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Context : Finite
Utt transformations

université de technologie
Troyes

of solids

* Forming processes
e Biomechanics
e Crash test

« Explosion

Standard materials: derive constitutive models with thermodynamic
considerations.

Proposition: the deforming material should see the same constitutive
model as the observer in the laboratory : invariance that includes
deforming observers. A space-time context

Covariant thermodynamic
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Context

Space-time and geometric context

Thermodynamics

= Conservation of the energy-momentum
tensor

= Entropy
» Second principle of thermodynamics
= Clausius-Duhem Inequality

Constitutive model



I tédth ologie

’ Relativity
A utt

Special Relativity

Galilean’s frames

Lorentz
transformations

No curvature

No gravitation




Geometric context

« Space-time domain £2
e Four-dimensional differentiable manifold M
« Ambient metric tensor g of signature (1,-1,-1,-1)

« M an event M : a point in £2 .
{;13'“ =1, 2 5 4 alocal coordinate system in an

open neighborhood containing M.

« World lines in £2; a flow; tangent vector:

N dxt , 5 5
utt = —— with  ds” = g, dz"dx
S 5



Geometric context

 Invariance with respect to deforming observers

fiber bundle structure

4D basis in the tangent space at M: (@/833“)
defines an observer

ox™\ 9 9
u= (8y”> oxr A (x)(‘?m“
e Basis transformation :XZ where

is non singular and belongs to the group GL(4,R)

« MXGL(4,R) principal fiber bundle over M



Geometric tools & operators

. L : . 7,
Projection on time of a vector . : oy, U

Projection on space of a vector a.:

ot =o' — autut = ay, (g — u'u”) = ay, gt

- Lie derivative in the velocity field: Z,(.)

« Covariant derivative (metric conne~tinn): Y“'(')

dyy = §$u (QMV)

e Define the rate of deformationd: d = d

and note that1 and that N
dt, = 5 (V,ut + Vuu’/)
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Conservation of the
' Utt energy momentum tensor
‘ TTTTT o

Tntroduce the energy-momentum tensor T with de
decomposition:

T = Uuu” + g*u” + q"ut + TH

where:

U=Tuqug = p, (02 4 6int> is the projection on time

pe is the rest mass density

5 eint 18 the specific internal energy.
po_ paB p
" =1""g

g JUB isthe projection on time and space

T = Taﬁg gﬂ is the projection on space,
identified with a stress tensor

The conservationis: V,TH =0



Entropy

+ Define a time like vector: W* = p . WyuH

o Define the difference:
OSH = TH vy, — OF =THy, — p.Wut

U= Taﬁuaug = Pe (62 + emt)
« Then, with:

the projection of S on time is
~ 2 ~
Pc (C + 6int) il Pc\I’ ~
Stuy, = 9 — PcT]
977:02_'_62'7115_\1]
e and: U =c*+ein — O
-/, the free energy; 0 the temperature; i the specific entropy
10




Entropy

» The projection on space of S: 05" =Ty, — pcPu”
1" u, — ﬁC\I/u q”
SV p— S e — K H e —
= ny 0 g 0
with ¢" = To‘ﬁgyauﬂ
. N N b TV 5 I H
S”:pcﬁuu-l-ﬁuzpc??u”—l—%: (0 6),0 U
« Note that (Vallée 1981) :
T u, — p.Yut - U Uy,
H — p— _ H pv _ =
S 7 (pen 7 ot + T 7 .



Second principle of
thermodynamics

« The space-time second principle of thermodynamics:

V,.S" >0

e Then p
~ q
Vi (pcnu“ + ?) >0

e and q"

0pc.-2u(n) +V,uq" — 7 V,0>0
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Clausius-Duhem

Consider the conservation of energy-momentum and the

second principle:

_{ N =g 7 OS2 0
This leads to

7
T"d,, — pe (Zu(¥) +nZu(0)) — %VMH +qua” >0

with the mass conservation and:
T = Uuru” + g u” + ¢"u” + TH
U = + ejnt — O 3
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9 Utt | Constitutive models

. The transformation: " = ¢(X")

0X*oXP

* The Cauchy deformation tensor: by, = gag——-—
T x

1
« The Euler strain tensor : €uv = §(gw —buy)

A .
1 Actual motion

Reference motion

Inertial motion Rigid body motion Motion IIT 15



Constitutive models

« To construct a constitutive model, we choose:

C KO A
V(6. I, Iir) = — 50 (6~ 00)° - 3=—(0 = 00)]1 + 5 (I1)? + Iilu
» Theinvariantsofe: I =¢  g"
It =¢ee,,

ov 6\|J (‘3\I!
16



« and the fact that: ogu (glu,u) — %"g’u’ (g/,u/
)

e |t comes:

TH = —3ka(0 — 00)g"" + )\ngwgw + 2uet” — 3ra(f — 90)(§wgwg’w — 2eM”)

3 2
€.39" Ly 5 U\ Sym
4 <—26759756/“W 4 ( 755 ) " ) + 2u (ngvﬁgu _9 (Q’ZQ’B ) )
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Conclusion
A  Conclusion

université de technologie
TTTTTT

= A covariant thermodynamic.

To derive constitutive models.

Advantage: no need to consider a material
(Lagrangean) configuration, the derivation is
possible for all descriptions.

Perspective : model dissipative effects
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Thank you
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The four-dimensional Cauchy deformation tensor b :

buy = (FS) H(F)) ™ 'nap

ZU(QILLI/) =0

The 4D Eulerian strain tensor e :

The four-acceleration a :

The rate of deformation d :

1

2

Zu(euw)

(8w — buv)

=d,, =d

" = uMVut

20



The energy-momentum tensor :

T =Uutu” + (g"u” + q¥ut) + THY

@ U is a scalar density Y = TH" u,u,

@ gt is a vector g" = (6 o — utuy) TP ug

@ T/ is a second-rank tensor T/

In the proper coordinate system :

o

(

U

9 O O
w N R

R
Fiog1
Fo1 22

&)
1
72

73 )

= (0" o — utuy ) (0¥ g — u’/u5)To‘B

With physical considerations :
@ the energy density U/ = p. (c2 - e,-,,t)
@ the energy flux density q

@ the stress tensor T .
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