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Outline

Lie symmetry
Analytical solution of the compressible Navier-Stokes equations
Neether's theorem

Non-local conservation laws of the Navier-Stokes equations
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Symmetry: simple examples

du 2

Riccati’s equation: — + u? — — =0
dx 5%

Simple symmetry: (x, u) — (ex, e 1u)
New variables (£, v) to make the equation autonomous ?

Autonomous <= (&,v) — (£ + &, v) is a symmetry

d-i— 2=0
d—fvv—

(E=InNX,V = XU) =

ou 0%u
-0
ot Ox?2
Simple symmetry: (t,x, u) — (€2t,ex, u)

v

Heat equation:

v

v

Invariant: & = %

2
Reduction: u(t,x) = v(&) —;gjg = 35‘2/

v

E(x,u,u)

F(v,V)

=0

=0

Sep. variables

erf



Another example
» Anisothermal laminar thin shear layer flows
Ju Ov

=" :
Ou Ou 0%u %
Yax T Yoy "oy TEI0 *JJJ
oo} o0 %6
ua + va—y = ma—yZ =
» Symmetry: ——
g (x,y,u,v,0) = (ex, %y, el 2%y, ey, el 74g)
> Redu)(/:tion into ODLIIE: . ; Jet/Plume
§= o VO == VO=—= 0= 1% %

(1—2a)U —atU+V =0, T

U[(1 — a)U — atU] + OV = vl 3

U[(1 - 4a)© — atO] + VO = kO v
» Boundary condition — value of « (Blasius o =1/2, ...)



(Dynamical) Symmetry of an equation

Eg: Parabola P (of equation u = x?) in R?

u

T:(x,u)—~ (;2,7])

»

>

s
s

R2 — X R2
= Symmetry if U = x?
= Eg: G={g :(x,u) —> (ex,e*u)} is a symmetry group of P

Diff. Eq.: E(x,u,uy, + ,Ux)) =0
= Background space: Jet space Jix) = {(x, u, gy, 5 Uy) }
= Solution manifold
= Transformation T : ¢ = (x,u) — g = (X, 1)

E(x,u,--upy)) =0 = E(X,0,...,Uxu) =0

= Symmetry if

Ji)

u = u(x)



How to compute them 7

» Restriction to one-parameter symmetries forming a Lie group
G= {ge : (X, U) — ()A(, ﬂ), €€ /} (ge depends smoothly on €)

ox au T &4q
fX(X’ U) = 5 , 7’],J(X7 U) = — trajectory of q

Eg. o (x,u) —> (y +€,u), X=—
Ix

» X is called infinitesimal generator of G, X known =g known
dx du

9 :gx&zma = =77u6<\7m, ;2(6:0):)(7 E(EZO)ZLI
de de

12}
o (x,u) —> (¥ x,eP€u), X =ax— + Bu—
ox ou

Symmetry condition

E(x,u,~--,u(k))=0 — E(?,ﬁ,...,ﬁ(k))zo
replaced by
prl)X. . E=0 on S

+ Under local solvability condition
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Incompressible fluid flow

Navier-Stokes's equation

ou
E+div(u®u)+%Vp—1/Au:0, divu=20
Lie algebra: 5-dimensional and four co-dimensional
7] 9]
— t)—
e’ ( )6p
0] 0] 9] 0] 0] 9]
Qb g+l (B) gy —Xa() g, a2(t) oy +a¥(t) 5 — xPa(t) o
ox1 op
7]
3 .3 354
o (t)ﬁ + (t)ﬁ — X a(t)a—p
9] 9 0] 0] 9 7] 7] 5}
2 9 39 29 39 3.9 a9 g <
o3 T ox2 tu a8 " au ot T a3 Bul "o
1 8 2 4+ ut 9 ) 9
Ox? Ox! ou? oul
2t8+18+28+38 , 0 , 0 ; 0 28
ot o TN T 53 ol T o T B p8p
7(t), and a/(t) are arbitrary functions of t
v




8/30

Incompressible fluid flow
Navier-Stokes's equation

%—l—div(u@u)—i—%Vp—uAu:O, divu=0

e Time translation: (t,x, u, p) — (t+e,x, u, p)
e Pressure translation: (t,x, u, p+C(1))
e Rotation: (t, Rx, Ru, p)
e Generalized galilean transformation: (t, x+a(t), uta(t), p—px.d(t))
e Scale transformation: (2%t, ax, a—tu, a?p)

Other symmetries:

e Equivalence (scale) transformation: (t, ax, au, a°p, a’v)

e Reflections (t, Ax, Au, p)
A = diag(£1, £1,£1)

e 2D material indifference (t, R(t)x, R(t)u, p—3wi) + 3w?|x[]?)
R(t) horizontal rotation with angle wt, 9 stream function
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Compressible fluid flow
Compressible Navier-Stokes equations

p,+u-gradp+pdivu=0

Yu+ 'Vu
pu, + (grad v)u = dive =T
o =2uS— (pfz—é' div u) ly

C, (p, +u- divp+pdivu):Rtr(aS)+;~cA(§)

12-dimensional Lie algebra g = span(Xi, X, ..., X12)
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Symmetry group and reduction

12-dimensional Lie symmetry group G generated by

(,%,3,5,7)
= Time translations: (t+e,x,u,p,p)
= Space translations: (t,x +€,u,p,p)
= Galilean transformations: (t,x +et,u+e€,p,p)
= Rotations: (t,Rx,Ru, p, p)
= 1st scale transformations: (e t, e x,e F u,e % p, p)
= 2nd scale transformations: (t,e x,e° u, p,e % p)

Reduction with H C G

|

(y,v)eM E(y, v, vk)) Self-sim. solution v(y)

T

(s,V) e M/H Ereduced (&, V5 - - -, Viky) — Solution V/(¢)




2D: 2nd scale transformations

at+ b (2a — bz)l/2 P3

u(t,r,0) = re reg, t,r,0) = —,
G e ' P Pt 0) =3
(t.r.6) 4uR et/ Cvps (at® + 2bt + 2)R/ S —1(at 4 b)? ar
t,r,0) =
P (at2 + 2bt + 2)R/Cv+1 3C, e*rt/Cvps
2D: Galilean transf in x! then scale transf F\
5 t ®
L A S S O G )} 5—0ort
tt+B) ¢t t+ 3 ty2
c , . (Cv + R)(2t + B) p3 — 2t2 302 + 4(2 + Bt + B2)° B
— =pun
RY p3Rt(t + B8)° P 3t2(t + B)28

: Translations spatiales, Galiléennes, Echelles h(t) = (£ + a)(t + b)(t + <)

az + x(t+ c) Bz +y(t+c) z )(b=c)
= = = AT S w =
(t+a)(t +c) (t+b)(t+c) t+c E=E
rt(t a+2b—2c)
—R R 1 F‘X"( 7 )
_ pslt+o) _ BR[OS e -
Pt acrn2 T 3C, 0 £(t) =
\
- ‘ 3D: Traveling wave, & =1t+ ax+ by + cz ’
—1
u=ug e +uy, P = po eé +p1, P = (po € +p1) The constants are linked by algebraic equations
\
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Other solutions/Other applications

Other solutions

= DCDS 2024

= Non-exhaustive

= Each symmetry transforms a solution into another one
= Optimal basis of g

Anisothermal incompressible fluid flow

= Burgers vortex
= Lundgren vortex
= Burgers shear flow,

Invariant numerical schemes
Turbulence

= Scaling laws of turbulence (wall laws, ...)
= Invariant LES turbulence models

Conservation laws
= Neether: Variational symmetry <= Conservation law



Link between symmetries and Integrating factors (IF)

tdt—|— ”d ) ¢ — 8ojt 80Ju
> is exac — =
wat e dd ou ot
du  tu+ u? 5 5
A i (tu+ u”)dx + (t* — tu)du =0
«
Ly IF i t
. = — n IF: is exac
B=5g, isa o
= Resolution: d[Inx+Inu—4] =0
0
= How to find 7?7 == X = x— 4 u—— is a symmetry
Ox ou
) du
» 1st order Dynamical system: Fri F(t,u)
. 0 . 1.
Lie: 55 —i—nau is a symmetry <= ji = ;=g is an IF

» Higher-order: Exists dynamical systems with IF but without symmetry
» PDE: ?



Use of conservation laws

» Better understanding of the dynamics of the system
» Theoretical analysis:
= Resolution
Intregrability
= Existence of solution
Stablility

» Design of robust numerical schemes

= Energy-preserving schemes
= (Multi-)symplectic integrators



Conservation laws
» ODE: E(t,u,i,...)=0

First integral

Solution manifold § < R x R™

Scalar function F(t,u,i,...) suchthat — =0 onS

» PDE: E(y, u, uq), . ..

Conservation law

Div F=0 on S

= Flux: F = F(y,u,uqy, ue),---) is a R™-valued function
= Total divergence: Div F = DiF! 4+ DoF? +--- + Dp, F"

14} 14} 14}
Total derivative D; = — + u? dpfl——dtcoo
Ayl au? Y Buj"’

» If y =(t,x) and F = (F, FX) then D:F' = Div, F*

(total density variation) — / Fidx = F*dx (flux through 0Q)
dt Ja Q



Variational problem and infinitesimal transformation

(Dirichlet) Variational problem and Euler-Lagrange equations

> L= / (v, u, u(l),...)dy

> 5L=0 EL(y, u, uay,---) =0 EL,:%:%_D,.(%)+...
. . ~ o~ Infinit. 6 8
Lie group G ={gc: (y,u)— (¥ ,u)} mT) X:§(y,u)a— —|—77(y,u)a

Generalized infinitesimal transformation

|
Q
wn
<
2|

0
» X =¢&(y,u, U(l),...)a—y +n(y, u, U(l),...)%

0 .
» Prolongation: prX =X+ 77_,8 with nj=D;Q% +&uj;
» Characteristic: (Q Q"“) Where Q¥ =n? — fju‘?

Neether's identity

I
o
T
-
| &
B =
+
A\

(prX) - L+ LDiv¢ = Q?EL, + Div P =L+ Q-
ou

Obtained from integration by parts




First) Noether's theorem

Variational symmetry group: G = {g.: (y,u) — ( y,u)} s.t

/AL()A/,H,...,ﬁ(p)) d)7=/QL(y,u,...,u(p)) dy

Q

G variational symmetry = (prX)-L+ LDivE =0

Generalized (divergence) variational symmetry: Generalized infinitesimal X
(prX)-L+ LDiv¢ =DivB for some B(y, u, u(),- - -)

Ncether's theorem
Variational symmetry group £ <= Conservation law of EL =0

X is a generalized variational symmetry of L
<~ Q?EL,+Div(P—-B)=0 (prX) - L+ LDivé = Q?EL, + Div P
<~ Div(P-B)=0 on Ser




Kepler's problem

» Position of the planet: u = u(t), masse =1

L p . pu
L=|i|? + —, EL=i+—==0
2 [[ull [Jull®
0 1 7
= Time translation X = — E C i) - =
ime translation 5 nergy 2HuH o
_ .0 .0
= Rotation X =v'— — !/ — <= Angular momentum: u x i
ow ou'
= 777 <> Runge-Lenz vector: i x (u x i) — uﬁ
u
» Ncether's identity (prX)- L+ LDivE = Q°EL,+DivP

0
X = (ir& u— 206 i+ (u- i)ld J—
<u®u u® i+ (u- i) d)&u



For a non-variational problem: Multipliers

E[u] = E(y,u,...,upy) =0, Solution manifold Sg

Multipliers of Colas and their determining equation
DivP =0 on SE

— Div P = AKE, for some Ny, u, ugy, - - -)

(unique for Cauchy-Kovalevskaya PDE’s)

S(N-E) 5L
= 0 L = Div £ for some ¢ <= (— =]
6u ou
i.e. Euler-Lagrange: 0 = O)
(A - E) :
Solve =0 =—p "All" local Colas (up to a prescribed order)

ou

.




From a “Bilagrangian” (Ibragimov)

E[u] = E(y,u,...,up) =0, Solution manifold Sg
e Adjoint variable: v = (vl ... v™)
L] “Bilagrangian”: L[y, u,...,Ucp), V] =v-E Up to a total divergence
o(v-E
(v-E) =E[ul=0
ov
e Euler-Lagrange eq.:
o(v-E) = .
5” - [U, V] —

e Noether's theorem == Local and non-local Colas in (u, v)

» Condition: dim E =dimu = n,
» A verifies E*[u,A] =0 while v verifies E*[u, v]is, = 0
» How to find variational symmetries ?

X variational symmetry = X (dynamical) symmetry of EL =0 \

Search among (combinations of generalized) dynamical symmetries



Outline of the bilagrangian approach

Ely,u =0—— Ely,ul =0 N Dynamical SZ:’mmetries
| E*ly,u,v] =0 (prX) - {E] =0
Ayl Lly,u,v] — Variational symmetries

(prX)-L+ LDivg =DivB

J(Noether

Conservation laws



Examples in fluid mechanics
» Heat equation

= E[u] =ur—Ku =0

= E*[u,v]= vt + kv =0

s Llu,v] =3 (uev — uve) + Kuycvy
» Burgers'equation

= Elu] =ur+uuy —Ku =0

= E*[u,v] = vi + uvk + kv =0

= Lu,v] = % (vus — uvy) + Kuy vy + %(uvx — VUy)
» Navier-Stokes equation

= Elu,p]:

(Kolsrud, lbragimov, Brandao)
(Kolsrud, Ibragimov, Brandao)

(Hamdouni, Razafindralandy)

1
8: +(Vu)u+;foVAu:0, divu=20

v
= E*[u,p,v,q|: —i—(Vv)u ("Vu)v+ Vq—i—l/Av =0, divv =0

I dv +(q”)d div v+ tr("VuVv)
- EV Ua ; T v u ;lVV vV tr u v



5 I\{avier-Stokes + adjoint equations
a—L:—l—(Vu)u—l—;Vp—VAu:O, divu=0

ov 1 ,
FTs +(Vv)u—(TVu)v—|—;Vq—|—uAv:0, divv =10

Infinitesimal dynamical symmetries 7(t), o(t), wi(t) and z/(t) are arbitrary functions of t

.0 1 i @
| 4 W’;-#p(w'u’—vvéx’)a—, i=1,2,3
v q
.0 .0 . g p @
> XJW —x’m + p(dd! —x'U’)E7 (i,0) € {(1,2),(2,3),(3,1)}
> O 40 0 0 ;8 0 2 ) @ L B
XJ—XQ‘F ﬁ_uﬁ+ ﬁ—Vm» (i,4) € {(1,2),(2,3),(3,1)}
.0 .0 o
> o tHag N gy i=123
13} a 2] 17} 1]
> 2t—+xk—kfuk—kup—fq— (sum over k)
ot Ox Ou op dq
14} 2]
> — +qg—. (sum over k)

v




) I\{avier—Stokes + adjoint equations
u X .
a—i—(Vu)u—l—;Vp—yAu:O, divu=0

0 1
i +(Vv)u—(TVu)v+;Vq+yAv=0, divv =10

ot

Local dynamical symmetry group 7(t), o(t), wi(t) and z(t) are arbitrary functions of ¢
e Time translation: (t,x,u, p,v,q) — (t+e,x,u,p, v, q)
e Pressure translation: (t, x, u, p+m(t), v, q)
e Adjoint-pressure translation: (t, x, u, p, v, g+p(t))
e 1st (v, q) translation : (t, x, u, p, v+w, g+pw - u — pwy - x)
e 2nd (v, g) translation (w is a constant vector): (t,x, u, p, v+w X X, q+px - w X u)
e Constant rotation matrix R: (t, Rx, Ru, p, Rv,q)
o Generalized Galilean transformation: (t, x+z, u+z¢, p+pzee - x, v, q)
e 1st scale transformation: (e®t,ex, e “u, e %p,v,e €q)
e 2nd scale transformation: (t, x,u, p,ev, eEq)J




Some conservation laws

.0
+ p(¥u" — x u’)a—q (i) € {(1,2),(2,3), 3, 1}

e Generator: V; = x/
5 ovi 8vJ

e Translation : (t,x,u,p,v,q) — (t,x,u,p,v+w X X, g+px - w X u)

> (i,j) = (1,2)
e Divergence symmetry: prVio-L+ LDivE =DivB  with
1 0
1 2
u u
B= %(X2u1 — xtu?) 2 Rl
v 0
1 0 0
p_Liia oy pl x? x2ul — xtu?
) FlUX. P = E(X u — X u ) U2 — ; 7X1 + 14 X2U% 7X1U§
u? 0 x2u} — xtu3

e Local conservation law: Div(P — B) =0

b (i) =(23) et (ij)=(31) ...




.0 o, .0 .0 o,

o Generator Rj =x/ — —x'— +W— —v'— + vV — —vi—
Y Ox’ Oxi ou ow ovi ovi’
(i) € {(1,2),(2,3), (3, 1)}
e Rotation (t,x, u, p,v, q) — (t, Rx, Ru, p, Rv, q)

> (i,j) = (1,2)
e Variational symmetry:  prRiz- L+ LDivE =0

e Non-local conservation law with

uivl — ulv2 % (v . Rgg)u —u- Rgg)v>

oL oL oL oL oL oL
A 4 P — o RO k2= 2 _ 2= L RO kT
XEH UG T e TR G YT TV 52 TR ik
pP=
_X1L+u2ﬂ_u1ﬁ R(O)ukﬂ+v2ﬂ_‘,1ﬁ (O)Vkﬁ
oul ou? 12 8u§ ov} ov2 L2 8v2k
2 OL 4Ol @Ol 0L L ) 0L

ut— —u— u vi—r — v — + R v —
ou} ou? 127 gyk ov} ov? L2 ovk

here RO — i 2 i 9 s the b f R
where Rj; 7xa—xalste ase part of Rj;

> (i)=(23) et (ij)=(1): ...




G t 5—21_“a g 2p 0 0
® enerator 51 = a+xa—xf af a7p7qaq

e 1st scale transformation: (e*“t,e‘x,e “u,e %“p,v,e “q)

prSi - L+ LDivE = 2L ==p-not a generalized variationnal symmetry

0

e Générateur S; = oy I q@q

e 2nd scale transformation: (t, x, u, p,e‘v,e‘q)

prSz - L+ LDiv{ = L=p-not a generalized variationnal symmetry

But: S =5; — 25,
prS: L+ LDivE = 0 mmp-variational symmetry



Generator S 2t6 + 0 2 0 0 2 0 2 9
[ ) fg o _— _— _— _— _— B

ot " “ox  “au Pap 989 “"ov ~ “Yaq
e Scale transformation: (e?°t,ePx, e bu, e ?bp, e 2Py, e3bq)

e Variational symmetry: prS- L+ LDivé =0

e Non-local conservation law with flux P = (PO, Pl P?, P3)
PO=Lt(u-v)+t(u-ve—u-v)+x- (VL —(Vu)v)
Pi=xIL—U-|ge+4 —I—Vv,} -V. [—%ei—%” +Vui} , =123,

where U=u+2tu + (Vu)x, V =2v+ 2ty + (Vv)x




: .0 .0
e Generator Z; = z' — + z] — — px' z{, — i=1,2,3
' axi o P fgp o
e Generalized Galilean transformation: (t,x+z, u+z:, p+pzy - x, v, q)
»i=1
e Divergence symmetry: prZ;-L+ LDivE =DivB  where
1
1
_ _1,a.1|4
B = —§zt Vv U2
s
e Case z! constant
o Flux L
5(v1-u—u1~v),
]. = u-u
L—|—§u1(v1~u—u1-v)—2uu1-v1—u%6+v115, p=p+tps5
P =
1 = _ _ .
éuz(vl~u7u1-v)fz/(ul-v2+u2~v1)fu%q+v12p, g=q—p%*
3

5 (V1-U*Ul-V)*l/(ul-V3+U3-V1)7ui5a+vl3ﬁ.

»i=23 ... » z non constant ...




Conclusion

» Interpretation of these conservation laws
Integral form

» Non exhaustive

= Other combinations of dynamical symmetries
= Higher-order conservation laws: Backlund

ou
ot
= Derive from the Lagrangian L = %HVH2

in Euler-Poincaré sense
= Noeether's theorem in Euler-Poincaré sense
= Compare with the previous conservation laws with v =0

» Inviscid flow v = 0:

1
+(Vu)u+;Vp:0, divu=0



	Nœther's theorem

