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Ehresmann connection

Ehresmann connection

Ehresmann connection consists of a smooth assignment to each
point c ∈ C of an n-dimensional horizontal subspace HcC ⊂ TcC s.t

TcC = HcC ⊕ VcC where VcC = {V ∈ TcC : π∗V = 0}

Throughout this presentation, we consider C = TM .
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Operator lift Γ : TM → TC

Let u = ua∂/∂xa ∈ TpM and c ∈ Cp, there is a unique horizontal
lift Γ (c)u at a point c ∈ Cp, st π∗(Γ (c)u) = u:

Γ (c)u = ua
∂

∂xa
− Γ ia(c)ua

∂

∂yi
.
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Horizontal decomposition

The horizontal and vertical
spaces:

HcC = span ( δ

δxa
:= ∂

∂xa
− Γ ia(c)

∂

∂yi
)

VcC = span( ∂

∂yi
)

Their dual spaces

H∗C = span(dxa)
V ∗C = span(δyi := dyi + Γ iadx

a)
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Remark
The lift operator is independent on the chosen coordinate. Under a
transformation of coordinated on M , x̃b = x̃a(xb), one has

∂x̃b

∂xa
Γ̃ kb = ∂x̃k

∂xb
Γ ba −

∂2x̃k

∂xa∂xb
yb.

Remark
- Holonomic basis: {∂/∂xa, ∂/∂yi} and {dxa, dyi}, don’t
transform like a tensor.
- Nonholonomic basis: {δ/δxa, ∂/∂yi} and {dxa, δyi} transform
like a tensor.

Remark
The connection is linear if Γ ia(x, v) = Γ iajv

j . In the linear
situation, Γ iab is defined an affine connection on M .
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Ehresmann curvature and torsion on TM

Γ ia Ehresmann connection on C. Define Γ iaj = ∂Γ i
a

∂yj

Ehresmann curvature

Ri
jab =

δΓ iaj
δxb

−
δΓ ibj
δxa

+ Γ kajΓ
i
bk − Γ kbjΓ iak

Ehresmann torsion

Tiab = Γ iab − Γ iba

Γ abc affine connection on M .
Classical curvature

Rabcd =
∂Γ acb
∂xd

−
∂Γ adj
∂xc

+ Γ kcbΓ
a
dk − Γ kdbΓ ack

Classical torsion

Tabc = Γ abc − Γ acb

If Γ ia(x, v) = Γ iajv
j , one has Ri

jab = Rijab and Tiab = Tiab.
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Sasaki metric

The nonholonomic bases (δa, ∂̄i) and (dxa, δyi) are convenient
local basis on TC and T ∗C, respectively.

On C, Sasaki metric or the fundamental tensor are introduced by

g(x, y) = ḡab(x)dxa ⊗ dxb + g̃ij(x, y)δyi ⊗ δyj .
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Material transformation

Material transformation
− Let B be a material three-dimensional differentiable manifold
and (XA, Y I) be a coordinate system on TB.
− TE3 is an Euclidean bundle with (xa, yi) denotes coordinate
systems. The ambient metric is

g = gab(x)dxa ⊗ dxb + gij(x)δyi ⊗ δyj .

− A bundle mapping one-to-one C 1, have inverses C 1:

Υ : TB → TE3, (X,V ) 7→ (φ(X), Ψ(X,V ))

− Total gradient

F : TTB → TTE3 ((X,V ),W ) 7→ (Υ (X,V ), DΥ (X,V )W )
F = ∂Cφ

a∂a ⊗ dXC + ∂CΨ
i∂̄i ⊗ dXC + ∂̄KΨ

i∂̄i ⊗ dY K .
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Induced geometrical structure

An induced Ehresmann connection and a fundamental tensor are

Γ IA = FIi ∂AΨ i ḠAB = F aAgabF
b
B G̃IJ = F iIgijF

j
J .
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Remarks

Remark
By the definition of the connection, for any closed curve σ on B,
its horizontal-lift is defined by σ↑ = Υ−1(φ ◦ σ)↑. Hence, R = 0.

Remark
Assuming that the transformation is linear i.e.
Ψ i(X,V ) = Ψ iJ(X)V J . Hence, the connection is linear (i.e.
ΓKC = ΓKCJ(X)V J) with

ΓKCJ = ΨKi ∂CΨ
i
J G̃IJ = Ψ iIgijΨ jJ .

Eventually, the couple (Γ, G̃) offers a natural Riemann-Cartan
geometry on B with torsion, but vanishing curvature and ∇G̃ = 0.
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An extended material transformation

An extended material transformation

A material transformation is then

Υ̃ : V TB → V TE3

X 7→ φ(X)
V 7→ Ψ(X)V
W 7→ Θ(X)W

The scale ratios `ma = dma/L
and `2mi = dmi/dma are defined
for accounting for scale lengths.
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An extended material transformation

An extended material transformation

A material transformation is then

Υ̃ : V TB → V TE3

X 7→ φ(X)
V 7→ Ψ(X)V
W 7→ Θ(X)W

The main idea is to define

Υ : TTB → TTE3

s.t Υ|V TB = Υ̃

The scale ratios `ma = dma/L,
`2mi = dmi/dma and
`2na = dna/dmi are defined for
accounting for scale lengths.
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Linear contribution
A typical example:

Υ : TTB → TTE3

(X,Y,W ) 7→ (φ(X), Ψ(X)Y,Ω(X,Y )W )

with detF > 0; detΨ > 0 and detΘ > 0.

Ω being in the form:

Ω = F aA∂a ⊗ dXA +Ωi
A∂̄i ⊗ dXA +ΘiK(X)∂̄i ⊗ dY K

with Ωi
A = ((1− `2)∂AΨ iJ + `2∂AΘ

i
J)Y J with 0 < `2 ≤ 1.

It satisfies
Υ|V TB = Υ̃ .
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Linear contribution

Straightforward computations give the connection Γ is linear:

ΓKAJ = ΘKi ((1− `2)∂AΨ iJ + `2∂AΘ
i
J).

This linear connection Γ may have torsion T and curvature R.
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Linear contribution

- The linear connection Γ :

ΓKAJ = ΘKi ((1− `2)∂AΨ iJ + `2∂AΘ
i
J).

- The induced metric is obtained by

G̃IJ = ΘiIgijΘ
j
J .

- The couple (Γ, G̃) may be non-RC geometry (i.e. ∇G̃ 6= 0). The
connection has both torsion and curvature.

+ If |dY ||dX| → 1 then `2 → 1 and hence R→ 0 and ∇G̃→ 0.
+ If Θ = Ψ , one has R = 0 and ∇G̃ = 0.
+ If Θ = Ψ = Dφ, it yields that T = 0; R = 0 and ∇G̃ = 0.
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Scale ratio and Simulations

Torsion yes. Curvature no. Nonmetricity no.

Ψ = Id Θ = I + cosX1∂1 ⊗ ∂2

Figure: `ma = 1, `2
na = `2

mi = 0.25; θ(X1) = 0.5 cosX1.
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Scale ratio and Simulations

Torsion no. Curvature no. Nonmetricity yes.

Ψ = I + ψ(X1)∂̄2 ⊗ ∂̄1 Θ = I + θ(X1)∂̄2 ⊗ ∂̄1

Figure: `ma = 1, `2
na = `2

mi = 0.25, ε = 0 ψ = 0.5 cosX1 and
θ = 0.5 sinX1.
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Scale ratio and Simulations

Torsion yes. Curvature no. Nonmetricity yes.

Ψ = I + ψ(X2)∂1 ⊗ ∂2 Θ = I + θ(X1)∂̄1 ⊗ ∂̄2

Figure: ψ(X2) = cosX2 and θ(X1) = cosX1; `ma = 1,`2
na = 0.5,

`2
mi = 0.25.
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Scale ratio and Simulations

Torsion no. Curvature yes. Nonmetricity yes.

Ψ = I + ψ(X1)∂2 ⊗ ∂1 + ε(X2)∂2 ⊗ ∂2 Θ = I + θ(X1)∂̄2 ⊗ ∂̄1

Figure: ε(X2) = 0.5 cosX2, ψ(X1) = 0.5 cosX1 and
θ(X1) = 0.1 cosX1. `ma = 1, `2

mi = 0.1111, `2
na = 0.0625.
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Scale ratio and Simulations

Torsion yes. Curvature yes. Nonmetricity yes.

Ψ = I + ψ(X1, X2)∂1 ⊗ ∂2 + ψ(X1, X2)∂2 ⊗ ∂2

Θ = I + θ(X1)∂̄1 ⊗ ∂̄2

Figure: `ma = 0.25, `2
na = 0.25; `2

mi = 0.25; θ(X1) = 0.5 cosX1 and
ε(X2) = ψ(X1) = 0.5 cos(X1 +X2).
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