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Context – Objectives

Objective of the project
Formulating an anisotropic damage model for quasi-brittle materials in 2D

Structure of a damage model

V = {ε,D, ...} (State variables)

ρψ =
1

2
ε:E(D):ε (State potential)

Ḋ = ... (Damage evolution)

Notations
▶ D damage variable
▶ E(D) effective elasticity tensor

Constraints
▶ E(D) is positive definite
▶ Positive dissipation

Objectives of the presentation ○␣ Generate a dataset of effective elasticity tensors
○␣ Quantify micro-cracking (damage variable)
○␣ Formulate a state model E(D)
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Ḋ = ... (Damage evolution)

Notations
▶ D damage variable
▶ E(D) effective elasticity tensor

Constraints
▶ E(D) is positive definite
▶ Positive dissipation

Objectives of the presentation ○␣ Generate a dataset of effective elasticity tensors
○␣ Quantify micro-cracking (damage variable)
○␣ Formulate a state model E(D)



Context Damage variable State model Conclusion References 3 / 16

Context – Objectives

Objective of the project
Formulating an anisotropic damage model for quasi-brittle materials in 2D

Structure of a damage model

V = {ε,D, ...} (State variables)

ρψ =
1

2
ε:E(D):ε (State potential)
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Context – Dataset of effective elasticity tensors

Virtual testing
Measure E from discrete model
(Vassaux et al., 2016)

▶ 1 material,
▶ 36 meso-structures,
▶ 21 (prop and non-prop) loadings,
▶ 100 time steps,

for a total of ≈ 76 000 tensors. Bi-tension Shear

Objectives of the presentation ○ Generate a dataset of effective elasticity tensors
○␣ Quantify micro-cracking (damage variable)
○␣ Formulate a state model
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Damage variable – Micro-cracking induced anisotropy
Distance to orthotropy in 2D (Antonelli et al., 2022)

Question What tensorial order for the damage variable?

Tool Relative distance to a symmetry stratum Σ ∆Σ(E) = min
E∗∈Σ

∥E−E∗∥
∥E∥

Illustration with periodic bi-tension

 0.93 −0.38 −0.50
−0.38 1.47 0.36
−0.50 0.36 3.66


E [MPa]

Isotropy ∆Iso = 0.427

EIso =

 1.68 −0.91 0.00
−0.91 1.68 0.00
0.00 0.00 2.59


Orthotropy ∆Ort = 0.013

EOrt =

 0.92 −0.38 −0.48
−0.38 1.38 0.39
−0.48 0.39 3.66
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Damage variable – Anisotropy of effective elasticity tensor
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Damage variable – 2D Harmonic decomposition
Applications to elasticity tensor: 3D (Backus, 1970), 2D (Blinowski et al., 1996)

E ∼= (µ, κ,d′,H) ∈ H1(R2)⊕H1(R2)⊕H2(R2)⊕H4(R2)

Properties ▶ µ and κ are invariants ▶ d′ and H are covariants

Reconstruction (µ, κ,d′,H) 7→ E = 2µJ+ κ12 ⊗ 12︸ ︷︷ ︸
Iso

+
1

2

(
d′ ⊗ 12 + 12 ⊗ d′)︸ ︷︷ ︸

Dil

+H

Decomposition E 7→(µ, κ,d′,H) where d = tr12E, v = tr13E,

µ =
1

8
(2 trv − trd) d′ = d− 1

2
trd 12

κ =
1

4
trd H = E− Iso−Dil
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Damage variable – State model basis and damage definition
Knowing isotropic E0

∼= (µ0, κ0,02,04) and D, we want to model

E(D) = 2µ(D)J+ κ(D)12 ⊗ 12 +
1

2

(
d′(D)⊗ 12 + 12 ⊗ d′(D)

)
+H(D)

How to define damage?

Using the harmonic decomposition

µ =
1

8
(2 trv − trd) d′ = d− 1

2
trd 12

κ =
1

4
trd H = E− Iso−Dil

Damage variable

D = (d0 − d) · d−1
0 = 12 −

1

2κ0
d ⇐⇒ d = 2κ0(12 −D)
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State model – Advantages of the damage definition

D = 12 −
1

2κ0
d ⇐⇒ d = 2κ0(12 −D)

Expression of κ(D)

D d κ

D def 1
4 tr •

w�
κ(D) = κ0

(
1− 1

2
trD

)

Expression of d′(D)

D d d′
D def Dev •′

w�
d′(D) = −2κ0D

′
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State model – Basis of the model
Objectives of the presentation ○ Generate a dataset of effective elasticity tensors

○ Quantify micro-cracking (damage variable)
○␣ Formulate a state model E(D)

Knowing isotropic E0
∼= (µ0, κ0,02,04) and D, elasticity tensor E can be modelled as

E(D) = 2µ(D)J+ κ(D)12 ⊗ 12 +
1

2

(
d′(D)⊗ 12 + 12 ⊗ d′(D)

)
+H(D)

where decomposition E 7→ (µ, κ,d′,H) and damage definition d 7→ D give
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State model – Modelling shear modulus and harmonic part – Overview

Shear modulus

µ(D) =
1

8
(2 trv(D)− trd(D))

Assumptions

µ(D = 02) = µ0 (Initial)
µ(D = 12) = 0 (Full damage)
If D ≈ 02, trd = trv (Early1)

Model µ as a linear comb. of invariants

µ(D) = µ0 −
κ0
4

trD+
κ0 − 2µ0

4
D:D

Harmonic part
(Desmorat & Desmorat, 2015)

H = ±∥H∥ d′ ∗ d′

∥d′ ∗ d′∥
(Orthotropy)

where d′ ∗ d′ = d′ ⊗ d′ − 1
2(d

′:d′)J.

Model ∥H∥ as a polynomial of invariants
and apply sparse regression on the dataset

∥H∥ ≈ Hm(D) = h(trD)4D′∗D′

where h is the harmonic parameter.

1Early damage =⇒ non-interacting cracks =⇒ Tot sym stiffness loss (Kachanov, 1992)
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State model – Conclusion

Knowing κ0, µ0 and D, the elasticity tensor can be modelled as

E(D) = 2µ(D)J+ κ(D)12 ⊗ 12 +
1

2

(
d′(D)⊗ 12 + 12 ⊗ d′(D)

)
+H(D)

where the invariants and covariants models are

µ(D) = µ0 −
κ0
4
(trD) +

κ0 − 2µ0
4

(D:D) d′(D) = −2κ0D
′

κ(D) = κ0

(
1− 1

2
trD

)
Hm(D) = h(trD)4D′∗D′
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Conclusion – Summary

Objectives of the presentation

1. Gather data on the behavior of
quasi-brittle material

▶ Virtual testing

D = 12 −
1

2κ0
tr12E 2. Quantify the micro-cracking

▶ Definition of a damage variable

3. Model the impact of micro-cracking
on the relation between ε and σ

▶ Exact model of κ(D), d′(D)
▶ Model of µ(D), H(D)
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Virtual testing – Discrete (beam-particle) model
(Vassaux et al., 2016) on the basis of (D’Addetta et al., 2002), (Delaplace, 2008), ...

Set of rigid particles Cohesive beam network

Beam failure & Cracking Contact & friction

Features
Ë Heterogeneous
Ë Explicit cracking
Ë Accurate fracture process

(Oliver-Leblond, 2019)
é Computational cost

Remark
Contact/friction disabled
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Virtual testing – Illustration of beam-particle model – Periodic bi-tension
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Virtual testing – Measurement of effective elasticity tensors

t

Damaging
loading

Measurement
loadings

 33.5 5.62 −0.39
5.62 36.0 0.34
−0.39 0.34 28.0

 49.8 10.2 −0.01
10.2 49.8 0.01
−0.01 0.01 38.4

  3.82 −1.27 0.14
−1.27 3.30 0.82
0.14 0.82 6.84

E in Kelvin
notation [MPa]
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Virtual testing – Dataset of effective elasticity tensors

Repeat procedure for
▶ 1 material,
▶ 36 particle

distributions,
▶ 21 loadings,
▶ 100 time steps,

for a total of
▶ ≈ 76 000 tensors.

Bi-tension Shear Tension

Objectives of the presentation ○ Generate a dataset of effective elasticity tensors
○␣ Quantify micro-cracking (damage variable)
○␣ Formulate a state model
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LASSO – Polynomial of invariants → linear relationship

The polynomial can be rewritten as a linear relationship

p(D) =
[
I1 (D) I2 (D

′) . . . I1 (D)n1 I2 (D
′)n2

]

c1,0
c0,1
...

cn1,n2

 .
Remark – Numerous parameters New question – How to fit the model?
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LASSO – Regression

Notations
y = yj outcomes
X = (xj)i input variables
c = ci coefficients

Least-square linear regression

c∗ = argmin
c∈RNc

(
1

N
∥y −X · c∥22

)
Sparse regression (LASSO)

c∗ = argmin
c∈RNc

(
1

N
∥y −X · c∥22 + α∥c∥1

)

Features
▶ Penalize nonzero parameters
▶ Linear convex optimization

problem, easy linear constraints
▶ Arbitrary penalization coefficient
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LASSO – Choosing the penalization coefficient (N = 6)
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LASSO – Conclusion

Models for the harmonic part
The harmonic part H can be modelled as

Hm(D) = +Hm,i(D)
d′(D) ∗ d′(D)

∥d′(D) ∗ d′(D)∥

where Hm,i(D) is either

Hm,0(D) = 0, or (H0)

Hm,1(D) = 1.23 · 1010 · I1 (D)4 · I2
(
D′) . (H1)

New question
How accurate is the modeling of the whole elasticity tensor?
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State model – Shear modulus µ = 1
8
(2 trv − trd) D

d

?

trd

trv
µ

Dv such that trv = trv0(1−Dv).
Let us model Dv as a function of

In (D) = tr(Dn) = Dn
1 +Dn

2

with assumptions

Dv(D = 0) = 0, Dv(D = 12) = 1

∂Dv

∂D

∣∣∣
D=0

=
κ0

2µ0 + κ0
12

Kachanov,
1992

With 2 invariants Dm
v = c1I1 (D) + c2I2 (D) =⇒ c1 =

κ0
2µ0 + κ0

, c2 =
1

2
− c1.
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State model – Shear modulus µ = 1
8
(2 trv − trd) D

d
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trd

trv
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State model – Partial formulation

Knowing isotropic E0
∼= (µ0, κ0,02,04) and D, elasticity tensor E can be modelled as

E(D) = 2µ(D)J+ κ(D)12 ⊗ 12 +
1

2

(
d′(D)⊗ 12 + 12 ⊗ d′(D)

)
+H(D)

where the invariants and covariants models are

µ(D) = µ0 −
1

4
κ0(trD) +

1

4
(κ0 − 2µ0)(D:D) d′(D) = −2κ0D

′

κ(D) = κ0

(
1− 1

2
trD

)
H(D) = E− Iso−Dil

Questions How to model ○ shear modulus µ(D)? ○␣ harmonic part H(D)?
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State model – Harmonic part – Parametrization

How to parametrize the harmonic part?
(Vannucci, 2005) (Desmorat & Desmorat, 2015)

Orthotropy =⇒ H = ∥H∥
(
± d′ ∗ d′

∥d′ ∗ d′∥

)
where d′ ∗ d′ = d′ ⊗ d′ − 1

2(d
′:d′)J.

Questions
Model orientation (±)?

○␣ Model norm H(D) = ∥H∥?
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State model – Harmonic part – Norm modelling Hm : D 7→ Hm(D) ≈ ∥H∥?

Invariants

I1 (D) = tr(D) I2
(
D′) = D′:D′

Assumptions

Hm(D = 02) = 04 (Initial isotropy)
Hm(D = 12) = 04 (Fully damaged)

Proposition – Polynomial of invariants

Hm(D) =
∑
n,m

cn,m I1 (D)n · I2
(
D′)m

Data set E

H

∥H∥

D

inv

?

Sparse regression =⇒ Hm(D) = 12 · 109 · I1 (D)4 · I2
(
D′)
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Harmonic part – Harmonic part – Parametrization
Based on (Vannucci, 2005) and (Desmorat & Desmorat, 2015), intuition from (Kachanov, 1992).

How to parametrize the harmonic part?

Anisotropy H = ∥H∥(± e′1 ∗ e′1︸ ︷︷ ︸
e′1⊗e′1−

1
2
(e′1:e

′
1)J

)

Orthotropy H = ∥H∥
(
± d′ ∗ d′

∥d′ ∗ d′∥

)

Questions
○␣ Model orientation (±)?
○␣ Model norm H(D) = ∥H∥?
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Harmonic part – Orientation of the harmonic part
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Indications

O+(E) = 0 ⇐⇒ H ∝ +d′ ∗ d′

O+(E) = 4 ⇐⇒ H ∝ −d′ ∗ d′

Conclusion

Hm(D) = +Hm(D)
d′(D) ∗ d′(D)

∥d′(D) ∗ d′(D)∥

Questions
○ Model orientation (±)?
○␣ Model norm H(D) = ∥H∥?
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Harmonic part – Modeling the norm Hm(D) ≈ ∥H∥?

Invariants

I1 (D) = tr(D)

I2
(
D′) = D′:D′

Remarks
▶ Initial isotropy

D = 02 =⇒ ∥H∥ = 04

▶ E = 04 when fully damaged
D = 12 =⇒ ∥H∥ = 04

Conclusion
Hm(D) ≈ ∥H∥ should be possible
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Harmonic part – Modeling the norm Hm(D) ≈ ∥H∥
Proposition
Polynomial of invariants

Hm(D) =
∑
n,m

cn,m I1 (D)n · I2
(
D′)m

 Large number of parameters cn,m

Tool Sparse regression (LASSO)

c∗ = argmin
c ∈RN

∥[∥H∥]− c · Inv∥2

subject to ∥c∥1 < α

▶ Constrained linear regression
▶ Minimize number of non zero coeff
▶ Introduces a hyper-parameter α

Resulting model

Hm(D) = 12 · 109 · I1 (D)4 · I2
(
D′)
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Verifications – Application to a shear → tension loading

−2

0

2

·1010
κ [Pa]

Ref I1H0 I1H1

d′
11 [Pa] H1111 [Pa]

0 20 40 60 80 100
−2

0

2

·1010

Load step

µ [Pa]

0 20 40 60 80 100

Load step

d′
12 [Pa]

0 20 40 60 80 100

Load step

H1112 [Pa]



Virtual testing LASSO State model Harmonic part Verifications 13 / 13

Verifications – Application to a shear → tension loading
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Legend
▶ I1H0 – Dashed
▶ I1H1 – Continuous

Partial conclusions
▶ H1 increase accuracy
▶ err(Iso) ≈ err(H)
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Verifications – Over the whole dataset
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Conclusion
▶ H1 increases accuracy

Question
Accuracy at high damage ?
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Verifications – For highly damaged tensors (D1 > 0.8 or D2 > 0.8)
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Conclusion
▶ Keep same levels of error
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