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Goal of the talk

» Ncether's theorem
» Extension to non-variational problem

» Conservation laws in fluid mechanics
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Conservation law

PDE: E(y,u,...,um) =0, Solution manifold Sg < R x R™
Div F=0 on Sg

» Flux: F = F(y,u,uay, u),---) is a R™-valued function
» Total divergence: Div F = D1F' + DyF2+ -+ + D, F™
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Total derivative D; = — + u? u?
" ou? U ouz
J

oy’

+ ...




Conservation law
Solution manifold Sg  C R™ x R

PDE: E(y,u,...,um) =0,

Conservation law:
on Sg

Div F=0
) is a R™-valued function

L0
g T
J

> Flux: F = F(y,u,uay, up),
> Total divergence: Div F = DiF' + DyF? + -+ + Dy F™
] 7]
+u;.a

Total derivative D; = —
oy ou?

e If y =t is the time then F is a scalar constant (D:F = 0) on Sg
o If y = (t,x) and F = (Ft, —F%) then D:Ft = DivyF*

d
(total density variation) —/ Ftdx = / F*dx (flux through 0Q)
dt Ja o9

e Better understanding of the dynamics of the system
Analysis of integrability, existence of solution, stability, ...

Development of robust numerical schemes



4/25

(First) Noether's theorem

(Dirichlet) Variational problem

> Ez/L(y,u,L’l,...,U(p)) dy
Q
» L=0 = Euler-Lagrange:  EL(y,u,i,...,up)) =0

SL oL oL
Ely= > = _pi[ =)+
ou? ou? ou?

Noether's theorem
Variational symmetry group £ <= Conservation law of EL =0




(First) Noether's theorem

(Dirichlet) Variational problem

> Ez/L(y,u,L’l,...,U(p)) dy
Q
> 0L=0 — Euler-Lagrange:  EL(y,u,i,...,up)) =0

6L oL oL
EL, := = — Di —_ + .-
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Variational symmetry group £ <= Conservation law of EL =0

Ncether's theorem

» (Local) one-parameter transformation group
G={ g:(v,u)—(y(y,u€e), uly,ue)) }

» G is a variational symmetry group of L if

/ﬁL(}?,ﬁ,,ﬁ(p)) df/:/QL(y,u,...,u(p)) dy
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Infinitesimal transformation

» Infinitesimal generator of G ' (If ge_o = Id)
X = ¢ 0 - 0 o ¢ ay' ) ou?
=¢— — wi = = — =
Ay’ n Bt B le=0> n B le=0
c(u)— Yt  X=—, prX =X
Eg. Oy

0 0 0
() (e e u), X = oy +Bus, X =X (B a)uy g



Infinitesimal transformation

» Infinitesimal generator of G ' (If g=o = Id)
N R o o Lo
= — - wi = (= |e= = 5 le=
Ay’ n Bt B le=0> n B le=0
0

.(yau)'—)(y—"_evu)v X:a_v er:X
Eg. o o < — Y 9 o % — X o

O(y,u)'—>(e Y€ U), *aya +ﬂua’ prA = +(6_a)uyauy

0

>

Generalized infinitesimal transformation: X = f"? +n? EWE

with ‘Ei = §i(y7 u, u(1)7 000 )v 773 = 773(}/7 u, u(l)a c )




Infinitesimal transformation

» Infinitesimal generator of G (If ge_o = Id)
0 0 Oy ou?
X = &f ith I — 0= —— =
6814»7783 wi 5 a |€ 0> 77 86'70
- e (y,u)— (y + e u), Xaay78 ; prX =X )
.(.yzu)'_>(ea6y1e,8€u)7 X:aya"’_ﬂuav er:X-‘r(ﬁ—Oé)Llyaiuy
» Generalized infinitesimal transformation: X = ¢'— +n?
' ' oy’ ou?
with §I = "Sl(ya u, uay, - - - )r 778 = 773(}/7 u, uay, - - - )
» Prolongation: prX =X+ 3 o with  nj=D;Q° +&uj;
» Characteristic: (Q!,..., Q™) where QRP=n?— §juj‘-’




Infinitesimal transformation

» Infinitesimal generator of G (If g=o = Id)
g © 0 b ; oy’ . ou?
X é‘ a i + 'f’ 8 a wit 5 — a |€ 0 77 - 66 |€:0
0
.(y7u)'—>(y+€7u)7 X:877 er:X
Eg. e Be X = g 9 9 X =X i
o (y,u) — (e*y,e’cu), X= ayg, Thug, X=X+ (8 — a)uy ou,
. 0
» Generalized infinitesimal transformation: X = ¢'— +7?
oy’ ou?

with §i = "Si(ya u, uay, - - - )r 778 = 773(}/7 u, uay, - - - )

» Prolongation: prX =X+ nj with ng = D,Q°

ouj
» Characteristic: (Ql, 2o @) where Q?=n? —¢u?

+ &gy

|
\

Ncether's identity
(prX)-L+ LDivé = Q°EL,+DivP
P results from integrations by parts =&+ Qa

3



Back to Noether's theorem

G, connected, generated by X, is a variational symmetry group of L

L(S/\,D,.A.)d}/\: L(y,u,...) d

|~

JQ JQ

= (prX)-L+LDivE=0

> A generalized (divergence) variational symmetry is a generalized
infinitesimal transformation X verifying

(prX)-L+ LDiv{ =DivB for some B
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Back to Noether's theorem

G, connected, generated by X, is a variational symmetry group of L

/AL(?EW)d?: L(y7u7.4,) dy
Q JQ

= (prX)-L+LDivE=0

» A generalized (divergence) variational symmetry is a generalized
infinitesimal transformation X verifying

(prX)-L+ LDiv{ =DivB for some B

|

Ncether's theorem
X is a generalized variational symmetry of L

<~ QEL,+Div(P—-B)=0 (prX) - L+ LDivé = Q?EL,+ Div P

<~ DiV(P — B) =0 on SE[_




Kepler's problem

» Position of the planet: u = u(t)

m mu
f|| % — EL=i+ —==0
[lull’ [Jull®

0
Time translation X = — : 2/2
o Ti ion B &) energy: ml|u||?/

(0] g
a |On U F

€—> angular momentum: mu x i

777 €—> Runge-Lenz vector: mir x (u X 1) — myd

|ull



Kepler's problem
» Position of the planet: u = u(t)

m mu
f|| % - EL=i+ —= =0
[lull” [Jull®

s,
e Time translation X = — &= energy: m||ul|?/2

ot
e Rotation X = i 9 — 6. €—> angular momentum: mu x i
ouw 8u’
777 €—> Runge-Lenz vector: mir x (u x i) — m
» Noether's identity (prX) L+ LDivé = Q°EL,+ DivP

x—( ®u—2u® i+ )|o|)a
= u u u u u-u au



Conservation laws of a non-variational problem ?



From multipliers

L = Div /¢ for some ¢

SL
L(u) = [, Ldy, SL=0 —) 5. =0
SL

L=Dive = any u(y) with the prescribed u|gq is an optimum of L = 5o = 0
u



From multipliers

L = Div ¢ for some ¢ <— ie. Im Div = ker 50
u

SL
L(u) = [, Ldy, SL=0 —) 5. =0
SL
L=Dive = any u(y) with the prescribed u|gq is an optimum of L = 5o = 0
u

E[u] = E(y,u,...,upy) =0, Solution manifold Sg

Multipliers of ColLas and their determining equation
DivP =0 on SE

— Div P = AKE, for some Ay, u, uq)y, - )

S(N-E)
S =0
ou
Sol O(A-E) 0 “All" local ColLa's (up t ibed order)
= SC
olve 5 _) ocal ColLa's (up to a prescribed order



From a “Bilagrangian” (lbragimov)
E[u] = E(y,u,...,up)) =0, Solution manifold Sg
e Adjoint variable: v = (vl ... v™)

e “Bilagrangian”: L[y, u,..., U(p), vl=v-E

d(v-E)
ov

=E[ul=0

e Euler-Lagrange eq.:




From a “Bilagrangian” (lbragimov)

E[u] = E(y,u,...,up)) =0, Solution manifold Sg
e Adjoint variable: v = (vl,... v™)
e “Bilagrangian”: L[y, u,...,upy,v]=v-E

d(v-E)

= Efu] =
5y [u]=0

e Euler-Lagrange eq.: Shortcut: E[u,v] =0

d(v-E

(‘;u ) =E*[u,v]=0

e Noether's theorem ===  Local and non-local Cola’s in (u, v)

e Condition: dimE =dimu = n,

e E*[u,A\] = 0. E*[u, v]is, = 0.



Examples in fluid mechanics
» Heat equation

* E[u] =
* E*[u,v]=vi+ kv =0
* Llu,v] =3 (uev — uve) + Kuevy
» Burgers'equation (Kolsrud, Ibragimov, Brandao)
*  E[u] = U; + Uty — KUy =0
* E*[u,v] = vi + uvx + kv =0

* Llu,v] =3 (vue — uve) + Kuevy + 3 (uvie — vay)

(Kolsrud, lbragimov, Brandao)
U — KUy =0



Examples in fluid mechanics

Heat equation (Kolsrud, Ibragimov, Brandao)
* E[u] =ur—kuux=0
* E*[u,v]=vi+ kv =0
* Llu,v] =3 (uev — uve) + Kuevy

Burgers'equation (Kolsrud, Ibragimov, Brandao)
*  E[u] = U; + Uty — KUy =0
* E*[u,v] = vi + uvx + kv =0
* Llu,v] =3 (vue — uve) + Kuevy + 3 (uvie — vay)

Navier-Stokes equation (Hamdouni, Razafindralandy)
Ou .
*  E[u,p]: E-F(VU)U—F Vp—VAU—O divu=0

8 1 _
* E*[u,p,v,q]: = +(Vv)u—("Vu)v+-Vg+vAv =0, divv =0
p

*L—ld” WL (T2 Givu— divvtr t(TVeTY)
dt v u dt P 2 vV u P IVVT+UV Tr u v



How to find variational symmetries ?

X infinitesimal variational symmetry of L —-
X infinitesimal symmetry of EL =0

» Search among the infinitesimal symmetries of EL =0  (easier to find)



Dynamical symmetr
How to find variational symmetries ?

X infinitesimal variational symmetry of L —-
X infinitesimal dynamical symmetry of EL = 0

» Search among the infinitesimal symmetries of EL =0  (easier to find)

symmetry group of a PDE
e E[ul = E(y,u,...,up)) =0 (1)
e G={ g : (y,u)—(y,u) } is a symmetry group of (1) if
E(?,ﬁ,ﬁ(p))zo on SE

N




Dynamical symmetr
How to find variational symmetries ?

X infinitesimal variational symmetry of L —-
X infinitesimal dynamical symmetry of EL = 0

» Search among the infinitesimal symmetries of EL =0  (easier to find)

symmetry group of a PDE
e E[ul = E(y,u,...,up)) =0 (1)
e G={ g : (y,u)—(y,u) } is a symmetry group of (1) if
E(?,ﬁ,ﬁ(p))zo on SE

|

How to find the dynamical symmetry groups of (1) ?

e If G, generated by X, is a dynamical symmetry group of (1) then (conditions)
(prX)-E=0 on Se




Dynamical symmetr
How to find variational symmetries ?

X infinitesimal variational symmetry of L —-
X infinitesimal dynamical symmetry of EL = 0

» Search among the infinitesimal symmetries of EL =0  (easier to find)

symmetry group of a PDE
e E[ul = E(y,u,...,up)) =0 (1)
e G={ g : (y,u)—(y,u) } is a symmetry group of (1) if
E(?,ﬁ,ﬁ(p))zo on SE

|

How to find the dynamical symmetry groups of (1) ?

e If G, generated by X, is a dynamical symmetry group of (1) then (conditions)
(prX)-E=0 on Se

e Solve for (standard or generalized) X. Deduce G
dy - du N P
a_g(yﬂ'l)’ E_n(yvu)v Y(E_O)_yv U(G—O)—u

o

Generalized infinitesimal dynamical symmetry: (prX)-E=0 on Sg )




Dynamical symmetry groups of Navier-Stokes's equation

ot

ou ) )
5 Hdiv(u®u) + S Vp—vAu=0,

Time translation:
Pressure translation:

Rotation:

Generalized galilean transformation:

Scale transformation:

Equivalence (scale) transformation:

divu=0

(t,x,u,p) = (t+e,x,u,p)

(t’X7 U,p-i—(( )

(t, Rx, Ru, p

(t, x+a(t), uta(t), p —pX - (1))
a’p)

t, ax, au, a’p, a’v
(t, p, a’v)

)
)

(a%t, ax, a~




Dynamical symmetry groups of Navier-Stokes's equation

ou . .
E—l—dlv(u@u)—i—%Vp—VAu:O, divu=0
e Time translation: (t, x, u, p) — (t+e, x, u, p)
e Pressure translation: (t,x, u, p+C(1))
e Rotation: (t, Rx, Ru, p)
e Generalized galilean transformation: (t, x+a(t), uta(t), p—px a(t))
e Scale transformation: (a%t, ax, alu, a ?%p)
e Equivalence (scale) transformation: (t, ax, au, a’p, a’v)
Other symmetries:
e Reflections (t, Ax, Au, p)
A = diag(+1,+1, £1)
e 2D material indifference (t, R(t)x, R(t)u, p+ —3wi) + %w2||x||2)

R(t) plane rotation with angle wt, ¢ stream function




Anisothermal case

|
55

% + div(u®u)+%Vp—VAu+ﬁgOe3 =0, E—i_ div(uf) — kAG = 0, divu=0
e Time translation: (t+e, x, u, p,0)
e Space translation: (t, x + xo0, u, p, 0)
e Pressure translation pression : (t, x, u, p+¢(t),0)
e Pressure-temperature translation: (t, x, u, p+eBx3,0 + €/p)
e Generalized Galilean transformation: (t, x—+a(t), u+a(t), p+px . a(t), 0)
e Horizontal rotation: (t,Rx,Ru, p, 0)
e Scale transformation: (e*t,ex, e “u, e 2p,e—3<9)
e Equivalence (scale) transformation: (t,ecx, ecu, e*p, e, e, e%%)

8= 8-dimensional Lie group and 4 infinite dimensional groups )




» Construction of turbulence model

» Design of robust numerical schemes

Importance of dynamical symmetry groups

» Encode important physical properties
* Fundamental principles in physics (invariance galiléenne, d'échelle, ..

* Self-similar solutions (vortex, chocs, ...)

% In turbulence: wall laws, scaling laws, ...

e Linear law: Ui = Gx + G, O=0GCx+ G
e Logarithmiclaw: Ui=GlIn(xx+b)+ G, ©=G[x+ b]f1 + G
e Exponential law: U= Gexp(Cx) + G, © = Gexp(2Cx) + G
e Power law: Ui=GCle+b)P+G, 0=0Cle+b)> 14+

)

(Hamdouni, Razafindralandy)

(Hamdouni, Chhay)



Infinitesimal standard symmetries of Navier-Stokes + adjoint equations

ou

ot
v

ot

>

>

>

>

7(t),

1
+ (Vu)u+ -Vp—vAu =0, divu=0
p

1
+ (Vv)u— ("Vu)v+ -Vg+vAv =0, divv =0
p

o Mg WO
;9 i iy 9
Ww—i-p(wu —w,:x)a77
J— — "i—l—p(xju’—x’u’)—
ov' ovd dq
S AVE ANINE S AR R
ox! oxJ ou’ ouw ov' ovi’
i ; 9 i i
ol +th X2 g s
200 gk O 000 g
ot Oxk Auk op dq
vk 9 —i—qg.
Ovk dq

@(t), wi(t) and z(t) are arbitrary functions of t

i=1,2,3
(7,4) € {(1,2),(2,3),(3,1)}

(i,7) € {(1,2),(2,3), (3, 1)}

i=1,2,3
(sum over k)

(sum over k)




Local dynamical symmetry group of Navier-Stokes + adjoint equations

ou 1 .
— + (Vu)u+ -Vp —vAu =0, divu=0
ot p
ov 1 .
B + (Vv)u— ("Vu)v+ -Vg+vAv =0, divv =0
)
e Time translation: (t,x,u,p,v,q) — (t+e€,x,u,p,v,q)
e Pressure translation: (t, x, u, p+m(t), v, q)
e Adjoint-pressure translation: (t,x, u, p, v, g+p(t))
e 1st (v, g) translation : (t, x, u, p, v+w, g+pw - u — pw; - x)
where w(t) is an arbitrary function of t
e 2nd (v, q) translation sur (v, q): (t, x, u, p, v+w X X, q+px - w X u)
where w is a vectorial parameter
e Constant rotation matrix R: (t, Rx, Ru, p, Rv,q)
e Generalized Galilean transformation: (t, x+z, u+z¢, p+pzee - x, v, q)

where z(t) is an arbitrary function of t

e 1st scale transformation: (e?Pt,ebx, e Pu,e=?Pp,v,e"Pq)

e 2nd scale transformation: (t,x, u, p,ev, ecq)J




Computation of conservation laws

» Search among (combinaisons of ) these symmetries

% variational symmetries
* ie. verifying (prX)-L+ LDivé =DivB

oL
ou?

» Conservation laws: F =P — B avec P’ =¢'L+ (n° — & u?)
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Some conservation IaWS
0 ;0
e Generator: V; = x/— — " + p(xu’ — x u’)— (i,j) € {(1,2), (2,3), 3, 1)}

v 8

e Translation :  (t,x,u,p,v,q) — (t,x,u, p, v+w X x, g+px - w X u)




Some conservation laws

Generator: Vj = /-0 — x4yl — xiud) 2
® senerator: j =X 7T =X = Xu — X - ij 1,2),(2,3),(3,1
ij v/ v P 9q (i:4) € {(1,2),(2,3), (3, 1)}

e Translation :  (t,x,u,p,v,q) — (t,x,u, p, v+w X x, g+px - w X u)

> (i) =(1,2)
e Divergence symmetry:  prVis- L+ LDivé = DivB ol
1 0
1 2
_1 L @
B = 3(x%u! — x'u?) 2l
ud 0
1 0 0
o Lo 1o o |u p| x? x2u} — xtu?
[ ] FIUX P— E(X u — X U) u2 _; 7X1 +V quéfxlug
u? 0 x2ud — x1ul

e Local conservation law: Div(P — B) =0
> () =(23) et (i))=0G1): ...



e Generator R;; = x/— — x/ +er——u’—.+vf—.—v’—.
y ox! BXJ ou’ ow ovi ovi’
(i,4) € {(1,2),(2,3),(3,1)}

e Rotation (t, x, u, p, v, q) — (t, Rx, Ru, p, Rv, q)




Cenerator Ry 0 g0 g0 0 9 D
[ ] = — = — — -
enerator Ry =X o o "o Vau TV av Vo
(i) € {(1,2),(2,3), 3, 1)}
e Rotation (t,x, u, p,v,q) — (t, Rx, Ru, p, Rv, q)
» (i,j)) =(1,2)

e Variational symmetry: prRiz- L+ LDivE =0

e Non-local conservation law with
w2l — v 4 % (v Rgz)u —u- R(O) )

oL oL oL oL oL oL
2 1 (0), k 2 1 (0) k
L+ u? a—u%—u a—u%—&-Rlzu e k—i—v 87\/11_‘/ 8—‘/12+R12v 87\/1“
P=
oL oL oL oL oL oL
A= = RO 2 T a7 ROk P
e e T e T T a2 T T2Y Gk
oL L oL oL L oL
2 1 (0), K 2 1 (0) K
—_— —_— E— —_— + —_—
“ 8ué “ 8u§ t R v 6u§ Ty Bvé v 8v§ 12" 6v3k
© _ ;9 ;0
where RI.J. =x/ — x'— is the base part of Rj

ox! OxJ

> (i) =(23) et (ij)=(31) ...




Generator S; = 2t— +x— —u— —2p qg—
[ ) =
rator =1 ot X8x ou aop dq

b

e 1st scale transformation: (e?°t,ePx,e Pu,e ?p,v,e q)

prSi- L+ LDivE =2L —) not a generalized variationnal symmetry



Generator S; = 2t— +x— —uU— —2p— — q—
[ ) =
rator =1 ot X@x ou aop dq

b

e 1st scale transformation: (e?°t,ePx,e Pu,e ?p,v,e q)

prSi- L+ LDivE =2L —) not a generalized variationnal symmetry

0 0

e 2¢re transformation d'échelle: (t,x, u, p,ev,eq)

prSy- L+ LDivE=L —) not a generalized variationnal symmetry



G o G — 0 0 ) 5 0 0
[ ] = — +tX— — U—
SHEELES =1 at " “ox  “ou p@p qaq

b

e 1st scale transformation: (e?°t,ePx,e Pu,e ?p,v,e q)

prSi- L+ LDivE =2L —) not a generalized variationnal symmetry

0 9]
o Générateur S, = Vs + "aT;

e 2¢re transformation d'échelle: (t,x, u, p,ev,eq)

prSy- L+ LDivE=L —) not a generalized variationnal symmetry

But: S=5; — 25,
prS- L+ LDivE =0 == variational symmetry



e Generator S=2t— + 9 2 g g 2 g 9
Tt T ox " Yoy " Pap ~ T5q By

e Scale transformation: (e?°t,ePx,e Pu,e?Pp e 2Py, e73bq)

e Variational symmetry: prS- L+ LDivé =0
o F=(F° FLF2 F3)"  with
FO=2(u-v)+t(u-ve—u-v)+x (VL —(Vu)v)
Fi=xL—U- [ae,-+%+w,-] —V. {—ge,-—%uruu,} . i=1,2,3,

where U= u+2tu + (Vu)x, V =2v+2tv; + (Vv)x




i 9 i 9 i 9 ;
e Generateur Z; =z T Egy TP Zit g i=1,2,3

e Generalized Galilean transformation: (t,x+z, u+z, p+pzi - x, v, q)




e Generateur Z-—z"i +z"i— x"z"2 i=1,2,3
T2k gy TP ®op’ -
e Generalized Galilean transformation: (t,x-+z, u+z, p+pzit - x, v, q)
»i=1
e Divergence symmetry: prZ;-L+ LDivE =DivB ol
1
1
_ 1,11 |U
B=—-3zv 2
B
e Case z! constant
e Flux
1(v u—up-v)
2 1 1 )
LJrful(vl-uful-v)721/u1-v17u%5+v1157 5:P+P%
P=
1 -
—u¥(vi-u—u-v)—v(u-va+ - vi) — 3G+ V2B, G=q—p%

i

§u3(v1~u—u1~v)—y(u1-V3+U3~v1)—ufﬁ+ vfﬁ.

»i=23 ... » z non constant ...




Conclusion

» Outline of the approach

NS[u, p] :0%{

L[t

NS[u,p] =0
NS*[U, PV, CI] =0

T

~, p L[t,x, u, p,v,q] —— Variational symmetries

—— Dynamical symmetries

Noether

Conservation laws

Interpretation of these conservation laws
Integral form

Non exhaustive

* Other combinations of dynamical symmetries
* Higher-order conservation laws: Backlund



Conclusion

» Inviscid flow v =0
* Euler'equations derive from a Lagrangian in a Euler-Poincaré sense

ou 1
e Euler's eq: FTs + (Vu)u+ ;Vp =0, divu=0
e Lagrangian: L= ||v|J

* Nocether's theorem in Euler-Poincaré sense
* Compare with the previous conservation laws with v =0



Conclusion

» Inviscid flow v =0
* Euler'equations derive from a Lagrangian in a Euler-Poincaré sense

ou 1
e Euler's eq: FTs + (Vu)u+ ;Vp =0, divu=0
e Lagrangian: L= ||v|J

* Nocether's theorem in Euler-Poincaré sense
* Compare with the previous conservation laws with v =0

» Discrete Ncether's theorem

* Work in progress (Palafox, Cresson, Hamdouni)
* Numerical scheme preserving conservation laws
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