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Symmetry groups
o A geometry, it is a group,
acting onto objects and conserving invariants
e Affine group : the ratio, the midpoint

o Euclid group : also the distances
e Galilei group : also the durations, the inertial motion
o Electric?

Find the group; you can develop a Physics by geometrization

... Then it is geometric!
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~ GérydeSaxcé Electrique 7 ... Alors cC'est géométrique !




Kaluza-Klein theory

o [Kaluza 1921] to unify gravitation and electromagnetism, he considers a 5D
Universe U equipped with a 1 + 4 metric G = diag(1,—-1,—1,-1,—1)

o [Klein 1926] the 5™ dimension is curled up and overwhelmingly small
Ik 21073 cm!
Conjecture : the electric charge q is the linear momentum along the 5 dimension

Answer : using the coadjoint orbit method [Souriau SSD 1970]

Issue : as expected, is the electric charge of an elementary particle frame-invariant ?
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The coadjoint orbit method

3.-M. SOURIAU

structure
des
systémes
dynamiques

maitrises de mathématiques

o [tz Fae Yaie.
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The coadjoint orbit method

Lie group

coadjoint orbit
(symplectic manifold)

1) } momentum map
(symplectomorphism)

space of motions of

an elementary particle 5

classifying the coadjoint orbits,
you classify the elementary particles of physicists
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Example : Poincaré’s group

@ Poincaré’s group : G = R* x SO(1,3) > a = (C, P) P*P = Id
It is a Lie group of dimension 10

o Infinitesimal generators : g > da = (6C,0P) 6P skew-adjoint

° 1€ g" & w= (N, M) M skew-adjoint
Orbit : particle with spin
Linear 4-momentum [1, Polarization W = (xM) N
im=1
Polarization line ___dim =4 _dm=10
g
J dim=9 dm=8
g X
| ey=|U >
X J Quotient/
Trajectory time
Minkowski space
2 independent invariants : rest mass mg = VI1*1
. _ V=Wrw
spin S = Um
Other orbits : spinless particles, massless particles
=] = = = =
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Charged elementary particles in Kaluza-Klein relativity (group @1)

o Kaluza-Klein group : G; = R x SO(1,4) 3 4= (C, P) PP=1d
These elements are such that :
p— P  BP*1p beR* B=+1+b*b
| b+ B P=P,B, P,lorentzy, B=Id+ ﬁ b b*
It is a Lie group of dimension 15

e fiegy & o= (ﬁ, A7I) M skew-adjoint
@ Orbit : charged particle with spin
A= n linear 4-momentum
| q electric charge

Coadjoint representation : [ = P’ 4 ¢’ 8 P*~1b, qg=b*N+pBq

The charge is frame dependent

‘ G is not the symmetry group of the Universe today as we know it.

Nonetheless it must not be a priori rejected.

We have only to find the Physics that could admit it as symmetry group.

‘ Our goal now is to find a more appropriate symmetry group for the Physics today.
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Charged elementary particles today (group Go)

o As the scale of the Universe along X® is overwhelmingly small (1073 cm)
we zoom in : X5 = )A(5/w. When w — 0, the metric degenerates

., [G o G 0 - Lo 0
G_[O—oﬂHOO’GHﬂUl@l

o The set of affine transformations 4 = (é, If’) of R that conserve
the components [ g 8 } of éo and the components flo = [ (1) } of Qo

is a Lie group Go of dimension 15
P

Its elements 3 are such that P = { b*

? } where Py is Lorentz

e pedy © p=(N4q),(MQ)) M skew-adjointwrt G Q € R*

o Orbit : charged particle with spin : coadjoint representation
q:q,v n:P(n,_q/b)v Q:PQI+qIC
M=PMP*+C(P(NV—gqb))*—(P(N"—qgb))C*+(Pb)(PQ)* —(PQ')(Pb)*
o 3 independent invariants : rest mass  mg

spin s

Géry de Saxcé Electrique ? ... Alors c’est géométrique !
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A cosmological scenario for the evolution of elementary particle structure

Inspired from Kaluza-Klein cosmology [Sahdev 1984, Matzner et al 1985,
Copeland et al 1985, Okada 1986, Giorgini & Kerner 1988]

size of the observable

4D Universe A 10% cm

isotropic | 4+1symmetry |
Universe | breaking |

@ the elementary particles of the isotropic early 5D Universe
are classified from the momenta of the group G;

@ next the three former space dimensions inflate quickly while the last one shrinks
o leading to the 4D era in which as today the particles are characterized by the
momenta of the group Gyg.

By this mechanism, the elementary particles can acquire electric charge
as a by-product of the 4 + 1 symmetry breaking of the Universe.

Géry de Saxcé Electrique ? ... Alors c’est géométrique !



4 + 1 symmetry breaking (group G.,)

o The set of affine transformations 4 = (¢, P) of R5 that conserve

@w:[c

b* B

0 —uw? ] is the Lie group G, of which the elements are such as

p_| P Ww2B P*—1p beR* B=+1+w?b*b
- P=P.B, Py Lorentz, B:’d“‘ﬁszlbb*

o Extreme cases : w = 1 Kaluza-Klein group, w = 0 today (singular)

Polarization plane dim=5 — dim = 15
8w
dim =14 dim=13
X
oi=|Y >
jl Quptient/
Trajectory 2 time
Kaluza-Klein space
2 independent invariants : rest mass  my = V/[1*f]
, —~(pol, (1)) pol, (Jr)
spin s = i a
Vi

o
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Go-connection

dim =5 / Kaluza-Klein manifold 7/ .
U(1)-principal bundle QM\ 2eU(l)
X
T
dim=4 space-time U Riemannian (metric G)

X
o Purpose : to construct an Ehresmann Gg-connection

projection 7, equipped with

[H1] The space-time U/, endowed with the metric G, is Riemaniann
o [H2] The Kaluza-Klein manifold U is a principal U(1)-bundle of base U,

A1
0

A Go-basis (&), is a basis in which Gy and € are represented by
G, o
0 K

A, 0
o) =3

Minkowski metric G}
o [H3] A Go-connection V is a 1-form field (&,
o 5[ P 0

_ 1 )._)
_[éP o] [T 0
1}_[&7*0]_{% o}
=

Alors c’est géométrique !

1)-
o the pullback of the metric Gy = 7* G (which is not a metric!)

o the vector field €2y of which the integral curves are the fibers
N

" skew-adjoint



The pullback connection

o Zoom out : X5 = wX’5 is singular when w — 0, that leads to a deadlock

o To break the deadlock, we consider a section f of the principal U(1)-bundle u
and the pullback bundle f* TUf on the spacetime

o [H4] The spacetime U, endowed with the pullback connection
(FV)u(F*W) = f*(@(rf)u W) U tangent to U, W tangent to U

is torsion free @(Tf)U(Tf)V - @(Tf) v(TAHU - (TF)[U,V]=0

@ Convention : Latin indices from 1 to 4, Greek indices form 1 to 5
In a basis of I{ adapted to the section f : (é1, -, és, Qo) s.t. & is tangent to f(Zfl)
and in the projected basis (er, -, es) of U s.t. e, = (Tm) &
the torsion free condition leads to the 50 scalar relations I',‘.j — FJ‘.; — éfcg =0

[} [ = =
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Equation of motion of a charged particle

o [H5] The linear 5-momentum is a 1-form 1 € T*U
The motion of a particle s — X(s) and its charge evolution s — q(s) are s.t.
M is paralled-transported : (f*V)y(F*I1) =0

o Integrability consideration
(&) = (&,%0) Go-basis T (e!) = ((T)é!) not integrable
1 p= [ f2A* (1) } where A € R* is the electromagnetic potential
(8a) = (&;,%0) RN (8;) = ((T)é;) associated to coordinates (X')

in which the connection is ' = [ IE5 g }

o V torsion free = FZ. = FJ‘.‘I. = [ is Levi-Civita
5-momentum [1* = [[1’*, ¢'] (free particle) = [1* = [1"*P = [M* — 2 g A*, q]

Using [H5], we prove that mg and g are integrals of the motion
and |—J5- = Ukaj - ZVUAJ'

V torsion free = F?j = F?i = Fj = 0;A; — 0;A; electromagnetic field

Then the equation of motion is | mUXV, U’ = —q Fj’ U/ | (Lorentz force)

o To each change of section f corresponds a gauge transformation

Géry de Saxcé Electrique ? ... Alors c’est géométrique !
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The variational relativity
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Stationary action principle

We use the variational approach of [Palatini 1919]
It is extended to involve the electromagnetic field
(P1) To every physical phenomenon corresponds a field z
and a Lagrangian L(Z)(z7 iz, G, A*)
(P2) The action S = [, Lvol =3, [, L) vol
on D C U spacetime

is stationary for every variation of G, A* and z

T2) =206L) + LGt Ty = Oar Ly, Wiz) = OzL(z) — 9i(90;zL(z))
T=%,Ty=0| T=,T,y=0 [Wy=0
Einstein

Euler-Lagrange

The two former conditions are called field equations

o Laws of conservation :

| div T(z)-l-f_(z) -F=0 |

o (w1 =
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The matter and its motion

@ A particle is identified by its
Lagrangean coordinates a = wa(X) (equation of its trajectory)

o The Lagrangians L,y must be invariant by every diffeo of the spacetime

o Ly=1Lm (aa %7 G7A*) =Ly (37 h, G7A*)
where h= —detH, H= % G_lg—;T conformation, ¢ =1 (speed of light)
@ mass density pm = pmo(a) Vh

electric charge density pe = peo(a) Vh

o Lagrangian of the matter Ly, =  [Lm(a, h, G)+Le(a, h, A*)] & coupling C®

o Lm(a, h, G) = pmo(a) [Vh+(h)] ¢ internal energy
o te(a, h, A*) = —peo(a) VhA*U

density of energy p = Ly /~, pressure p = pmo (2 hOpyp — )

o Laws of conservation

of the linear momentum ’ Villp+ p)U'U; — p8i]—pe U Fiy = 0

of the electric current | V;(peU') = 0
o« =, «=» T O




The gravitation and electromagnetism

o Curvature tensor R of the space-time, s.t.

Virnu Vv W) = Vv (Vi u W) = Vs v W = R(U, V) W
The non null curvature components are
Rfy = Rije =TT = 5T + 0T — 9T

Rix = RS, = ViFji + 2AqR],

o Lagrangian L = LG(f,a,f, G,A*) = LG(f7 R\’, G, A*)
L = Lg(R, G)+Lem(R, G, A*) = =N + 3 GIR; — kA GG Ry
Rjj Ricci k coupling Cte

o 14 field equations for 14 unknown potentials Gj;, A;

Ri — IR G 4+ AGI—k[AU R } 4 AR — 1 RG] = k[(p+ p)U'UI — p GI]

—Kk[VFI +2AqRY | = K pe U’

o (w1 =
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Classical limit

Reminder :

@

o

Conclusion
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Ri — LR G+ AGI—k[AUR) } 4 AR — L RG] = k[(p+ p)U'U/ — p GI]

—K[VFI +2AqRY | = K pe U'

@ In absence of electromagnetism, at the Newtonian approximation,
identification to Newton’s universal attraction law : kK = 87 Gy

Galilei con“nection 1 I3, = —g? gravity re, :“Fit = QZ Coriolis
Q7 and FY are skew-symmetric = V;F' = 0;F/

In the lab, g7, QF = Ct = identification to Coulomb’s law : k = 87 Gy o

L) = Bij’ = —% peU' | (2nd group of Maxwell equations)

o In Q, the coupling term is of the order of the stored electric density,
very negligible with respect to the energy density p ( = pc? in Sl units)

@ The very weak coupling between gravitation and electromagnetism
can be related to Dirac’s Large Number Hypothesis (LNH)
~ 2
k=22 f& where & =~ 10-%0
memp Fe Fe

2
Fg l/ _ 3/2 h/Gneo _31
Note that £ = (ﬁ) where f = 873/2 TN — 238 % 103 cm

Géry de Saxcé Electrique ? ... Alors c’est géométrique !
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Conclusions and perspectives

Conclusions

o We proposed a symmetry group Gy for which the electric charge of a particle is
an invariant,
a Go-connection allowing to recover the expected equation of motion of a particle
today, including Lorentz force,
and a 5D extension of the relativity allowing to recover at the classical limit
Maxwell equations

o Gy is the symmetry group of the electrodynamics
compatible with the observations today

o the symmetry group G of the Kaluza-Klein theory leads to
an unified theory merging the gravitational and electromagnetic force,
relevant in the early Universe
Perspectives
1. Application of Kostant-Souriau geometric quantization to 5D
2. Extension to a non-abelian gauge group

3. Revisit of works on the early universe cosmology
They could provide a better understanding for Dirac’s hypothesis [Chodos 1980]
and to offer a resolution to the horizon problem [Sahdev 1984].

Géry de Saxcé Electrique ? ... Alors c’est géométrique !



La Fée Electricité (The Electricity Fairy)

Raoul Dufy (1937)
_ Electrique ? ... Alors c'est géométrique !
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"Les savants, 6 Monseigneur, et les astronomes en particulier, ne
suivent pas les usages de tout le monde. C'est pourquoi les
aventures qui leur arrivent ne sont pas celles de tout le monde.”

Contes des mille et une nuits



Thanks to Richard Kerner and Leonid Ryvkin for their valuable advise

Thank you for your attention !
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Momentum f = (ﬁ, M)7

M skew-adjoint
| 1 ¢!
e *Ag(1,0) == pol,(J)
Q@) e

Q')

Vect(ll)

O
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w
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Coadjoint representation

Ad(a)Z=aZa !

(Ad*(a) ) (Z) = n(Ad(a~1) Z)

@ A Lie group G naturally acts on its Lie algebra g by the adjoint representation
o G acts on the dual g* by the induced action (coadjoint representation)

u}
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| A =p-an

Electromagnetic field
@ The 4-potential A and its adjoint A* are represented respectively by

@ The electromagnetic field F is represented by

0o -ET ]

F= ,

[ E —-j(B)

where E and B are respectively the electric and magnetic components
and j(B)v=Bxv

E = —grad ¢ — O:A,

B = curl A

P E.-v
=791 E+vxB
[} [l A20N &4
~ GérydeSaxcé Electrique 7 ... Alors cC'est géométrique !

@ The Lorentz force f is represented by
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