

.

S is rigidly transformed

d3 is not tangent to C

des Corps déformables, 1909
eory of Elastic Stability, 1961

G is the center of mass of S

{di} is an inertial principal basis



Moving frame

Rigid transformation of the section S

o
95 = kN d;
. 0

K = aXlal(QTg)

o]
QTE S Tld50(3)
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Moving frame

Rigid transformation of the section S

od;
Os

=rAd;
. oQ
K= aX1al(QTE)

QT%? € TwwSO(3)

M

Od;

ot = wAd;
. oQ
w= ax1al(QTE)

9
QTE € TwwSO(3)

\

No commutation

ok  Ow
T~ 5 =WwWAK

ot Os

Application for (time) derivation of a vector

u(t) = ui(t) di(t)

@ _ 8u,-d.+ .ad;
ot ot gt
8u,-
= 8td.—|—u,(w/\d.)
(9U,'
= EdI_FW/\(UIdI)
au—auid-—l—w/\u
ot ot

ul(t)
Ou 0

o 7 oo | ue(t)
ot " ot L,(t)]

w plays the role of a linear connection



Moving frame

Application for (time) derivation of a quadratic form

f= %uXu, X" =X J

Derivation of a vector g — % U
ot ot U

(%—w/\u)-(Xu)

of 0
ot d

':x — (uA (Xu)) -

€
S

0 (1 5‘u

Ou
— — w Au is a corotational derivative

ot




Energy
°

Energy and associated moments

Kinetic energy density Deformation energy density

T(v,w) = % (VAV + wlw) Ue, k) = % (eGe + kHK)

pA 0 0 ph 0 0 GA 0 0 Eh 0 0
A=|0 pA 0| I=|0 ph © G= GA 0| H=|0 EL 0
3 3

0
0 0 pA 0 0 pl 0 0 EA 0 0 GI
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Energy and associated moments

Kinetic energy density Deformation energy density
T(v,w) = % (VAV + wlw) Ue, k) = % (eGe + kHK)
pA 0 O ph 0 O GA 0 O EL 0 O
A=10 pA 0| J=|0 ph O G=|/0 GA 0| H=|0 EhL O
0 0 pA 0 0 ph 0 0 EA 0 0 Gk
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Energy
°

Energy and associated moments

Kinetic energy density Deformation energy density

Ufe, ) = % (cGe + ~Hr)

GA 0 O EL 0 O
GA 0| H=|(0 EL O
3

0
0 0 EA 0 0 GI

oT __oT __ou __ou

- 2o — axial(@" 29 . — axial(@™ 29
vi= o w = axial(Q 5t €= 5 d3 Kk = axial(Q 5e ) J

1 1 1
VAV + —wlJw — —eGe — ERHK, ds

L
Lagrangian L(v,w, €, K) ::/
) 2 2

1 1 1
VAV + —wl]w + —eGe + =kHk ds

L
Hamiltonian H(v,w, e, k) ::/
. 2 2 2




Problem construction
e0

Equilibrium

ON  OAv

ds Ot (1) N := Ge
87M I¢ _ 0w M = Hk
Os + Os AN= ot )

L acp L 9 T@ L ai o i : T@
vis o w = axial(Q ot €= 5 ds Kk = axial(Q ) J




Problem construction
e0

Equilibrium

0Ge OAv
5s ~ ot & N:=Ge
0 Hk _ 0Jw M := Hk
s + (e +d3) AGe = ot (2)
_ 9 70Q _ Op

o oQ _ 0o . 70Q
ot w = axial(Q ot €= 5 ds Kk = axial(Q ) J




Problem construction
e0

Equilibrium

0Ge OAv
0s Ot (1) N := Ge
0 Hk _ 0Jw M := Hk
s + (e +d3) AGe = ot 2
- ai TaQ X 8<P . 70Q
= 5 w = axial(Q €= 5 —d3 Kk = axial(Q 9e ) J

(s, t) and Q(s, t) are not used as explicit unknowns
The unknowns are 4 vectors v, w, K, €.

lll-posed problem with 12 unknown components and 6 scalar equations

first order, non-linear, partial differential equations.



Problem construction
e0

Equilibrium

0Ge OAv
ds Ot () N := Ge
0 Hk 0w M := Hk
_ 9 — axial(@T 29 _ 9 — axial(@T2Q
vi= o w = axial(Q 5t €= 5 —d3 Kk = axial(Q 9e ) J

e (s, t) and Q(s, t) are not used as explicit unknowns

@ The unknowns are 4 vectors v, w, K, €.

o lll-posed problem with 12 unknown components and 6 scalar equations

o first order, non-linear, partial differential equations.

Og  Ov 8n ow
00p 0 0p aadi_ 0 od:

9t s Os Ot ot ds  Os Ot



Problem construction

oe

Two systems

First system: unknowns v, w, €, K

3£628£V 3)

339}1;” + (e +d3) A (Ge) = aén:; (4)
%—w/\m:% (5)
%—‘:er/\n:%': (6)

v

Second system: unknowns Q, d; and ¢

w = axial(Q" Q) K = axial(Q" Q) | e:= ¢

@ One second order PDE = Two first order PDE

Il Initial and boundary conditions



Numerical resolution
@00

Numerical formulation: an algebraic point of view

0 0 G o] [V -WA 0 KG 0 v A 0 0 O v
0 0 0 H| | n 0 -WJ  EG KH| |w| [0 J 0 0| |w
G 0 o0 of |¢ GK GE -GW 0 el |0 0 G 0] |&
0 H 0 0] [+ 0 HK 0 0 K 0 0 0 H| |A
N—— N———
skew-matrices (induce non-linearity) diagonal matrices
[0 —ws wo pA 0 0 phh 0 0
W = w3 0 —Ww1 A=|0 pA 0 J =(0 p/2 0
|—w2 w1 0 0 0 pA 0 0 ph
0 —K3 K2 GA 0 O EL 0 O
K= | k3 0 —k1 G=|0 GA 0 H=|0 Eh O
|—K2 k1 0 0 0 EA 0 0 Gh
[0 —(e3+1) e
E=|es+1 0 —€1
L —¢€2 €1 0

remark (KG)" = —GK (EG)" = —GE (KH)" = —HK
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Numerical resolution
oeo

Obstruction

0 0 G o0 v/ —WA 0 KG 0 v A 0 0 O v
OOOHw'+O—WJEGKHw_OJOOw
G 0 0 of|¢ GK GE -GW 0 el [0 0 G O0f ¢
0 H 0 o0 |< 0 HK 0 0 K 0 0 0 H| &
Obstruction : Dissolution
) —pAws  pAws @ Static problem
WA = | pAws 0 —pAwi ok @ Plane motion
| —pAwx  pAwr 0 o Infinitesimal vibrations
[0 —phws  phw (lwll < 1)
WI = | phws 0 —phw not ok
_—p/1w2 p/zwl 0
[0 —Ehws  Ehw> Difficulties
GW = | Ebws 0 —Ebw, not ok @ 3D-dynamical problems
_—G/3(U2 G/3(U1 0




Numerical resolution
[e]e] J

Limits

—WA 0 KG 0

0 0 G o0 v/ v A 0 0 O v
0 0 0 H| | 0 -wJ EG KH||w| |0 1 0o ol s
G o0 0 o|lle|T|ek GE —ew o||el "o o @ of ]|z
o H 0 of |« o HK o 0| |=x 0o 0 o0 H||&

@ Problem have a more complex structure for 3D-dynamical configurations

@ This problem determines components of vectors {vj,wi,€j, ki} in the
moving frame {d;(s, t)}. However the directors {di(s, t)} are still
unknowns.

@ Two alternatives to determine ¢ (in fact {p;})

_ 9 = Op
=95 P T
o Two alternatives to determine Q (and then d;)
K= axial(QTaa—s) w = axial(QT%;?)

Space or time integration 7



Lagrangian formulation

Weak and strong formulation

Lagrangian density Uv,w, e, K) = %VAV + %wa — %sGs — %RHK‘,

t L
Action S S = / / ¢ ds dt
t] 0

b L
Least action 6S =0 / / of ds dt =0
n Jo
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Lagrangian formulation

Weak and strong formulation

Lagrangian density Uv,w, e, K) = %VAV + %wa — %sGs — %RHK‘,

t L
Action S S = / / ¢ ds dt
t] 0

b L
Least action 6S =0 / / of ds dt =0
n Jo

Ou Odu Odu Odu
Independent 55 = 6% = 5
Compatible ow = % + 00 A w ok = 8;50 + 00 Ak

Corotational ¢ (%uXu) = (6u — 60 A u) Xu 60 = axial(Q' 6Q)

L 0Ge OAv OHk = Oy 0Jw L
/064,0-( 95 ot )+50-<? + De A (Ge) — W) ds = [6¢-(Gs)+50-(Hn)]o



Lagrangian formulation

Something wrong 7

L
Lagrangian L(v,w,&,kK) = / %VAV + %w,]]w - %EGE — %K‘,HK, ds
0

L
1 1 1 1
Hamiltonian H(v,w,&,Kk) = / EVAV + Ewa + EeGe + EK,HK, ds
0

l

L 0Ge OAv OHk = O¢ 0Jw
/Oécp-( 95 ot )+60'<W + Be A (Ge) — W) ds = [6¢-(Gs)+50-(H/~c)}

o {v,w,e, Kk} are not the natural variable = {p,Q}

@ Wich formulation ? u or {u;} ?

We need to clarify the methods
We have to expose advantage and drawback of each formulation J

L
0



Conclusion

Conclusion

@ Travail en cours

@ ... et en collaboration avec Oscar Cosserat
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