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Abstract

Geometric theory of defects

Micromorphic model
How to gV
Connection and metric

Ehresmann connection

Torsion ~ dislocation "\ )
C‘“’"“‘““’ N disclination Connection, metric and the

Nonmetricity
\
Nonmetricitv ~ Somigliana dislocation
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Ehresmann connection

Ehresmann connection consists of a smooth assignment to each
point ¢ € C of an n-dimensional horizontal subspace H.C C T.C s.t

T.C=HL®V.L where V.C={V eT.L: 7.V =0}
Throughout this presentation, we consider C =T ..
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Operator lift I': T.# — TC

VeC

q\\/fl

Cq
Let u = u®0/0x* € T,.# and c € Cp, there is a unique horizontal
lift I'(c)u at a point ¢ € Cp, st m.(I'(c)u) = u:
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Horizontal decomposition

The horizontal and vertical c g/bx*
spaces: g c<’
) 0 ~ 0
cb = = = I ;
HeC = span (5ﬂca Oxo a(©) &y’) i r
0
V.C = ‘
span( 8yz)
&
Their dual spaces P o

H*C = span(dz®)
V*C = span(0y’ := dy' + I'* ,dz*)
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Remark
The lift operator is independent on the chosen coordinate. Under a
transformation of coordinated on ./, i* = #%(x%), one has

a:zbfk _ aazkpb 0%t v
oxa” b 9xbT T §radab”

Remark

- Holonomic basis: {0/0z%,0/0y'} and {dx?,dy'}, don't
transform like a tensor.

- Nonholonomic basis: {§/5z%,0/0y'} and {dxz®,dy'} transform
like a tensor.

Remark
The connection is linear if I",(z,v) = I",;v7. In the linear

situation, I",, is defined an affine connection on ./ .
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LEhresmann curvature and torsion
:

Ehresmann curvature and torsion on T'. 4

. . . 2 al-vi
7 7 J— a
I} Ehresmann connection on C. Define Faj = oy
Ehresmann curvature Ehresmann torsion
, LY AT A . . i i i
% . aj bj k % k i T = /I —
Wi = 55 — 5ga T 1 agl b =65  "a Ch O
I"%,. affine connection on .#.
Classical curvature Classical torsion
8F(Z ara y a a a
a . cb dj k pa k pa T =J7%
R bed — axd - 81-0 + F CbF dk - F de ck bC bC Cb

If I, (x,v) = I, ;v7, one has %ijab = Rijab and ¥, =T .

_a]
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Sasaki metric

The nonholonomic bases (d,,0;) and (dz?, §y') are convenient
local basis on T'C and T*C, respectively.

On C, Sasaki metric or the fundamental tensor are introduced by

g(z,y) = ga(2)dz” @ da’ + gi;(z, y)dy' ® 0y’
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Material transformation

— Let &£ be a material three-dimensional differentiable manifold
and (X4, Y7) be a coordinate system on T'%.

— TE? is an Euclidean bundle with (z%,4") denotes coordinate
systems. The ambient metric is

g = gap()dz® ® dab + gi;(x)dy' @ 0y
— A bundle mapping one-to-one €', have inverses ¢
T:T#—TE, (X,V)— (¢(X),¥(X,V))
— Total gradient

F:TT%A — TTE?  (X,V),W)— (Y(X,V),DY(X,V)W)
F = 0040, @ dXC + 000’0, @ dXC + 05 W0, @ dY K.
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Induced geometrical structure

vl =1(y)

TE?
7
L(Y)V =T*t r i

Tx %A TI]Eg
An induced Ehresmann connection and a fundamental tensor are

rl, = Fla,w Gap = FégupF5 Gry = ]‘—}Qz’j}g'
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Remark
By the definition of the connection, for any closed curve o on 4,
its horizontal-lift is defined by o' = Y='(¢ 0 o). Hence, R = 0.

Remark

Assuming that the transformation is linear i.e.

Vi(X,V) =wi(X)V’. Hence, the connection is linear (i.e.
'S =& (xX)v7) with

I =vkocwt Gry = VgV,

Eventually, the couple (I',G) offers a natural Riemann-Cartan
geometry on % with torsion, but vanishing curvature and VG = 0.
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An extended material transformation

A material transformation is then

T: VI# — VIE? L)
X o ¢(X)
V = ¥(X)V ®) ©
W o= OX)W

The scale ratios ;g = dma/L
and 02, = dyi/dma are defined
for accounting for scale lengths.
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An extended material transformation

A material transformation is then

T: VI% — VTE?
X = ¢(X)

V o= y(X)V . Y
W = X)W

The main idea is to define
The scale ratios ;g = dpma/L,

r. TT% — TTE 2 = dpi/dma and
st Yyrg = T 02 = dpa/dm; are defined for

accounting for scale lengths.
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Linear contribution

A typical example:

T: TT# — TTE3
(XY, W) — (6(X),¥(X)Y,2(X,Y)W)

with det F' > 0; det¥ > 0 and det ® > 0.
{2 being in the form:

2= F3%09, ® dX* + 2,0; ® dX* + 0% (X)d; ® dY K
with 24 = (1 — £2)04¥ + 2040%)Y 7 with 0 < £2 < 1.

It satisfies
Yvrez =T.
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Linear contribution

T,E3

Straightforward computations give the connection I is linear:
IS, = 6K((1 - 20405 + (20,467).

This linear connection I' may have torsion ¥ and curvature A.
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L Linear contribution

- The linear connection I
Iy = Of (1= £)0a%) + 20467).
- The induced metric is obtained by
Gry = Olg;; 07,

- The couple (I',G) may be non-RC geometry (i.e. VG # 0). The
connection has both torsion and curvature.
+ If%ﬁlthenﬁzﬁl and hence R — 0 and VG — 0.

+ If © =¥, one has R = 0 and VG = 0.
+ If © =¥ = D¢, it yields that T =0; 9% = 0 and VG = 0.
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Torsion yes. Curvature no. Nonmetricity no.

U =1d 9:H+COSX181®32

Figure: £y =1, £2, = £2. = 0.25; (X') = 0.5cos X!.
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Torsion no. Curvature no. Nonmetricity yes.

=1+ ¢(X)0h® O =1+0(X")0®0

Figure: £pe =1, me = éfm» =0.25,e=01% =0.5cos X! and
6 = 0.5sin X!
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L Scale ratio and Simulations

Torsion yes. Curvature no. Nonmetricity yes.

U=T1+p(X)0 00 O=I1+0(X")d @,

Figure: ¢¥(X?) = cos X2 and 6(X!) = cos X}; £ = 1,62, = 0.5,
2 =0.25.
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LScale ratio and Simulations

Torsion no. Curvature yes. Nonmetricity yes.

=T+p(X)H®0 +e(X?)0®dy O=I1+60X"0®0

Figure: e(X?) = 0.5cos X2, ¢(X1) = 0.5cos X! and
B(X1) = 0.1cos X', lye =1, £2,; = 0.1111, (2, = 0.0625.
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L Scale ratio and Simulations

Torsion yes. Curvature yes. Nonmetricity yes.

U =T+ (X, X0, @ s+ (XL, X0, ® 0y
6 =1+6(X"9, ® 0,

Figure: £ = 0.25, 2 =0.25;¢2 . = 0.25; 6(X!) = 0.5cos X! and
na me

e(X?) = (X)) =0.5cos( X! + X?).
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Further discussion

T T

Nonholonomic principle Our technique
B — E?, X — = multivalued T:VI® — VIE®:
do® = F3dX4 (X, V, W) = (o(X), ¥(X)V, 0(X)W
Gap = FiganF} . fa=6hgudy
£C, — FCopi Gy = 6K ((1 - P)oaT} + £20,46%)

/N SN

Nano-effects © # ¥ Micro-effects © = ¥

N

Curvature Nonmetricit

F: multivalued F: single-valued

Torsion
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THANK FOR YOUR ATTENTION :)
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