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Context – Elasticity

Notations

ε ∈ S2(R2) (Strain)

σ ∈ S2(R2) (Stress)

E ∈ Ela(R2) (Elasticity tensor)

Let us consider a material with elastic properties E0.

Applying a strain ε produces a homogeneous stress
(reaction)

σ = E0:ε

E0

σ = 02

E0

σ = E0:ε

ε
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Context – Damage

Let us consider a material with initial elastic
properties E0.

Applying a strain ε produces a change of state
quantified by damage D

dD

dt
= F(ε,D)

and a reaction

σ = E(D):ε ̸= E0:ε

Remark Damage "decreases" E and its symmetries.

E0

σ = 02

E0E(D)

σ = E(D):ε

ε
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Context – Objectives

Objective of the project
Formulating an anisotropic damage model for quasi-brittle materials in 2D

Structure of a damage model

V = {ε,D, ...} (State variables)
σ = E(D):ε (Hooke’s law)
dD

dt
= ... (Damage evolution)

Constraints
▶ E(D) is positive definite
▶ Positive dissipation

Objectives of the presentation ○␣ Generate a dataset of effective elasticity tensors
○␣ Definition of the damage (state) variable
○␣ Formulate a state model E(D)
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Context – In the previous episode – Dataset of effective elasticity tensors

Discrete model
(Vassaux et al., 2016)

Rigid particles Beams (cohesion) Failure (cracking)

Virtual testing Measure E for
▶ 1 material,
▶ 36 meso-structures,
▶ 21 (prop and non-prop) loadings,
▶ 100 time steps,

for a total of ≈ 76 000 tensors. Bi-tension Shear
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Damage variable – Distance of symmetry stratum
Distance to orthotropy in 2D (Antonelli et al., 2022)

Question What tensorial order for the damage variable?

Tool Relative distance to a symmetry stratum Σ ∆Σ(E) = min
E∗∈Σ

∥E−E∗∥
∥E∥

Illustration with periodic bi-tension

Hypersurface of R2 associated to tensor

 0.93 −0.38 −0.50
−0.38 1.47 0.36
−0.50 0.36 3.66


E [MPa]

Isotropy ∆Iso = 0.427 1.68 −0.91 0.00
−0.91 1.68 0.00
0.00 0.00 2.59


Orthotropy ∆Ort = 0.013 0.92 −0.38 −0.48

−0.38 1.38 0.39
−0.48 0.39 3.66


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Damage variable – Anisotropy of measured effective elasticity tensors
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Damage variable – 2D Harmonic decomposition
Applications to elasticity tensor: 3D (Backus, 1970), 2D (Blinowski et al., 1996)

E ∼= (µ, κ,d′,H) ∈ H1(R2)⊕H1(R2)⊕H2(R2)⊕H4(R2)

Properties ▶ µ and κ are invariants ▶ d′ and H are covariants

Reconstruction (µ, κ,d′,H) 7→ E = 2µJ+ κ12 ⊗ 12︸ ︷︷ ︸
Iso

+
1

2

(
d′ ⊗ 12 + 12 ⊗ d′)︸ ︷︷ ︸

Dil

+H

Decomposition E 7→(µ, κ,d′,H) where d = tr12E, v = tr13E,

µ =
1

8
(2 trv − trd) d′ = d− 1

2
trd 12

κ =
1

4
trd H = E− Iso−Dil
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Damage variable – State model basis and damage definition
Knowing isotropic E0

∼= (µ0, κ0,02,04) and D, we want to model

E(D) = 2µ(D)J+ κ(D)12 ⊗ 12 +
1

2

(
d′(D)⊗ 12 + 12 ⊗ d′(D)

)
+H(D)

How to define damage?

Using the harmonic decomposition

µ =
1

8
(2 trv − trd) d′ = d− 1

2
trd 12

κ =
1

4
trd H = E− Iso−Dil

Damage variable

D = (d0 − d) · d−1
0 = 12 −

1

2κ0
d ⇐⇒ d = 2κ0(12 −D)
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State model – Advantages of the damage definition

D = 12 −
1

2κ0
d ⇐⇒ d = 2κ0(12 −D)

Expression of κ(D)

D d κ

D def 1
4 tr •

w�
κ(D) = κ0

(
1− 1

2
trD

)

Expression of d′(D)

D d d′
D def Dev •′

w�
d′(D) = −2κ0D

′
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State model – Partial model formulation
Objectives of the presentation ○ Generate a dataset of effective elasticity tensors

○ Define damage variable (quantify
micro-cracking)

○␣ Formulate a state model E(D)

Knowing isotropic E0
∼= (µ0, κ0,02,04) and D, elasticity tensor E can be modelled as

E(D) = 2µ(D)J+ κ(D)12 ⊗ 12 +
1

2

(
d′(D)⊗ 12 + 12 ⊗ d′(D)

)
+H(D)

where decomposition E 7→ (µ, κ,d′,H) and damage definition d 7→ D give

µ(D) =
1

8
(2 trv(D)− trd(D)) d′(D) = −2κ0D

′

κ(D) = κ0

(
1− 1

2
trD

)
H(D) = E− Iso−Dil

Questions How to model ○␣ shear modulus µ(D)? ○␣ harmonic part H(D)?
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State model – Modelling µ = 1
8
(2 trv − trd) D

d

?

trd

trv
µ

Dv s.t. trv = trv0(1−Dv)

Let us model Dv as linear combination of

In (D) = tr(Dn) = Dn
1 +Dn

2

with assumptions

µ(D = 02) = µ0 (Initial)
µ(D = 12) = 0 (Full damage)
If D ≈ 02, trd = trv (Early1)

With 2 invariants Dm
v = c1I1 (D) + c2I2 (D) =⇒ c1 =

κ0
2µ0 + κ0

, c2 =
1

2
− c1.

1Early damage =⇒ non-interacting cracks =⇒ Tot sym stiffness loss (Kachanov, 1992)
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State model – Still partial model formulation

Knowing isotropic E0
∼= (µ0, κ0,02,04) and D, elasticity tensor E can be modelled as

E(D) = 2µ(D)J+ κ(D)12 ⊗ 12 +
1

2

(
d′(D)⊗ 12 + 12 ⊗ d′(D)

)
+H(D)

where the invariants and covariants models are

µ(D) = µ0 −
1

4
κ0(trD) +

1

4
(κ0 − 2µ0)(D:D) d′(D) = −2κ0D

′

κ(D) = κ0

(
1− 1

2
trD

)
H(D) = E− Iso−Dil

Questions How to model ○ shear modulus µ(D)? ○␣ harmonic part H(D)?
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State model – Harmonic part – Parametrization

How to parametrize the harmonic part?
(Vannucci, 2005) (Desmorat & Desmorat, 2015)

Orthotropy =⇒ H = ∥H∥
(
± d′ ∗ d′

∥d′ ∗ d′∥

)
where d′ ∗ d′ = d′ ⊗ d′ − 1

2(d
′:d′)J.

Questions
Model orientation (±)?

○␣ Model norm H(D) = ∥H∥?
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State model – Harmonic part – Norm modelling Hm : D 7→ Hm(D) ≈ ∥H∥?

Invariants

I1 (D) = tr(D) I2
(
D′) = D′:D′

Assumptions

Hm(D = 02) = 04 (Initial isotropy)
Hm(D = 12) = 04 (Fully damaged)

Model – Polynomial of invariants

Hm(D) =
∑
n,m

cn,m I1 (D)n · I2
(
D′)m

Data set E

H

∥H∥

D

inv

?

Sparse regression =⇒ Hm(D) = 12 · 109 · I1 (D)4 · I2
(
D′)
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State model – Conclusion

Knowing κ0, µ0 and D, the elasticity tensor can be modelled as

E(D) = 2µ(D)J+ κ(D)12 ⊗ 12 +
1

2

(
d′(D)⊗ 12 + 12 ⊗ d′(D)

)
+H(D)

where the invariants and covariants models are

µ(D) = µ0 −
κ0
4
(trD) +

κ0 − 2µ0

4
(D:D) d′(D) = −2κ0D

′

κ(D) = κ0

(
1− 1

2
trD

)
Hm(D) = h(trD)4D′∗D′
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Verifications – Reconstruction of stress σ from (exact) damage
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Verifications – Over the whole dataset
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Verifications – Highly damaged tensors
max(D1, D2) > 0.5 and D1 < 0.95 and D2 < 0.95
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Next steps – Evolution model: Basis

Defintion by case
Criterion function

f(ε,D) = εeq − C(D)

Damage evolution

Ḋ =

{
0 if f(ε,D) < 0

λ̇⟨∆⟩+ if f(ε,D) = 0

Remark C(D) and λ̇ are by ḟ(ε,D) = 0. −2 −1 0 1

·10−4

−2

−1

0

·10−4

ε1
ε 2
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Next steps – Evolution model: Preliminary results

Figure: Bitension Figure: Tension
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