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Context — Observations

Tensile test on concrete
(Terrien, 1980)
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Context — Observations

Tensile test on concrete
(Terrien, 1980)

Damage-induced anistropy

(Berthaud, 1991)
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Context — Elasticity

Notations
e € S?(R?) (Strain)
o € S*(R?) (Stress)
E € Ela(R?) (Elasticity tensor)

Let us consider a material with elastic properties Eg.

Applying a strain € produces a homogeneous stress
(reaction)
o =Eqe
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Context — Damage

Let us consider a material with initial elastic
properties Eg.

Applying a strain € produces a change of state
quantified by damage D

)
dt

= F(e,D)
and a reaction

o =E(D):e # Ege

Remark Damage "decreases" E and its symmetries.
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Context — Damage

Let us consider a material with initial elastic
properties Eg.

Eo

Applying a strain € produces a change of state
quantified by damage D o =0

dD

— =F(e,D

a ~ D) |
and a reaction E(D)

o =E(D):e # Ege oc=ED):e

Remark Damage "decreases" E and its symmetries.
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Context — Objectives

Objective of the project
Formulating an anisotropic damage model for quasi-brittle materials in 2D
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Context — Objectives

Objective of the project
Formulating an anisotropic damage model for quasi-brittle materials in 2D

Structure of a damage model Constraints

E(D) i itive definit
V={eD,..} (State variables) > B(D) s positive definite

o =E(D)e (Hooke's law)
ap _
PRt

» Positive dissipation

(Damage evolution)
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Context — Objectives

Objective of the project
Formulating an anisotropic damage model for quasi-brittle materials in 2D

Structure of a damage model Constraints

E(D) i itive definit
V={eD,..} (State variables) > B(D) s positive definite

o =E(D)e (Hooke's law)
ap _
FPE

» Positive dissipation

(Damage evolution)

Objectives of the presentation O Generate a dataset of effective elasticity tensors
O Definition of the damage (state) variable
O Formulate a state model E(D)
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Context — In the previous episode — Dataset of effective elasticity tensors

iscrete mode ..‘. ' ‘.
I(:3/assazx et aﬁ, I2016) ga".‘ e QQ

Rigid particles Beams (cohesion) Fallure (cracking)

Virtual testing Measure E for
» 1 material,

» 36 meso-structures,

v

21 (prop and non-prop) loadings,

v

100 time steps,
for a total of &~ 76 000 tensors.

Bi-tension Shear
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Damage variable — Distance of symmetry stratum
Distance to orthotropy in 2D (Antonelli et al., 2022)

Question What tensorial order for the damage variable?
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Question What tensorial order for the damage variable?

Tool Relative distance to a symmetry stratum Ay (E) = min ”E”;)]ﬁ I
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Damage variable — Distance of symmetry stratum
Distance to orthotropy in 2D (Antonelli et al., 2022)

Question What tensorial order for the damage variable?

Tool Relative distance to a symmetry stratum Ay (E) = énu%”E”_iElﬁH
e

lllustration with periodic bi-tension
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Damage variable — Distance of symmetry stratum
Distance to orthotropy in 2D (Antonelli et al., 2022)

Question What tensorial order for the damage variable?

Tool Relative distance to a symmetry stratum Ay (E) = énu%”E”_iElﬁH
e

lllustration with periodic bi-tension

E [MPa]

0.93 ~0.38 —0.50
—0.38 | 1.47 = 0.36
—-0.50 0.36 / 3.66

Hypersurface of R? associated to tensor
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Damage variable — Distance of symmetry stratum
Distance to orthotropy in 2D (Antonelli et al., 2022)

Question What tensorial order for the damage variable?

Tool Relative distance to a symmetry stratum Ay (E) = énu%”E”_iElﬁH
e
lllustration with periodic bi-tension Isotropy Az = 0.427

1.68 ~ —0.91 0.00
—-0.91 1.68  0.00
0.93 ~0.38 —0.50 0.00 ~ 0.00 2.59
—0.38 | 1.47 = 0.36
—-0.50 0.36 / 3.66

E [MPa]

Hypersurface of R? associated to tensor
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Damage variable — Distance of symmetry stratum
Distance to orthotropy in 2D (Antonelli et al., 2022)

Question What tensorial order for the damage variable?

Tool Relative distance to a symmetry stratum Ay (E) = énu%”E”_iElﬁH
e
lllustration with periodic bi-tension Isotropy Az = 0.427

1.68 ~ —0.91 0.00
—-0.91 1.68 | 0.00
0.93 ~0.38 —0.50 0.00 ~ 0.00 2.59

E [MPa]

—0.38 | 1.47 = 0.36

050 036/ 3.66 Orthotropy  Ap,; = 0.013

092 ~0.38 —0.48
—-0.38 | 1.38  0.39

Hypersurface of R? associated to tensor —0.48 10.39/ 3.66
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Damage variable — Anisotropy of measured effective elasticity tensors
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Damage variable — Anisotropy of measured effective elasticity tensors

103 -10%
o o 4r l
2 2
c c
260 i 2 3} 2
z z
£ £
= N 720 a
o ©
(] (]
S 20 2 G 1} i
o o
= 0 = O | | | |
02 04 06 038 1

)

0 02 04 06 08 1
Distance to isotropy Distance to orthotropy



Damage variable
[e] le]e}

Damage variable — Anisotropy of measured effective elasticity tensors
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Damage variable — Anisotropy of measured effective elasticity tensors
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Damage variable — Anisotropy of measured effective elasticity tensors
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Damage variable — Anisotropy of measured effective elasticity tensors
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Damage variable — 2D Harmonic decomposition
Applications to elasticity tensor: 3D (Backus, 1970), 2D (Blinowski et al., 1996)

E = (u,x,d, H) € H'(R?) @ H'(R*) & H*(R?) & H*(R?)
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E = (u,x,d, H) € H'(R?) @ H'(R*) & H*(R?) & H*(R?)

Properties » 4 and k are invariants
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Damage variable — 2D Harmonic decomposition
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Properties » 4 and k are invariants » d’ and H are covariants
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Damage variable — 2D Harmonic decomposition
Applications to elasticity tensor: 3D (Backus, 1970), 2D (Blinowski et al., 1996)

E = (u,x,d, H) € H'(R?) @ H'(R*) & H*(R?) & H*(R?)

Properties » 4 and k are invariants » d’ and H are covariants

1
Reconstruction (i, r,d,H) — E =2uJ + k1y ® 15 + 3 (d®l+1,0d)+H

Iso Dil
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Damage variable — 2D Harmonic decomposition
Applications to elasticity tensor: 3D (Backus, 1970), 2D (Blinowski et al., 1996)

E = (u,x,d, H) € H'(R?) @ H'(R*) & H*(R?) & H*(R?)

Properties » 4 and k are invariants » d’ and H are covariants

1
Reconstruction (i, r,d,H) — E =2uJ + k1y ® 15 + 3 (d®l+1,0d)+H

Iso Dil

Decomposition E +—(u, k,d’, H) where d = tr12 E, v = tri3 E,
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Damage variable — 2D Harmonic decomposition
Applications to elasticity tensor: 3D (Backus, 1970), 2D (Blinowski et al., 1996)

E = (u,x,d, H) € H'(R?) @ H'(R*) & H*(R?) & H*(R?)

Properties » 4 and k are invariants » d’ and H are covariants

1
Reconstruction (i, r,d,H) — E =2uJ + k1y ® 15 + 3 (d®l+1,0d)+H

Iso Dil

Decomposition E +—(u, k,d’, H) where d = tr12 E, v = tri3 E,

== (2trv—trd)

trd

K =

| = 00|+
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Damage variable — 2D Harmonic decomposition
Applications to elasticity tensor: 3D (Backus, 1970), 2D (Blinowski et al., 1996)

E = (u,x,d, H) € H'(R?) @ H'(R*) & H*(R?) & H*(R?)

Properties » 4 and k are invariants » d’ and H are covariants

1
Reconstruction (i, r,d,H) — E =2uJ + k1y ® 15 + 3 (d®l+1,0d)+H

Iso Dil

Decomposition E +—(u, k,d’, H) where d = tr12 E, v = tri3 E,

1
== (2trv—trd) d/:d—itrd 1,

trd H=E - Iso — Dil

K =

| = 00|+
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Damage variable — State model basis and damage definition

Knowing isotropic Eg & (10, k0, 02,04) and D, we want to model
1
E(D) = 2u(D)J + £(D)12 ® 15 + 5 (d'(D) ® 15 + 1, ® d'(D)) + H(D)

How to define damage?
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Damage variable — State model basis and damage definition

Knowing isotropic Eg & (10, k0, 02,04) and D, we want to model
1
E(D) =2u(D)J 4+ (D)1, ® 1 + 3 (d(D)® 1, + 1, ® d'(D)) + H(D)
How to define damage? Using the harmonic decomposition
1 ) 1
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/{:itrd H=E - Iso — Dil
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Damage variable — State model basis and damage definition
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Damage variable — State model basis and damage definition

Knowing isotropic Eg & (10, k0, 02,04) and D, we want to model
1
E(D) = 2u(D)J + £(D)12 ® 15 + 5 (d'(D) ® 15 + 1, ® d'(D)) + H(D)

How to define damage? Using the harmonic decomposition

1 1
= §(2trv—trd) d':d—itrd 1,
1 .
/{zztrd H =E — Iso — Dil

Damage variable
D= (dy—d)-dy*
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Damage variable — State model basis and damage definition

Knowing isotropic Eg & (10, k0, 02,04) and D, we want to model
1
E(D) = 2u(D)J + £(D)12 ® 15 + 5 (d'(D) ® 15 + 1, ® d'(D)) + H(D)

How to define damage? Using the harmonic decomposition

1 1
= §(2trv—trd) d':d—itrd 1,
1 .
/{zztrd H =E — Iso — Dil

Damage variable

_ 1
D:(do—d)~d01:12—%d
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Damage variable — State model basis and damage definition

Knowing isotropic Eg & (10, k0, 02,04) and D, we want to model
1
E(D) = 2u(D)J + £(D)12 ® 15 + 5 (d'(D) ® 15 + 1, ® d'(D)) + H(D)

How to define damage? Using the harmonic decomposition

1 1
= §(2trv—trd) d':d—itrd 1,
1 .
/{zztrd H =E — Iso — Dil

Damage variable

1
D:(do—d)~d0_1:12—%d — d=2ko(13 — D)
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State model — Advantages of the damage definition
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State model — Advantages of the damage definition

1
D:]_Q—id <~ dZQHo(lg—D)
2:‘?0
Expression of x(D)

D def %tro
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State model — Advantages of the damage definition

1
D:]_Q—id <~ dZQHo(lg—D)
2:‘?0
Expression of x(D) Expression of d'(D)

D def %tro D def Dev o’
D d K D

d d
U

k(D) = ko (1 — - trD) d'(D) = —2k,D’
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State model — Partial model formulation
Objectives of the presentation @ Generate a dataset of effective elasticity tensors

@ Define damage variable (quantify
micro-cracking)

O Formulate a state model E(D)
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State model — Partial model formulation
Objectives of the presentation @ Generate a dataset of effective elasticity tensors

@ Define damage variable (quantify
micro-cracking)

O Formulate a state model E(D)
Knowing isotropic Eg = (g, k0, 02,04) and D, elasticity tensor E can be modelled as
E(D) =2u(D)J + x(D)1a @ 15 + % (d(D)®1,+ 1, ®d (D)) + H(D)
where decomposition E +— (u, k,d’, H) and damage definition d — D give

(D) = é(z trv(D) — trd(D)) d'(D) = 25D’

1
k(D) = Ko (1 - 2t1-D> H(D) = E — Iso — Dil
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State model — Partial model formulation
Objectives of the presentation @ Generate a dataset of effective elasticity tensors

@ Define damage variable (quantify
micro-cracking)

O Formulate a state model E(D)
Knowing isotropic Eg = (g, k0, 02,04) and D, elasticity tensor E can be modelled as
ED) =2u(D)J + r(D)la ® 15 + % (d(D)® 1+ 1, ®d (D)) + H(D)
where decomposition E +— (u, k,d’, H) and damage definition d — D give

(D) = é(z trv(D) — trd(D)) d'(D) = 25D’

1
k(D) = Ko (1 = 211-D> H(D) =E — Iso - Dil
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State model — Partial model formulation
Objectives of the presentation @ Generate a dataset of effective elasticity tensors

@ Define damage variable (quantify
micro-cracking)

O Formulate a state model E(D)
Knowing isotropic Eg = (g, k0, 02,04) and D, elasticity tensor E can be modelled as
ED) =2u(D)J + r(D)la ® 15 + % (d(D)® 1+ 1, ®d (D)) + H(D)
where decomposition E +— (u, k,d’, H) and damage definition d — D give

(D) = é(z trv(D) — trd(D)) d'(D) = 25D’

1
k(D) = Ko (1 = 211-D> H(D) =E — Iso - Dil

Questions How to model O shear modulus u(D)? O harmonic part H(D)?
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State model — Modelling 1 = L (2trv — trd) p- } "

? s trv

'Early damage == non-interacting cracks = Tot sym stiffness loss (Kachanov, 1992)
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State model — Modelling ;1 = ¢

Dy s.t. trv =trvo(l — Dy)

'Early damage == non-interacting cracks = Tot sym stiffness loss (Kachanov, 1992)
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d —trd
State model — Modelling 1 = L (2trv — trd) p- } "

>Dv<—>trv

Dy s.t. trv =trvo(l — Dy)

v d

| !

trv D

| |

DV D17D2
D4

'Early damage == non-interacting cracks = Tot sym stiffness loss (Kachanov, 1992)
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State model — Modelling ;1 = ¢

Dy s.t. trv =trvo(l — Dy)
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'Early damage == non-interacting cracks = Tot sym stiffness loss (Kachanov, 1992)
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State model — Modelling ;1 = § (2trv — trd)

Dy s.t. trv =trvo(l — Dy)

1.0 ]

Dvi 51

'Early damage == non-interacting cracks = Tot sym stiffness loss (Kachanov, 1992)
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d —trd
State model — Modelling 1 = L (2trv — trd) p- } "

> Dv — trv
Dy s.t. trv =trvo(l — Dy)

Let us model D, as linear combination of *
1.0
I, (D) = tx(D") = D} + Dj

Dvi 51

'Early damage == non-interacting cracks = Tot sym stiffness loss (Kachanov, 1992)
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d —trd
State model — Modelling 1 = L (2trv — trd) p- } "

> DV — trv
Dy s.t. trv =trvo(l — Dy)

Let us model D, as linear combination of

1.0 ]
I, (D) = tx(D") = D} + D§
with assumptions DV0.5 1
uw(D = 03) = o (Initial) 0.0
u(D=13)=0 (Full damage) T 0
If D~ 02 trd=trv (Early?)

'Early damage == non-interacting cracks = Tot sym stiffness loss (Kachanov, 1992)
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d —trd
State model — Modelling 1 = L (2trv — trd) p- } "

> DV — trv
Dy s.t. trv =trvo(l — Dy)

Let us model D, as linear combination of

1.0 ]
I, (D) = tx(D") = D} + D}
with assumptions DV0.5 1
uw(D = 03) = o (Initial)
uD=13)=0 (Full damage) 1.0
If D~ 02 trd=trv (Early?)

With 2 invariants Dy = ¢11; (D) + col5 (D)

'Early damage == non-interacting cracks = Tot sym stiffness loss (Kachanov, 1992)
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State model — Modelling 1 = L (2trv — trd) p- } "

>DV<—>trv

Dy s.t. trv =trvo(l — Dy)

Let us model D, as linear combination of

1.0 ]

I, (D) = tx(D") = D} + D}
with assumptions DV0.5 1

uw(D = 03) = o (Initial)

uD=13)=0 (Full damage) ' 10 SN \ 1.0

lf D~ 0y trd=trv (Early?) 05 .

' A
2" o000 Y
v} 1

With 2 i iant DY =cI; (D L (D) — = =—-—c.
i invariants v =c1l; (D) 4 c2l2 (D) cy 2M0+/‘”v0702 5 cy

'Early damage == non-interacting cracks = Tot sym stiffness loss (Kachanov, 1992)
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d —trd
State model — Modelling 1 = L (2trv — trd) p- } "

>DV<—>trv

Dy s.t. trv =trvo(l — Dy)

Let us model D, as linear combination of

1.0 ]

I, (D) =tr(D") = D} + Dy
with assumptions DV0.5 1

uw(D = 03) = o (Initial)

u(D=13)=0 (Full damage) T 0 A 1.0

lf D~ 0y trd=trv (Early?) 05 .

' A
27 000 Y
v} 1

With 2 i iant DY =cI; (D L (D) — = =—-—c.
i invariants v =c1l; (D) 4 c2l2 (D) cy 2M0+/‘”v0702 5 cy

'Early damage == non-interacting cracks = Tot sym stiffness loss (Kachanov, 1992)
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State model — Still partial model formulation

Knowing isotropic Eg = (g, ko, 02,04) and D, elasticity tensor E can be modelled as
1 ‘
E(D) =2u(D)J +x(D)12 ®12 + 5 (d(D)®1+ 1, ®d (D)) + H(D)

where the invariants and covariants models are

p(D) = o — ho(trD) + {(so — 240)(D:D) (D) = 2D

1
k(D) = ko (1 —5 tr D> H(D) =E — Iso — Dil

Questions How to model © shear modulus p(D)? O harmonic part H(D)?
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State model — Harmonic part — Parametrization

How to parametrize the harmonic part?
(Vannucci, 2005) (Desmorat & Desmorat, 2015)

d «d
Orthotropy = H = HH”< [ + d/H)

where d’xd' =d' ®d' — }(d:d’)J.
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where d’xd' =d' ®d' — }(d:d’)J.
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O Model orientation (£)?
O Model norm H(D) = |H||?
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State model — Harmonic part — Parametrization

How to parametrize the harmonic part? A 104
(Vannucci, 2005) (Desmorat & Desmorat, 2015) £ ‘ ‘ ‘
(2]
d/ dl § 3 - -
Orthotropy = H = | H|| < I+ d’”) g,
ﬁ 2 [ |
where d’xd' =d' ®d' — }(d:d’)J. =
S 1r a
Questions = 0 | | |
O Model orientation (£)? 0 1 2 3 4

H d’xd’

Model H(D) = [|H||? ‘H _ d'xd”
O Model norm H(D) = |H]| HH 1 e

:
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State model — Harmonic part — Parametrization

How to parametrize the harmonic part?
(Vannucci, 2005) (Desmorat & Desmorat, 2015)

d «d
Orthotropy = H = HH”< [ + d/H)

where d’xd' =d' ®d' — }(d:d’)J.
Questions

O Model orientation (£)?
O Model norm H(D) = |H||?

No. of elasticity tensors

04
410

T T T

H H  dxd
MHI  [d’*d’]|
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State model — Harmonic part — Parametrization

How to parametrize the harmonic part? A 104
(Vannucci, 2005) (Desmorat & Desmorat, 2015)

Iu[[EL[? > 0.02E|?
3 (Il H|? < 0.02E|* |

d «d
Orthotropy = H = HH”< [ + d/H)

where d’xd' =d' ®d' — }(d:d’)J.

No. of elasticity tensors
[\
|

Questions
O Model orientation (£)? 0 1
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State model — Harmonic part — Parametrization

How to parametrize the harmonic part? A 104
(Vannucci, 2005) (Desmorat & Desmorat, 2015)
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State model — Harmonic part — Norm modelling H™ : D — H™(D) ~ ||H||?
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State model — Harmonic part — Norm modelling H™ : D — H™(D) ~ ||H||?
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State model — Harmonic part — Norm modelling H™ : D — H™(D) ~ ||H||?
Invariants

I (D) =tr(D) I,(D')=D"D’

Assumptions
H™(D =03) =04 (Initial isotropy)
H™(D=15)=04 (Fully damaged)




State model 16 /25
00000e0

State model — Harmonic part — Norm modelling H™ : D — H™(D) ~ ||H||?
Invariants

I (D) =tr(D) I,(D')=D"D’

Assumptions
H™(D =03) =04 (Initial isotropy)
H™(D=15)=04 (Fully damaged)

Model — Polynomial of invariants

H™(D) = ch,m I (D)" - I (D/)m
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State model — Harmonic part — Norm modelling H™ : D — H™(D) ~ ||H||?

Invariants

I (D) =tr(D) I,(D')=D"D’

1.50

Assumptions L5
H™(D =03) =04 (Initial isotropy) HHHLUO
H™(D=15)=04 (Fully damaged) 225
Model — Polynomial of invariants .

H™(D) = ch,m I (D)" - I (D/)m

0.15
IQ(D/) 0.10 0

.05

Sparse regression —> H™(D) =12-10°-I; (D)* - I, (D)
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State model — Conclusion

Knowing kg, to and D, the elasticity tensor can be modelled as

E(D) =2,(D)J + (D)1, ® 12 + % (d(D)®1:+ 1, ®d (D)) + H(D)

where the invariants and covariants models are

-2
p(D) = o — (D) + L—FUDD) (D) = ~26oD’

k(D) = ko (1 - ;trD> H™(D) = h(tr D)'D'+D’
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Verifications — Reconstruction of stress o from (exact) damage
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Verifications — Reconstruction of stress o from (exact) damage
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Verifications

107 |

R / _Eref
—Eo (1 — [[E[|/[[Eo]|)
—E(D) (H =0)

0z [Pa] : ED)

107

Oy [Pa] | * oyy [Pa] ‘ i

50 100 0 50

100




Verifications — Reconstruction of stress o from (exact) damage

Verifications

107 |
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Verifications — Over the whole dataset

_Fm||2
Proportion of E s.t. % < e
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Verifications — Over the whole dataset
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Verifications — Over the whole dataset
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Verifications — Over the whole dataset
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Verifications — Over the whole dataset

_Fm||2
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Verifications — Highly damaged tensors
max(Dy, Ds) > 0.5 and Dy < 0.95 and Dy < 0.95
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Next steps — Evolution model: Basis

10-4
Defintion by case 10 \
Criterion function
/(D) = eeq ~ C(D) o |
Damage evolution & )
5[0 it f(e,D) <0

| MA) i f(e.D)=0 ol v

Remark C(D) and A are by f(e,D) = 0. _‘2 —‘1 6 i
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Next steps — Evolution model: Preliminary results
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Strain e,,  .10-4
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—— Model
(Desmorat, 2015)
--- DEAP (mean)
DEAP [min, max]

oyy [Pa]

Strain e, .19—4

108

Strain &,, 10-4
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(Desmorat, 2015)
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