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Beam:structure element that resists loads

L. Da Vinci 1493 G. Galilei 1638
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Rod/Beam theories
e Kirshhoff Rod

Kinematical constraint
Constrained load
Moments

G. Kirchhoff 1859
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Rod/Beam theories
e Kirshhoff Rod o Euler-Bernoulli
Beam

Kinematical constraint  Kinematical constaint
Constrained load Any type of load
Moments Moments

G. Kirchhoff 1859 L. Euler and D. Bernoulli 1750

Conclusion
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Rod/Beam theories

e Kirshhoff Rod e Euler-Bernoulli e Timoshenko
Beam beam

Kinematical constraint  Kinematical constaint Shear effect
Constrained load Any type of load Any type of load
Moments Moments Moments

G. Kirchhoff 1859 L. Euler and D. Bernoulli 1750 S.P. Timoshenko 1921
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® Material curve C.
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Kirshhoff rod model

Cosserat beam model

e Material curve C.

® S curvilinear coordinate of C.

® (S) placement of C.

® Moving director frame
{di} = (di.d2.d3)

d3 tangent to the centerline.

Conclusion

ds
\<
dy
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Kirshhoff rod model

Cosserat beam model : =
® Material curve C. dy ()
® S curvilinear coordinate of C. di a4
® (S) placement of C. c .

® Moving director frame
{d;} = (d,.d>,d3)

d3 tangent to the centerline.

Generalised curvatures

Kk = Kk1d) + Kodh + K3d3

M. Nizette, A. Goriely 1999
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Basic assumption

nternal forces and moment

N = Nidi + Nodr + N3ds
M = Mydi + Mad> + Mzds

N1, Ny shear forces N3 normal force
My, My  bending moments Ms; torsion

Conclusion
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My, My  bending moments Ms; torsion
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Static equilibrium
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Basic assumption

Internal forces and moment dS =0=— N(S) = J
N = Nidi + Nodr + N3ds
M = Mid; + Mydr + Mzds
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N1, Ny shear forces N3 normal force
My, My  bending moments Ms; torsion

Static equilibrium
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Basic assumption

Internal forces and moment dS =0=— N(S) = J

N = Nidi + Nodr + N3ds
M = Md, + Myd> + Msds No external forces

‘ N=0
N1, Ny shear forces N3 normal force ﬂ -0 J
My, My bending moments Ms torsion) ds

Static equilibrium

ﬁ+d3><N = 0
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000e00

Basic assumption

Internal forces and moment % =0= N(S)=N J
N = Nidi + Nodr + N3ds
M = Md, + Myd> + Msds No external forces
’ N =0
N1, Ny shear forces N3 normal force ﬂ -0
My, My  bending moments Ms; torsion ds )
Projecting along d;
Static equilibrium - 0
=0
M dM:
d—+d3><N =0 “2 o Maky — Mikp, = 0
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Constitutive laws

St. Venant Kirshhoff energy per unit length

1
Y=7 (Eh 3 + Ehb K3 + Gl K3)

V.
Linear constitutive laws

M1 = E/1 K1 M2 = E/2 K2 M3 = G/3 K3

\

d
dM Eh =2 4 (Gl — Eh)gks = 0
I = () ds
i £,9%2 4 (Bl — Gl)rirs = O
2 dds 1 3)v1~3  —
K3 .
G/3E + E(/2 = /1)/€1/€2 = 0 |
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Dimensionless procedure

Kinematical variables

Dimensionless parameters

pi(s) = éf,-(s)

ri(s) = ori(9)

with h<h<h, 0<e<l, 2<g<s3
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Dimensionless variables

Dimensionless parameters Bending stiffness

€g
I =
YT 1
_ 8
2T 1 |
Energy per unit length
My =nr1 Mo =nk Ms=k3 V(s) = %(rl K3+ r K3+ m%)

Curvature formulation

rn ki(s) — (n —1)ka(s)k3(s) = 0 Non linear first order
rkh(s)+ (n — 1) ki(s)k3(s) = O
r3(s) + (r2 — n) ka(s)ro(s) = 0

D.F. Lawden 2013
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Geometrical regimes (material + cross section shapes)

Dimensionless parameters Bending stiffness

Cross section properties

n=nr ie e=1 Symetric cross-section
. 1 . .
l1<nn e e>—— Thick cross-section
g—1
1
n<l je e< ~ 1 Thin cross-section (ribbon-like rod)
g p—
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Homogeneous solutions

ri k1(s) — (. — 1) ka(s)k3(s) = O
ro kh(s) + (rn — 1) ki(s)ks(s) = 0O
r3(s) + (2 — n) ka(s)ka(s) = 0

K1 (S) =0
/62(5) =0
H3(S) = K30

e#landn #1
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Trivial solutions

r ky(s) — (. — 1) ka(s)k3(s) = 0O
r khH(s) + (n — 1) ki(s)ks(s) = 0O
KJ%(S) T (r2 — r1) /ﬁ}l(s)/ﬁlg(s) = 0

K10 COS (g K30'S) + Koo Sin (g K30S)

= 2

K30 S) — K10 sin (g K30 S)

k2(s) = Koo cos (g

l€3(5) = K30
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Trivial solutions

r k1(s) — (. — 1) ka(s)k3(s) = 0O
ra kp(s) + (n — 1) ka(s)ks(s) = 0
r5(s) + (r2 — n) ka(s)ka(s) = 0

K10 COS (g K30 S) + Kpg sin (g K30 S)

K30 S) — K10 sin (g K30 S)

ka(s) = Kpocos (g

fi3(s) = K30

m(s) = K10 COS ((g = 2)/620 S) + K3psin ((g = 2)/{20 S)
RQ(S) = K20
rk3(s) = kaocos ((g —2)ka0s) — kiosin ((g — 2)k20S)
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M is uniform all along the rod ||M|| :== M is constant.
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M is uniform all along the rod ||M|| := M is constant.

First invariant: Moment

M? = (rl /@1(5))2 + <I’2 /<;2(5)>2 + k3(s)?
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Invariants

M is uniform all along the rod ||M|| := M is constant.

First invariant: Moment

M? = (rl /el(s))2 + <I’2 /<;2(5)>2 + k3(s)?

Second invariant: Energy per unit length

e > <r1 k1(5)% 4+ r ka(s)? + /£3(5)2)
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[o] Jele}

Invariants

M is uniform all along the rod ||M|| := M is constant.

First invariant: Moment

M? = (rl m(s))2 + <I’2 /<;2(5)>2 + k3(s)?

Second invariant: Energy per unit length

|
A\

e > <r1 k1(5)% 4+ r ka(s)? + /£3(5)2)

A\

=
N
Il
N
<
e
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Geometrical interpretation

1 1
M2 = M} + M5 + M3 MrzZEM12+EM22+M§

Sphere Ellipsoid

In (M1, My, M3) Configuration



Solution of the problem
coeo

Geometrical interpretation

1 1
M2 = M3 + M3 + M3 u2:r—1M12+EM§+M§

Sphere Ellipsoid
In (My, My, M3) Configuration

Solutions €=========> Surfaces intersections

Existence condition
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Geometrical representation with fixed energy pu

- 0.1
0.05 0.05 |
Thick 2 o g o
-0.05 -0.05 |
0.1 L 01
0.1 0.1 0.1 04
0 o 0 0
M My, 0Tt g My, OV 01y
n=- 1<n<{yn<vn 1<y/n<n<vn
0.1 o
0.05 i
0.05
5 0 < o0
-0.05 -0.05
Thin 01 01
.- T
P 005 -~ - :
01 008 O

01
M. M, M 01y

VA<n<l<.n Vi<l<n<yn
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Analytical solutions
r k1(s) — (. — 1) ka(s)k3(s) = O
r kh(s) + (rn — 1) ki(s)ks3(s) = 0O
r3(s) + (2 — n) ka(s)ra(s) = 0
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ocooe

Analytical solutions
r k1(s) — (. — 1) ka(s)k3(s) = O
r kh(s) + (rn — 1) ki(s)ks3(s) = 0O
r3(s) + (2 — n) ka(s)ra(s) = 0

e For thick rod
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Analytical solutions
r k1(s) — (. — 1) ka(s)k3(s) = O
r2ry(s) + (rn — 1) ki(s)ks(s) = 0
r5(s) + (r2 — n) ka(s)k2(s) = 0O
o For thick rod

k1(s) = Risn(A(s+sp) | m) ki1(s) = Fisn(A(s+so) | m)
ka(s) = Facen(A(s+so) | m) ka(s) = =LRadn(A(s+sp) | m)
r3(s) = LRzdn(AM(s+s0) | m)| k3(s) = Ezen(A(s+so) | m)
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Analytical solutions
r k1(s) — (. — 1) ka(s)k3(s) = O
r2ry(s) + (rn — 1) ki(s)ks(s) = 0
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e For thin rod



Solution of the problem es Conclusion

[eJele] ]

nalytical solutions
r k1(s) — (. — 1) ka(s)k3(s) = O
r2ry(s) + (rn — 1) ki(s)ks(s) = 0
r3(s) + (2 — n) ka(s)ra(s) = 0
o For thick rod

k1(s) = Risn(A(s+sp) | m) ki1(s) = Fisn(A(s+so) | m)
ka(s) = Facen(A(s+so) | m) ka(s) = =LRadn(A(s+sp) | m)
r3(s) = LRzdn(AM(s+s0) | m)| k3(s) = Ezen(A(s+so) | m)

For thin rod

ki(s) = Z£Ri1dn(A(s+s) | m) ki1(s) = Fien(A(s+sp) | m)
ka(s) = Facen(A(s+so) | m) ka(s) = =LRadn(A(s+sp) | m)
r3(s) = Fasn(A(s+so) [ m) K3(s) = Fazsn(A(s+so) [ m)




Solution of the problem er a es Conclusion

[eJele] ]

Analytical solutions
r k1(s) — (. — 1) ka(s)k3(s) = O
r k() + (n — 1) ki(s)ks(s) = 0
K3(s) + (r2 — 1) ka(s)ka(s) = O
e For thick rod

k1(s) = Risn(A(s+sp) | m) ki1(s) = Fisn(A(s+so) | m)
ka(s) = Facen(A(s+so) | m) ka(s) = =LRadn(A(s+sp) | m)
r3(s) = LRzdn(AM(s+s0) | m)| k3(s) = Ezen(A(s+so) | m)

For thin rod

ki(s) = Z£Ri1dn(A(s+s) | m) ki1(s) = Fien(A(s+sp) | m)
ka(s) = Facen(A(s+so) | m) ka(s) = =LRadn(A(s+sp) | m)
r3(s) = Fasn(A(s+so) [ m) K3(s) = Fazsn(A(s+so) [ m)

Structure ri, r»

Ri Il
i A, m controlled by Load parameters p, 7
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Curvature analysis w.r.t 7 (fixed 1)

Thick < 000 0.05
* 0,06
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Curvature analysis w.r.t 7 (fixed 1)

Thick

0.05
S 0
-0.05
o 0.05
0025 >"0,05
My M,
increasing n
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Curvature analysis w.r.t 7 (fixed 1)

005
0.05
< 0
]
. 0.08 s o
Thick < 0.07 0.05 = -0.05
0.06 . 005 o
0010, 005 500 )
My } M 0020™"00s © e’
M, 1y My, O M

7 fixed increasing n various regime
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Curvature analysis w.r.t 7 (fixed 1)

Thick < 000 0.05
* 0,06

0.1
ob1 005,

Thin -

005
0.05 R

) E 0

= 0 -0.05
-0.05 0.4 /

o 00 “00s

0.029 0,05 '

My My My M

increasing n various regime
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®0000000

t n (fixed p)

Thick E §:§Z 0.05
0.010%1 0 0.05
o 005y 0.02
M: 0 -0.05
’ M, My
7 fixed increasing n various regime
0.02
0.01
. s 0
Thin oo
0.02
orze 50° 10° 0.12 001000
My

increasing n
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Curvature analysis w.r.t 7 (fixed 1)

Thick E §:§Z 0.05
0.010%1 0 0.05
Pl 005y 0,024
M, » 07005 ",
7 fixed increasing 7

0.02
0.01
. S 0
Thin oo
-0.02

N 00 .01

0.12 .0.01

increasing n

0.05
0
-0.05
CARN
0 \\\/(‘/(

M,

My

various regime
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®0000000

Curvature analysis w.r.t 7 (fixed 1)

0.05
< 0
Thick < §:§2 0.05 = 0 -0.05
%% 0.05 ’ 7 008 B 005
P e M, 0.02 0. :
M, » 0 005 " w04 00 i
7 fixed increasing n various regime
0.02 0.05
0.01 g 0
. s 0 -0.05
Thin o1 i
-0.02 0 > B
0.122 5°5 [ %10 0.12 001°00 M 0™
M, - M
7 fixed increasing n various regime

7 controls the type of the soluti
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Curvature analysis w.r.t y

Thick
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Thick

u fixed

Further analysis:rod shapes
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4 05
My 1 M

increasing p
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Thick
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05 0
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u fixed
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4 05
My 1 M

increasing p
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Thick
-1 1
05 0
w T m
u fixed
0.5
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1
0 0.5
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increasing p
0.5
S
-0.5
1
0
0 0.5

M, + -0.5 A

increasing L
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Thick
-1 1
05 0
w T m
u fixed
0.5
@
. -0.5
Thin
x
0 0.5
1 0 -
M, 0.5 i

1 fixed

Further analysis:rod shapes
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increasing 1
0.5
S
-0.5
1
0
0 0.5

M, V05 i

increasing

1 scaling parame size of the solution
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Homogeneous solutions

wesm Bending along dy
e Bending along da
mmmm Torsion

_1
g—1
\8)
0
0 1 NZ
n=M/u
rki(s) = Lr ra(s) = O/, ki(s) = 0
! HQ(S) E— l€2(5) =0

ka(s) = 0 r
ka(s) — 0 Ka(s) = " ra(s) = p




Trigonometric solutions

Further analysis:rod shapes
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0 1 NG
n=M/u
g—2 . ,8—2
I-il(S) = K10 COS ( K30 S) -+ Kop SIN ( K30 S)
-2 ) -2
KQ(S) = Kp0 COS (g K30 S) — K10 SIn (g K30 S) I£3(S) = R30
k1(s) = Kipcos ((g — 2)k20 5) ~+ K3psin ((g — 2)k20 5) k2(s) = koo
rk3(s) = kapcos ((g§ —2)k20s) — K1osin ((g — 2)k205)

v
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Jacobian solutions

ki1(s) = Fisn  ki(s) = FRisn  ki(s) = Ridn ki(s) = Ricn
ko(s) = Racn  ka(s) = Fodn ka(s) = FRaen  ko(s) = Radn
k3(s) = Radn k3(s) = Fsen  k3(s) = Rssn  k3(s) = FEssn
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Jacobian solutions

Further analysis of rod shapes gives a better understanding for the role of
7 and e
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Placement and directors
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Placement and directors
d,/ =K X d,'

Deformed placement

Cartesian placement
O — a3+ @3k =0 | d =rk3dy — kods | Px = P €x
oh—w3k1+p1h3 =0 o) =kids —k3dy | ¥y =¥-ey
@3 — p1k2+ ok =1 dy = kody — K1ds | Pz=@ €z
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Placement and directors
d,/ =K X d,'

Deformed placement

Cartesian placement
O — a3+ @3k =0 | d =rk3dy — kods | Px = P €x
oh—w3k1+p1h3 =0 o) =kids —k3dy | ¥y =¥-ey
@3 — p1k2+ ok =1 dy = kody — K1ds | Pz=@ €z

e First order O.D.E. with nonlinear coefficients

/

Hard to solve analytically =============> Numerical simulations.
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Deformed placement

Cartesian placement

O — a3+ @3k =0 | d =rk3dy — kods | Px = P €x
oh—w3k1+p1h3 =0 o) =kids —k3dy | ¥y =¥-ey
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e First order O.D.E. with nonlinear coefficients

/

Hard to solve analytically =============> Numerical simulations.

® For fixed e, g; 1 and ¢, rod behaviour depends on 7.
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000e0000

Placement and directors
d,/ =K X d,'

Deformed placement

Cartesian placement
O — a3+ @3k =0 | d =rk3dy — kods | Px = P €x
oh—w3k1+p1h3 =0 o) =kids —k3dy | ¥y =¥-ey
@3 — p1k2+ ok =1 dy = kody — K1ds | Pz=@ €z

e First order O.D.E. with nonlinear coefficients

/

Hard to solve analytically =============> Numerical simulations.

® For fixed e, g; 1 and ¢, rod behaviour depends on 7.

® Detailed study of this control parameter gives a better understanding
of the geometry of rod shapes
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n analysis: Trivial case

NG

n=1 n=yn n=r
Torsion Quasi-bending % d;  Bending % d»

s Quasi-bending along dy
s Bending along dy
m Torsi0n
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n analysis: Trivial case

v O 0

Bending % d Quasi-torsion Bending % d>
1

wesn Bending along dy
e Bending along da
mmm Quasi-torsion

1

g—1

Conclusion
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n analysis: Trivial case

Thick O

n=1 n=yn n=r
Torsion Quasi-bending % d;  Bending % d»
Thin S O

Bending % d Quasi-torsion Bending % d»
What is the behaviour of the rod by varying n for u fixed???
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1 analysis: General rod behaviour

Thick Thin
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[elejelele] lole}

1 analysis: General rod behaviour

/
E:l.OOSl /L
Thin

Thick

o 7 dictates shapes of the beam.
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of the problem
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1 analysis: General rod behaviour

E:l.OOSl /
Thin

Thick

—

o 7 dictates shapes of the beam.
e Increasing 1 switch rod shape from torsion to bending and vice versa

in a continuous way.
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Influence of e on rod behaviour
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Influence of e on rod behaviour

Further analysis:rod shapes
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Perspectives

DNA helicoidal shapes Chromosome condensation

Yarn balls shapes Torus knots
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Conclusion

® Kirshhoff rod subjected to pure moment.

® Two invariants dictate the existence of the solutions.
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Conclusion

Kirshhoff rod subjected to pure moment.

® Two invariants dictate the existence of the solutions.

® Exact solutions in terms of Jacobian elliptic functions.

® Four parameters control the problem:

o Material g. e Geometry of the cross section e.

e External moments 7. e Internal energy per unit length p.
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Conclusion

Kirshhoff rod subjected to pure moment.

® Two invariants dictate the existence of the solutions.

® Exact solutions in terms of Jacobian elliptic functions.
® Four parameters control the problem:
o Material g. e Geometry of the cross section e.

e External moments 7. e Internal energy per unit length p.

® 7 controls the shape of the pattern.
Independent of rod length.

® 4, controls the size of the pattern.
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