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Context: Sound synthesis

Bowed string dynamics: Nonlinear dynamical system with
self-oscillations due to an alternance between stick and slip phases.

[SS

Source: https://www.youtube.com/watch?v=6JeyiM0OYNo4
(ViolinBOW)



Problem Statement

@ Sound synthesis of a resonator with nonlinear interaction?

@ Ensure power balance and therefore computational stability

ac. . . . . . “w . . .
Silvin Willemsen, Stefan Bilbao, and Stefania Serafin. “Real-time implementation of an
elasto-plastic friction model applied to stiff strings using finite difference schemes”. In: 22nd International

Conference on Digital Audio Effects. 2019.

Framework: Port Hamiltonian Systems (PHS)

@ PHS formulation?
@ Modularity: interconnection of several PHS is a PHS

e Passive guaranteed simulation (stability)

aBernhard M Maschke, Arjan J Van Der Schaft, and Pieter Cornelis Breedveld. “An intrinsic
Hamiltonian formulation of network dynamics: Non-standard Poisson structures and gyrators’. In:

Journal of the Franklin institute 329.5 (1992), pp. 923-966.
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Port-Hamiltonian framework: Generalities

@ Every physical systems are passive, i.e. they fullfill a
power-balance d"z(tt) + D(t) + P(t) = 0, with energy
E(t) € RT, dissipated power D(t) € R* and external power
sink P(t) € R.

@ Preserving this property ensures the stability of numerical
schemes and control laws.

Port-based modeling Bond-graphs, network of components

Theoretical mechanics Symplectic, Poisson, Dirac structures

Non-equilibrium thermodynamics GENERIC formalism

Control theory (structured) input-state-output system
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Port-Hamiltonian framework: Mathematical background

The pH framework relies on the definition of Dirac structures'. Consider
@ a finite dimensional vector space F (space of flux),
@ its dual space & = F* (space of efforts),
@ the product space P = F x &,

@ the duality bracket (:|-) : { (fpe) : Iifm
and define the (canonical) symmetric pairing

_ PxP - R,
<<-|'>>-{ ((f,e), (Bye2)) = (elh) + (elf).

A Dirac structure is a linear subspace D C P s.t. D = D1, with
Dt = {(f,e) € P, ({(f,e)|(,€))) = 0V(f,&) e D}.

1, . . . I
Vincent Duindam et al. Modeling and control of complex physical systems: the port-Hamiltonian

approach. Springer Science & Business Media, 2009.
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Port-Hamiltonian framework: Definition

To recover the power balance, the flows and efforts spaces split as

P=FxE = (.stfdxfcxt)X(gsxgdxgext)7
(fu e) = (é?fduf;\,xt7e$7ed7eext)7
with

Storage state x € R™, Hamiltonian H : R™ — R,
fy 2 9% and e, 2 VH(x), s.t. X — (e|f),
Dissipation variable w € R™, function z : R™ — R,
f4 = wand ey £ z(w) s.t. D = (e4|fy) >0,
Exterior control u € R", observation y € R,
foxt £y and e £ st P = (ecx|foxt).

Now, if P is endowed with a Dirac structure D, we have V(f, e) € D:

(((f, e)I(f, e))) = 2(e|f) =0,

dH
o that: (e + (el ) + {eesalfot) = T 1D 4 P,
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Port-Hamiltonian framework: Example 1

The damped oscillator with external force:

d’q dq
m— = —k *aiiFm ext -
at? 97 %4 et

Storage state x = (q,p = mi—‘t’), Hamiltonian H(x) = %‘72 + %,
f, = 9% = (99 %) and e, 2 VH(x) = (kq, 39),
Dissipation variable w = %, function z(w) = aw,
fs = wand ey £ z(w) s.t. D= aw? >0,

. H d
Exterior control eoxt = U = F_ext, Observation foy =y = T?.

Port-Hamiltonian system
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Port-Hamiltonian framework: Example 1 (cont.)

Port-Hamiltonian system

d aH( > )

& 0 +1|0]o0 o

1 [ -1 o|-1]-1 OH(4.p)

wo| 0 +1{ 0|0 z(w)

y 0 +1]0 U
\—\f,—/ i N’

v

Constitutive relations

dt

e D>0 P
dt

eTf:VH(x)Tﬂ—kz(w)W—k uy .
. , = =

A

Dirac structure D = {(f,e) € R* x R*, f = Je}

(elfy=eTf=eTJe=0, VY(f,e)eD.
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Port-Hamiltonian framework: Example 2

Linear (clamped) string model

0u 0%u
:U’at2 (57 t) + a (57 t) =Tog 352 (67 ) + fS—)ext(gu t)7

il 10 OH
2(&,t) 0 Lae| 0|0 B (g(&, 1), v(§, 1))
Blen | _[2& o |22 || 2(gen.ven)
ws(&, t) 0 i 0 0 z\(wS &, t)
ys(&, 1) 0 L Jof]o us(€, t)

with
@ For the storing components: %If = Tog and % = uv
@ For the dissipating components: ws; = v and z (w;(§, t)) = av

@ For the power source: ug(§,t) = —f (&, t) and

¥s(€,t) = v(§,t)
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The bowed string

Friction model with two external ports

Control port with imposed velocity v. and f;_,. the force exerted
by the interaction.

Interaction port with string velocity vs and f;_,s the force exerted
on the string.

Power emitted through the ext. ports : u'y = fi_,svs + fiscve.
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Dupont friction model

Elastoplastic friction model

The interaction forces depend on the relative velocity vie = v — v
which is decomposed as vyl = Ve + V.

@ Sticking phase with potential
elastic energy

@ Presliding phase mixing A o<
elastic and plastic behaviour i i
-,

2o < 2] <l

@ Slipping phase with purely

plastic behaviour
Microscopic displacement of the bristles between the bow and the

string?

2l 2 |2s|

a . . . . . . e 2
Willemsen, Bilbao, and Serafin, “Real-time implementation of an elasto-plastic friction model

applied to stiff strings using finite difference schemes”.
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Dupont friction model 2

@ Includes a compliance damping o, and a fluid damping o¥.

@ Is given as an implicit relation

— dax
fiss = keXe +0c at T OfVrel
dXe — [Vrel | ct(Xe , Wrer ) Ke
TE = Vi |1 — e
dt rel ( Vrel fss(Vrer) €

where the steady state friction force (Stribeck curve) is defined by:

1
fss(Vrel) =

2
p fc+ (fs —fc)exp | — (Vm) ,

VS

and a(xe, Vel) € (0,1) is an adhesion map.

2Dupont, P., Hayward, V., Armstrong, B., Altpeter, F. (2002). Single state
elastoplastic friction models. IEEE Transactions on automatic control, 47(5),
787-792.
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Dupont friction model

Elastoplastic friction model

Elastic behavior:

Xe(t) = x(0) + /Ot Ve(7)dT

with potential energy he(x.)

ke x? . .
ezxe and associated elastic force

dhe

f;} s —
- dxe

eXe
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Dissipation relative to the plastic behaviour:

0 if sign(xe) # sign(veel);
o) = 4 - 0 if sign(x) = sign(vie1),  Ixel < Xba,
e Vrel Alxe, viet) I sign(xe) = sign(Veel):  Xba < el < xss(vrel):
1 i sign(xe) = sign(Veel):  Xes(Wrel) < [xel

where for xp,, < [Xe| < Xss(Wrel):

E s
) L (el = (e
A(Xe, Veel) = = | L+sin | T — = .
2 xss(Vrel) — Xba
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PHS Formulation

Dissipation variables

- ).(e + Vp,
hé(Xe)7

Wrel = Vrel

Wp =  KeXe

the Dupont model of friction reads:

fis = keXe + (Uc + Uf)Wrel — Oc¢ rLu(Wrel) Wp,
dx,
at = Vrel — pul(Xe, Wrel)Wp7

A Wrel
where rp,(Xxe, Wrer) = a(Xe, Wrey) ﬂ‘s(xrll) 0.
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PHS formulation

The PHS formulation of the Dupont model of friction is then

‘;Xte 0| 0 —-1|-1 +1 h(xe)

Weel 0| 0 0|-1 +1 Zpel (Weel, Wy Xe)

Wy =| +1| 0 0| 0O O Zp (Weel, Wy Xe) ,
fi s +1(+1 0| 0 O Vi

fise —-1] -1 0] O 0 Ve

with dissipation variables w = (w1, w;,)T, dissipation function
z(w; x.) = R(w; xc) w where

Oc+o0f —0¢ rDu(Xm Wrel)
- = > 0.
R(W,Xe) ( 0 rDu(Xe7 Wrel) ) =0

Remark: (i) the dissipated power is wTz(w; x.) > 0, Vxe. (ii)
Generic model (Dalh for 0. = 0f = 0 and fss = f¢, Lugre for

aXe, Wrer) = 1).
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Infinite dimensional PHS

Uncoupled concatenation of the string model with the friction model:

Oxs (¢, 1) J |K|g| o] o]o o o ( s(6,1)

we (€, t) —KTloo0 0 0] 0 o we(€, 1))
Vo(E, 1) —GgT|o]o 0 ol 0 o (&, 1)

dx‘(t) = 0 0|0 Ji Ki | Gi Gc (Xl(t ) s
w;(t) 0 0|0 |—KT 011G C wi(t))

yi(t) 0 ojo|-GI|-Cf| 0 o ui(t)

ye(t) 0o |ofo|-GI|—cl| o o ue(?)

with the coupling:

{us(é,t) = —yl()v(ﬁ)
Ui(t) = fQ'Y .yS 57 d€7

where v : Q — [0, 1] is the spatial distribution of the interaction force along the
string.
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Finite dimensional uncoupled PHS (modal projection)

dXg n 17 =~ ofi, (o \
nEa) (3 0k 96 8 o\( Fw
dt Ox: i
M, wa(0) KT o0 |0 0] 0 0 o ACAG)
Wi(t) = 0 *K;r 0 0 0 G Cc Zi Wi(t)'Xi(t))
AT G 0 |o 0ol 0 0 o o (Cs, 1)
yi(t) 0 -G'|0 -C'| 0 0 o0 (1)
ye(t) 0 -GI|o0o -CI|] 0o 0 O uc(t)
with

( uz(i,_,,t) ) _ ( 0 ) ( Zkyl(;)ek(ﬁs) )

when the interaction force is located in one point.
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Finite dimensional coupled PHS

Y0 J. 466 | 4R 46O | 0 95 (%:(1))
(1) -GGl J; 0 +Ki | 4Gc 9 (xi(1))
Mow.(t) | =] -KI 0 0 0 0 7 (Ws(t)
wi(t) ~GGI KT 0 0 +C. zi (wi(t); xi(t))
ye(t) 0 —GI [0 —C | o uc(t)

@ Input wuc(t): control velocity

@ Output y.(t): control force
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PHS of the bowed string

The finite dimensional model used for the simulations is obtained
by

@ Projecting the PHS of the string on the modal basis

en(€) = /2sin(*5),

@ Connecting the ouptput of the string (velocity) to the input of
the interaction model and the output of the interaction model
(force) to the input of the string.

0

o

) 0 Lik

TZ( -1, —1p —1|O = 0 0 TODEQ(f)
%( ) K 0 o (€8) K o (éB) 0 0 wP(t)
dxe 0 1ET(ep) 0 0 o -1 | -1 B (xo
dt 2 B e\
Wa(t) | = 0 Sk 0 0 0 0 aP(t)
Wrol 0 1eT(ep) o 0 0 ol —1 Zrel(Wrel s va:xc)
w T zp (Wrel, Wpi Xe)
— 0 0 +1 0 0o o —
i—e 0 0 +1 0 +1 0

where ET(€) = (e1(&)ex(€) . .. ex(€)) and &g denotes the position
of the bow along the string.
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Time discretisation

(i) Time derivative

dl(t) o X(k+1) = x(k) _ dx
at -’ " T T
where T is the discrete time step.

(i) Gradient VH(x)
The discrete gradient?

H(x + 0x) — H(x) dx

VaH(x,x + 6x) = 3 -

In the case of a linear system (quadratic hamiltonian: H = %XTQX), this is:

VaH(x, x +8x) = Q (X(k) + ‘5X§k)> .

a s - © o . . . .
Toshiaki Itoh and Kanji Abe. “Hamiltonian-conserving discrete canonical equations based on

variational difference quotients”. In: Journal of Computational Physics 76.1 (1988), pp. 85-102.
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Sound synthesis results

(a) ég =L/10 (b) ég =L/4 (c)és=1L/2

Figure: Displacement of the string at the interaction point for differents
bowing points.
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Sound synthesis results

le-14

0.0005

0.0004

Power (W)

0.0003

Energies (/)

0.0002

0.0001

Time (s) 0.0000

0.0 02 0.4 06 038 10

(a) Power balance Time 9
%(fx) +D+P (b) Energies

Power balance is preserved as it can be seen in the first column
which present the difference signal between the variation of the
Hamiltonian and the power damped minus the power of the sources.
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Conclusion

@ Generic interaction model (collisions, friction) in the PHS
formalism

@ Passive-guaranteed numerical simulation

@ Self-oscillations emergence depends on several physical and

interaction parameters (bowing point, velocity and force of the
bow)

@ Application to nonlinear resonators (e.g. string or plates in
large deformations)

@ Optimisation of numerical schemes and code with an aim for
real-time synthesis

o lIdentification of Dupont model parameters

N
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