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A thermodynamic approach of relaxation

Basic assumption :
“The Gibbs relation s valid for situations outside equilibrium”

I—> Internal energy potential £ = E(y, z)

y : extensive controlled variables ~~ (s, )

z : extensive internal variables (microstructure)

— Extensity property E(A\y,\z) = A\E(y, 2) (Callen)
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Thermodynamic framework of relaxation
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Kinetic equations for the internal variables

z : non controlled variables outside equilibrium
(internal reorganizations)

L;; = Lj;

—» Kinetics law z=L - A : .
(Onsager’s properties)

—, Relaxed state _AT =0

—A=bT.y+g- 2 =

A 4

T=(L-g)! Internal variables . 2 — 2F
evolution fk = T -
Relaxation time (kinetic information)




Constitutive law and least action principle

Challenge : conciliate Hamiltonian dynamics with irreversible thermodynamics

-

PLA : 65 = 0 with respect to the variations of the d.o.f. dqg;
L =L((qi,qi,Vqi,...), i =1... N Lagrange density

— KEuler-Lagrange equations (necessary conditions) :

A (9L _ (LY, 9L _,
dt \ 0g; "\ 0Vg; Oq;




Least action principle: historical perspective

e Helmholz : first attempts to reduce the principle of TIP to general principles
of mechanics

* Onsager (1931) : principle of least dissipation or energy,
cornerstone of modern TIP

e Gyarmati : integral principle of thermodynamics — force variation at constant
fluxes combined with energy balance

Lagrange densities having arguments not being of the type {q, ¢}
oL OL

_|_
oVg; 0qi

= (0 truncated from their

— FEuler-Lagrange equations —V. (

temporal dimensions

— Non-Hamiltonian action S = / LdS)
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Lagrangian formulation of the constitutive laws

/

Py (y,2) =Y —ey 9y —€y,.2=0

Constitutive law in rate form : P =<

Pa (y,2) = A — €.y.Y — €772 =0

N~
Self-adjunction condition of the Frechet derivative of P :
Dp — Dp* — e,acja:i — e,a:ia:jax E {y? Z}
—— Maxwell conditions for internal energy satisfied due to its status of potential
—— Existence theorem of a Lagrangian [Santilli] :
P(u) = {P; (x, u(n)) ,i=1...q} system of PDE’s for the dependent variables u.

System P(u) = 0 extremum of a functional integral S = / LdS2,
Q

1 1
Possible Lagrangian L = / uP(A\u)d\ = / w; P;(Au)dA
0 0

1
— L = / [y.Py (Ay, A\z) + z.PA (\y, \2)] :
0



Lagrangian formulation of the constitutive laws (2)

Account for extensity of order —1 of second derivatives of e :

e , 2 ey (y, 2
€.yy (AY, A2) = €Y, 2) e.y. (A\y, A\z) = 22 (v, 2)

A A
e .y (Y, 2 €.x(2,2
€2y (AY, A2) = % €.z (Ay, A\z) = %

and extensity order 0 of the intensive variables :
Y (A\y,\z) =Y (y,2); A(\y,A\z) = A(y, z)

. : . . d
—L=yY—-zA+e,y+e,z+ % (ey.y +e,.2)

Equivalent Lagrangian : the Euler-Lagrange equations are nil, viz
E;(U)=0,Vi=1...q,iff U is the generalized divergence of a quadrivector P :

“\dP, dP, dP, dP, dP,

DiwvP = =
YT L, T T Ty T




Lagrangian formulation of the constitutive laws (3)

de(y, z)
dt

— use Gibbs-Duhem relation : y.Y —z.A =0=L = eyy+e,z=

t d t
— Stationarity condition of the action integral 05 = de = ¢ / d_idt =0 / de =0
0 0

Physical sense

internal energy keeps its status of a potential function during dynamic evolution.

Generalization of Poincaré lemma to functional forms [Olver, 1993] :
dw = / [du A (D5 — Dp)]dx) P ={P(x,u™),i=1.q}
Q

let one-form w = / (P.du)dx Dp Frechet derivative of P
Q

if w is written in the form w = d¢ with ¢ = [, L(x,u®™)dx
—— Get following equivalence : w = d9 =9 [, L(x, u™)dx < dw = §6y =0

0? 0* 0* 0*
P i v v P

— du; \Ndu; =0 & =
— 8u18u3 8Uj 0’&2) “ “ 8’&%0’&] 8’&]' 8uz
1<1<9<q

— Maxwell’s conditions for the functional v




Lagrange formalism associated to the internal energy

(y, 2)
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(where * = y or z) i & |
i(} tl !
| :
t1
/dE(y,Z)=/ dE(y, z) — 5/t Bt =0
e Cs < ’
// Lagrangian L=FE
or _ d (@) _ K
v a0 (Za)-( 5)(Y)
OF _d(0Fy —AJ A g A
0z dt\0z/

(Euler-Lagrange equations)
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Incorporation of the kinetics of internal variables

2k — 2

Tk

relations 2, = — not contained in the lagrangian L = w

t1 ST
—— considered as N constraints / (Zk n 2k Zk) dt =0
(N dissipative modes) to Tk

—— Constrained lagrangian (lagrangian multipliers \y) :

N
0P oY . , 2k — 2,
L = + —-z+ A +
(9")/ ’Y 0z k:z::l g (Zk Tk )
N J L /)
Y hd
Thermodynamic information Kinetic information

Stationarity condition of S = state laws and kinetic evolution equations for the

internal variables
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Symmetries and master response for viscous materials

Time temperature superposition for a viscous behaviour

Isothermal stress relaxation

- €

s N
N\ S In a¢* Shift depends on T

Will be determined later on

Master curve at strain rate ¢ obtained by shifting (shifts a;)
- 12



Variational symmetry condition

Invariance of the functional under a group of symmetry :

ty

t1
/ Lt 4D, 20 30, A0 gy / LEAD, 20, 3V 40) g

to to

s  prWuL + LDivE =0 (*)

0 0
First prolongation : o v—v—i——-|— 2 —_|_ - —
prolong p ¢-' ¢s' 3 ¢A8A
¢ d .
P~ :E(Qb'y_f")’)"‘f")’
N

Find all v satisfying (*) with L=8-4—A -2+ g (2 + ZkT_ Zk)
k
k=1
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Variational symmetry condition

9,
Vector generator v = v¢on + Vobs = (g + ¢ — _|_ ¢ _|_ ¢Zk )
Oz

0
o _~ 8_ Ak_
+<¢ 50 T8 T 8Ak>

Components of the observable vector field v,
calculated from those of the controllable field v, :

‘o= f.,T,2) (50 = feebe+ fredT + fap bz

Use state laws : { s = —fr(6,T,2) ——< §s=—fcrde — frrdT + f., 1702k

\Ai — _,f,zi (67 T) Z) L 514@ — _f762i5€ — f,TZ,L(ST + fyzkzz(SZ

-

Qba — f,66¢€ + f,Te¢T + f,zk6¢zk
V¢ = —ferdt — frrdt — [ rd*
?bAi — _f,ezi Qbe - f,Tzi ng - f,zkzi QbZk

\

— search for symmetries on a subset of the total jet space "



Symmetry condition from the kinetic Lagrangian

Independent variable : time ¢ dependent variables : control variables (e, T, zx)

Variational invariance of [;jermo automatically satisfied :

pr(l)v (Lthermo> + LthermDivf =0
— search for vector fields v satisfying invariance condition

prMy (Lkine) + LkineDivé =0,  on optimal path (L. = 0)

Equivalent to local symmetry condition pr(Dv (Lkine) =0

15



Application: linear viscous behavior

Control variables '
(can be controlled during a test) Observable variables

uniaxial strain tensor ¢ = «—  Cauchy stress o

I
@

")l et
absolute temperature T +«—  entropy s

Helmholtz free energy : f(e,T, zx)

- L=cé—sT— ZAka‘FZ)‘k( k_Zk>

Tk

Z —
~

f‘

Experimental conditions (assumptions) :

T =0 € = constant Tk (WRT AS},

activation enthalpy activation entropy of k" dissipative mode
16




Time-temperature superposition principle

Particular solution vg v , 0 RT? 0
0= —
satisfying prWwvoL + LDivé :v()__ ot RT + AHOT

(= ett
_ T—TIn(T*)+44 %
G 4 T:exp(LW(ATHeXp(“ gp 1+ ))—M-I-IH(T)_%_IJ{)
oO=0
\ E=2¢€
o(t,T
—> [Invariance property for the secant modulus Es (t,T) — 5((t T))
Ey(logt,T) = Es(logt + %5, T) Es  w
A In10
_ AH(T — T) T
M(Tv T) — T +1n = T
RTT T T T gt




Validation with experimental data

Constitutive equations :

Stress 6 (MPa)
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— DNLR curves
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FE,, : instantaneous modulus

o(t) Fit of isothermal tensile

curves (PA66)

< FE, : relaxed modulus

h AH —TASy

V Tk

)7pg:

Relaxation spectrum : 7, = — exp(
N kT

Adjusted parameters: E , E, T .,

RT ST




Log E4(t,T)

Construction of master curve

oT

= Validity of the Lie group

393K
o 413K
: ;;;? e
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Log t Logt
AH(T-T) T
T.T) = _ In= = AH=12.8+1.4kJ.mol!
T, 1) RIT T tHo
OAH

0 RT? 0
Vo = {— —

ot RI'+ AHOT
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Comparison with the WLF model

Williams, Landel, Ferry empirical formulation for polymers (early seventies)

States equivalence property for the secant modulus or relaxation

E(t,T) = Ey(tag:p,T') 25T,

shift factor given by logar v = (_ciﬁ::Q

Reference temperature = glass transition temperature (here 363°K)

C1, Cy material coefficients specific to each polymer

0.1] _
] Ti(K)
1 380 400 420 440 460
1 1 1 1 1

L WITTY In 140

log aqyp

|
=}
LF¥}

L
=

Thus, empirical WLF formula and time—-temperature equivalence principle

consequence of a particular symmetry of the constitutive equations
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Summary - Perspectives

 Lie symmetries powerful tool in continuum mechanics of materials: predictive
nature, condense mechanical behavior into invariance relations & master
responses, thus economy of experiments.

* Lie symmetries can be used to identify a constitutive model from measurements

* Numerical schemes preserving symmetries & conservation laws for dissipative
behaviors.



