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1 Dimension 2

1.1 Preparation

Consider C? coordinated by z,w. Let w = u + . Consider a graphed surface u = F(z,Z%)
defined by an analytic function F'. Consider the rigid transformation group

RT = {(¢ = f(2),w =rw+h(z))}

where f is a local biholomorphism and r > 0. The group acting on the set of surfaces by point-wise
transformation.

Lemma 1.1. The properties F,z # 0, F,2 32 # 0 are invariant.

Suppose F,z # 0, F,2z2 # 0, then the surface with a fixed marked point p is, in a unique way,
mapped to a unique normal form
_ 1 22 Q 223 Q 32 FJk j=k
u-zz+zzz+ﬁzz+ﬂzz+ Z sz

3,k=2,j+k>6

and p is mapped to the origin. Here () is real. It represent an invariant of RT

Q = (FZ,E Fz2,22 - FZ,E2 22,2)73/2 4 EEv

where
E = Fz3,22 F2

iz Fzg Fz,22 FZ3,E -3 Fzg Fzzyg FZ2722 + 3 FZ722 Fz22,z'
To get a homogeneous model we need to find 3 linearly independent vector fields tangent to the
graph {u = F(2,2)}. We have Ly = & =2 — i% for free. It remains to find the other 2,

o0 ‘ow
induced by RT, in the form

L= f(2) % + (h(z) +rw) % + conjugates
satisfying L(“t% — F(z,%)) |%=F(z,z) = 0. That is
S 1 1 —— w4+ w
f(2)F.+ f(2) Fx = 3 h(z) + 3 h(z)+r 5 \%:F(Z@
1 1
= Eh(z) + éh(z) +rF
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We compare the harmonic monomials z" + Z™ of both side.

(0) z 4 ¢o is of degree at most 1.
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LZf(Z)%+ ()aaz + (co+rw+2f(0) )ai+(a+rw+2f(o)z)%
:f(@%#-ﬂ%—l—(Re(co)—l—ru+2Re(f(O) ))%+(Im(co)+rv+2[m(mz)) (%

From the tangency condition L(u — F(z,%)) =0,
_ 1 =2 Q =3 Q 5252 ij j—1 <k

J,k>2,j+k>6
— 1 Q Q 5_ Fj . j—k—
+ f(z)(z+2222+§zgz—l—4 272 + Z mz Zh
7,k=2,j+k>6
Q

oy - Ly, Q@ 45 _ Fir ;_
= Re(co)+ f(0)z+ f(0O)Z+7r(2Z+ ZZQ Z2 + ﬁf Z + ﬁf Z2 + k Zk j!]k‘!zj )
J:k22,j+k>6

o0
Suppose f(z) = Y %2". We compare the coeflicients
n=0

1: Re(c) =0,
27z r=a; +ay,
22z ao = —ay,
27 az = —a @,
27 ay+a = —Q (ao + ap).

Note that here we only solve Re(a;) not a;. Moreover for any k > 4

2zoap = —ag I 2.

Thus only ag, Im(ay) and Im(cy) remain unsolved.

3Q%*—2F), . 3Q* —2F53+6__  iQ

2372 Tao o4 ap — Efm(%) =0,
. 3@2—2F +6 3@2—2}7 Q)
227 2 33 aO+T2Aa0+E[m(al>:O’

Adding them together

3Q2—F3,3—F4,2+3a 3Q2—F2,4—F3,3+3
0

12 12 =0




1.2 Case Q #0

In this case I'm(ay) can always be solved in terms of Re(ay) and Im(ap).

Theorem 1.2. A necessary condition for a surface in its normal form to be homogeneous is 3 Q* —
F3,3 — F472 +3=0 and 3@2 — F2’4 — F373 +3=0.

Proof. 1t 3Q% — F33 — Fya+3 # 0 or 3Q* — Fyy — F33+ 3 # 0 then ag takes value in a real line
of C. There are 2 R-linearly independent choices of ag and Im(cy), which give at most 2 R-linearly
independent vector fields tangent to the graph. The graph cannot be homogeneous. O]

This necessary condition coincides with Olver’s recurrence relation

Fip 3 3@ +F33
2 2
By 3 3Q° B

0=D,Q="-22_-- 2% ;222
C="y T T

Now all the other coefficients of L can be expressed in terms of Re(ag) and Im(ag):

Re(ay) = —Q Re(ap),
3Q>—2F;5 16

Im(ay) = 0 Im(ap),
a2 = —Aao,
az = —Q) ao,
ar = —Fp209, (k>4
Re(cg) =0,
r=—2Q Re(ap).

By taking (ag, co) = (1,0), (2,0), (0,7) we obtain 3 linearly independent vector fields

22 Q2 OoFkﬂgk 0
Li=(1-Qs=5 = =) g

k=4

v
. . 3@2—2F373+6 22 QZS > Fk’g k 0
LQ.:Z(l— 0 Z+E+T+;_'Z>@
‘ 3Q*—2F3+6_ 22 Q7 NPy, O
— (1= d T et Zokisky 2
i ) Tttt :Z:; W) os
+(—iz+i2)%+(—z—§)%
0
L= —
3 ov



Theorem 1.3. A necessary and sufficient condition for a surface in its normal form to be homoge-
neous is {L1, Lo, L3} Frobenius integrable.

Proof. 1f the 3 dimensional surface is homogeneous then {L1, Lo, L3} generates a rank 3 sub-algebra
of the Lie algebra of RT. Their brackets are linear combinations of L, Ly and L3 with constant
coefficients. If {L, Lo, L3} is Frobenius integrable, then there exists a unique 3 dimensional surface
M passing the origin, {L;, Lo, L3} tagent to M and span(Li, Ls, L3) translate points on M. So M
is homogeneous. [

In fact F33 can also be solved in terms of Q. In the tangency conditions L; (u — F(z,z)) = 0
we compare the coefficients

oa. @ QFs3 n 1HQ  Fys  Fiy

= — =0
SR 12 o4 48 48
Fis OFs O F
3.3 . _Ta3 33 | @ _ 134
= A 36 9 6 36
3 QF,, 110 F,5 F
A2 Q Q 33 Q  Fis 52 _ g

4 12 24 48 48
And from Ly(u — F(z,%)) = 0:

L2t Z.<_3Q3+3QF:%,3_11@ Fos  Fia F3, F3’3_i):0
' 8 ) 12 48 48 12Q ' 2Q 40 ’
F,s F
3 =3 . 4,3 3,4
_ 52 L 23
°F i(~ 55 +36) =0
302 3QF 11 F F F? F 3
Z4 52 . Z( Q . Q 3,3 + Q + 4,3 o 5,2 3,3 . 3,3 + _) _ 0
8 8 12 " 48 48 120 2Q 40

To solve this system, first, we elinimate the 7** order coefficients Fyp5, F34, Fy3, F59 to solve Iy 3.

2F7, — (5Q*+12) Fy3 +3Q* +14Q* +18 = 0.

There are two roots for each ) € R:
5 Q* V@Q?+8
4Q+3+e%, €= =+1.

Then we solve the 7" order coefficients
Fos=F55,=12Q° - 6Q F33+19Q,
F30=F,3=20QF33+30Q.

Such procedure can calculate all the coefficients F}; of a homogeneous surface if it exists.

Denote by g the Lie algebra spanned by Li, Ls, L. To prove the existence without infinite
calculation, we calculate the derived algebra g") by calculating the brackets among L1, Lo, Ls.

Fs3 =

0 0 Q+e/Q*+8, . _, 0
[Lq, Ls] = ()% ()£+ 5 (—zz+zz)%
Q+e/Q*+38 .0 0

(L1,L3] =2Q Ls, [Lo, L3] =0,



From Frobenius integrability

+e\/Q?+8
[LlaLZ] - Q QQ L2_4L37
[L1,Ls] =2Q Ls, [Lo, L3] =0,

Thus ¢V has rank 2, generated by Ly, L. Write P := Qrevoris V2Q2+8. The adjoint map
adp, : g — g

is an isomorphism. Under the basis {Ls, L3} it has matrix form

CLdLl = (f(t; 2_3)

Using Adam Bowers’ classification of three-dimensional real Lie algebras, there are 2 cases.

1. If P # 2@ then adp, is diagonalizable with two real distinct eigenvalues P and 2Q). Case

M&znmmzzmezgt%gﬂepﬂqmuumJMNL+my

2. If P = 2@ then there are 2 solutions P =2, =1l,e=1and P= -2, = —1,¢ = —1. Case
L(3,3).

1.2.1 Case P#2Q

[L/D L/2] = lL/27 [L/D L3] = Ls, [L/27 LB] =0,

Recall

0 0
Li=(..) g +(22-2Qw) 0 + (conjugates),
9 —2izi+(con jugates)
0z dw 1 ’

0
Ly =i — + (conjugates),
ow

Ly = (...)

SO a
z
Lll = () — + (é —

w) o + (conjugates)
az .] g Y
0

ow
49

20— P
).

) 9 + (conjugates)
Jw Jug )

0
L3 =i — + (conjugates
ow

We want to simplify these expressions by a local rigid transformation.



Theorem 1.4. For a general vector field

0 0
L:= A(z) 5 + (B(2) + Cw) E + (conjugates),

after a rigid transformation

mn 1ts new coordinates
one has
and

and we conclude. O

First rigid transformation Dropping primes, for

0 0 :
Ly = Ay(2) p + (g —w) 0 + (conjugates),
s, 4i s,
Ly = As(2) g +(—2iz+ 50 i p) 90 + (conjugates),

0
Ly=i Em + (conjugates),
[L1, Lol =1Ly, [L1,Ls] = L3, [La, L3} =0,
with A;(0) # 0, A2(2z) # 0. Consider a rigid transformation

where f(z) be a solution of Ai(2) f'(z) = 1 and g(z) be a solution of A,(2) ¢'(2) + 5 + g(z) = 0.
Such two solutions locally exists since A;(0) # 0. Then under the new coordinates

o _ 0 .
Ly = % Y3 + (conjugates),

o0 < 0 .
Ly = As(2) 5 + By(2) 3 + (conjugates),
Ly=1i % + (conjugates),

6



with A5(0) # 0. We drop the tildes and calculate the Lie brackets
[Lh L3] - L3a [L27 L3] = 07
9, 0
(L1, Ly] = AJ(@& + (Ba(2) + B2/(Z))% + conjugates,

and compare with [Ly, Lo] =1 Ly. We get

AQ’(Z) = ZAQ(Z
BQI(Z) + BQ(Z) = lBQ(Z
Solving these ODEs
AQ(Z) = Cl €lZ

BQ(Z) == Cg €(l_l)z
where C) = A5(0) = re'? # 0. We get the Lie algebra
0 0

L= % Yo + (conjugates),
Ly = 170 9 + Cyel=b= 9 + (conjugates)
0z ow ’

0
Ly=i Em + (conjugates).

We may assume |C}| = r = 1 after scaling Lo.
Second rigid transformation We apply another rigid transformation Z = z, w = g(z) +w. Under
new coordianates 5

L (¢'(z) + g(2) — W) a5+ (conjugates),

==+
0z
We let g(z) = C e * to preserve the simple expression of L}. Then

0 :
+ (conjugates),

s .0 O . .
Ly = elerzG 4 (_6190 + CZ) e(lfl)z -
ow

0z

0
Ly=1 % + (conjugates).

Take C' = e7*? C; and drop tildes we get nice expressions

L —ﬁ—wi—i—(con'u oztes)—g—u3
' w 1 ~ Ox ou’

0 0 0
Ly = el#ti? p + (conjugates) = €' cos(ly + 9)% + €' sin(ly + O)a—y
0 0
L= e + (conjugates) = p
where z = x + iy and w = u + iv. We may assume the surface is a graph u = F(z,y,v).
From Ls(u — F(z,y,v)) = 0 we know F, = 0 so u = F(z,y).
From Ly (u — F(z,y)) =0 we know —F — F, =0 so u= F(y)e ™"

7



Now calculate Ly (u — F(y) e™) =0 we get
—cos(ly +60) F(y) +sin(ly +6) F'(y) =0

so F(y) = Cy sin(ly+60)"/" for some Cy € R. The graphed surface u = Cy e sin(ly+yo)'/" is rigidly
equivalent to u = e~ sin(ly)'/’. )
For the surface u = F(2,%) := e~z sin( _"ZTW)%, even though it is not defined in a neighbour-

hood of the origin for general [, one can still calculate its invariant () by using

Q*=(F.zF22—F,2F.;)°EE,
E=FsnF.;—F.;F, 2Fs;—3F.;Fa2:F

z

2
2 52 +3 Fz,E2 Fzg,g.

It turns out that Q% = m is a constant. So the surface is homogeneous.

Note that even though the real Lie algebras L(2,3,1) and L(2,3,1/l) are isomorphic, they are
not rigidly equivalent since switching z and w is not a rigid transformation.

1.2.2 Case P=2Q

Recall 9 P
Ly =(.) p +(22-2Qw) e + (conjugates),
Ly=(..) % —2iz 8% + (conjugates),
Ly =1 6’% + (conjugates),

When P=2,Q) =1,e =1,
(L1, Lo) =2 Ly —4Ls, [Ly,Ls]=2Ls, [Lo, L3]=0.
By taking L] = %Ll and L = —2L;
[Li, Lo] = Lo+ Ly, [Ly, L] = L, [La, L] =0,
When P=-2,Q = —1,e = —1,
[L1,Lo] = —2Ly—4Ls, [Ly,L3)=—-2Ls, [Lg,L3]=0.
By taking L] = —% Ly and L =2 L
(L1, Le] = Lo+ Ly, [Ly, Ly] = Ly, [L2, L3] =0,

Dropping primes, it suffices to treat the case

0 0 .

Ly = Aq(2) 5 + (Bi(z) — w) Em + (conjugates),
0 0

Ly = Ay(2) 5 + Bs(2) e + (conjugates),

0
Ly=—2¢i Em + (conjugates),
[Lla LQ] - L2 + L37 [Lla L3] = L37 [L27 L3] = 0.

8



First rigid transformation Consider a rigid transformation

{ (2),

9(2) +w,
where f(z) be a solution of A;(z) f'(z) =1 and g(z) be a solution of A(z) ¢'(z) + B1(z) + g(z) = 0.
Such two solutions locally exists since A;(0) # 0. Then under the new coordinates

[N
Il
~

&
I

o _ 0 :
L, = 5 Y + (conjugates),
o0 < 0 :
Ly = Ay(2) 5 + By(2) R + (conjugates),
0
Ly = —2¢€1 p + (conjugates),

with A5(0) # 0. We drop the tildes and calculate the Lie brackets
[Lh L3] = L3a [L2> L3] = 07
(L1, Lo = AQ/(Z)% + (Ba(2) + BZ/(Z))% + conjugates,

and compare with [Lq, Ls] = Ly + Ls. We get

Solving these ODEs
AQ(Z) = CI e®

By(z) = —2€iz+ Oy
where C) = A5(0) = re'? # 0. We get the Lie algebra

0 0
=2 _ w2l '
1= g m Wy + (conjugates),
g O . 0 :
Ly = re*ti? e + (—2€iz+ Cy) 0 + (conjugates),

0
Ly =—2¢i e + (conjugates).

Second rigid transformation We apply another rigid transformation zZ = z + 6, w = g(z) + w.
Under new coordianates

L, = EF + (g'(2) + g(z) — ) 70 (conjugates),
We let g(z) = C' e * to preserve the simple expression of L. Then

Ly :7’65%%—(—26@'2—260—7"6“’0—1—02)%—k(conjugates),

0
Ls=—2¢€1— ] tes).
3 €lm= + (conjugates)



Take C' = r~1e7? (Cy — 2¢€0) and drop tildes we get nice expressions

P B
1= 5~ Wo o + (conjugates) = o —u o,
; .0 .
Ly=re 5 " 2€iz %(con]ugates)
0 0 0 0
— e i retsin(y) — +2ey — —2ex —
re® cos(y) 5 +re” sin(y) o + €Y 5 €T o,
L 2¢€i 0 + (conjugates) 2¢ 0
=—2¢€i— =—2¢—.
K ow 19 v

where z = x + iy and w = u + iv. We may assume the surface is a graph u = F(z,y,v).
From Lz(u — F(z,y,v)) = 0 we know F, = 0 so u = F(x,y).
From Ly (u — F(z,y)) =0 we know —F — F, =0 sou= F(y)e "
Now calculate Ly (u — F(y) e™®) = 0 we get

—r cos(y) F(y) +r sin(y) F'(y) —2ey =0

F(y) = ; (—2ycos(y) + 2 sin(y) In(sin(y))) + Cy sin(y)

for some Cy € R. The surface graphed by

u=e"-(—2ycos(y) + 2 sin(y) In(sin(y))) + Coe ™" sin(y),

S|l

after a rigid transformation w — (w —iCpe™7), is equivalent to

u=¢e"e(—2ycos(y) + 2 sin(y) In(sin(y)))

Its invariant % is constant 1. It is homogeneous.

1.3 Case Q=0

Then E is constant 0 which implies

FZ7§FZ§2 Fss+ 3FZ7§FZ25F2252 - 3FZ7§2 Fz222

Fz;a 22 = F2
2,2

holds everywhere on the surface.
For simplicity we write as

D1 D1pDsy +3D11 Doy Dog— 3D D%l

D3,2 = D%1

a careful reader shall not be confused among the functions D; ;(z, w) and the constants F} ;, introduced
before. When valued at the origin D, x(0,0) = F} x.

Lemma 1.5. One has F;;, = 0 whenever j # k.

10



k,
j+k <d Clearly Fygi1 = Fig = ]*@ = Fy110 = 0. It suffice to calculate Fj; with j, k > 2,
j+k=d+1andj# k. Since F;; = F}; we only treat the case D;; with j > k. Thus j > %
and k > 2.

The function D;; can be obtained by differentiating Dso. It has the form

Proof. We do an induction on j 4+ k =: d. It is true for d < 5. Suppose Fj; = 0 for all j #
=

N M(a)
Djak - Z Ca D;Zf(a) H Dja,bvka,b
a=1 b=1

for certain positive integers N, M (a), p(a), jap, kap and certain constant c¢,. This expression is unique
up to permutations. We call each summand a monomial. For each monomial

M(a)
S(a) = Ca Dl,llj(a) H Dja,bvka,b
b=1

we define its numerical indices

order(S(a)) == max{jap + kaplb=1,..., M(a)},
M(a)

dif ference(S(a)) := Z Jap — Kap-

b=1

For example in the expression of

D3y = Dfi Di52Dsq +3 Df} Dy1Dyy—3 Df% D, DS,l

S(1) 1 5(2) | SGB)
order 4 4 3
difference 1 1 1

and in the expression of

D472 == —7 Dl_,% D271 DLQ D371 - 6 Dl_,% DS,I D272 + 6 .Dl_’i3 DLQ Dg,l
+4 Dfi Dyo D31+ 3 Dfi D32 Dy + Dfi Dy1 D

S(1) | S(2) | S3) | S@) | S(5) | S(6)
order 4 4 3 4 5 5
difference 2 2 2 2 2 2

Taking total differential D, raises the order by at most 1 and the difference by 1. Taking D raises
the order by at most 1 and the difference by -1. Thus

order(S(a)) <j+k—1=d, difference(S(a))=j—k+#0,

for all monomials. Thus S(a) contains at least one factor Dj, , k., With jap +k.p < d and jop # Kap.
By inductive assuption such Dj_, x. . is 0 when valued at origin. Hense S(a) = 0 when valued at the
origin, so does D; ;. So Fj; =0 when j +k =d+ 1. ]

11



Now our graph function becomes

B 1, & Fi; . _
u=F(z,%) :,22—1—122,22—1-2%2],29 =G(27).

= gl

We apply the vector field

L:f(z)%—i— (2) +(00r+ru)£+(...)—

ou ov

S| @

We get

[(2)z2G(22)+ f(2) 2G'(2Z) = cor + 1 G(22)
So f(z)Z + f(z) z should depend only on zZ. We conclude that f(z) = a; z and

(a1 +a7) 2Z2G'(2Z) = cor + 1 G(27Z)
It amonts to solve an ODE
Awy(2) = B+ Cyla),

whose solution is y(z) = —2 + Co 2% for Cy € R. In our case we get

G(zz) = —% + Cy (2%2) e

The surface graphed by u = G(zZ) is equivalent to the graph of
u=(2%2)" (yer),

which admits 2 linearly independent vector fields:

., 0 0 0 _0 0 0
Ll.—ztz£—1t2£ LQ.—Z&""Z%—FQ’}/U%—FZWU%.

In particular this surface is analytic at the origin if and only if v € Z~,. This surface does not satisfy
the condition F,z # 0 and F,2 5> # 0. So there is no homogeneous model under in this branch.

1.4 Surface with vanishing @)

In fact when @ = 0, i.e. E = 0, the surface, by Lemma 1.5, is graphed by u = G(zZ). We
calculate F and we will get an ODE for G of order 5:

G"(22)*2* 2 G""(22) —2G"(22)? 22 G"(22) + 6 G"(22)* 2 2 G (2 2)
+G (222G (22) 22+ 6 G (22)°G"(22) 222+ 3G"(22) 2 Z* G (2 2)?
—15G"(22)G"(22)? 222 +2G"(22) 222 G'(22) " (22) +4G"(22) 2 Z° (' (22) G (2 2)
—24G"(2%2) 222G (22) G"(22) —4G"(22) 2 2 G"(22) G (2 7)
—4G'(22)G"(22) 222G (22) + 6 G'(22)* G"(22) 2+ 12G"(2%)* 2 22
—12G'(22)G"(2%2)*Z+3G"(22)* 2*2° = 0

12



After dividing by z we obtain a real ODE of order 5.
3 G///(I)Z& 24— 4Gm(l‘) G”(ZL‘) G”,/(ZE) e G”(ZL’)Z G”W(l‘) - 4G,<l’) Gm(l’) GH”<1’> 3
+2G (2) G"(2) G (z) 2* + 3G (2)* G"(x) 2° — 2G"(2)* G""(x) 2° + G/ (2)* G () 2*
—-15 G/(l’) G/”($)2 93'2 + 4G/($) GH(ZL’) G”//<ZL‘) 1'2 + GGW(QZ) GH(IL')QZL'Q + 6G/(£L')2 G””($) T
224G (2) G"(2) G"(2) 2 +12G" (2)* 2 + 6 G'(2)* G" () — 122G (x) G (2)* = 0

From the initial value G(0) = 0,G'(0) = 1, G"(0) = 1/2 one can solve the Taylor coefficients of

o0

G(z) inductively. We assume G(z) = Y G, 2™ with G; = 1 and Gy = 1/4. We calculate E and
n=1
from the vanishing of all coefficients of 2/ Z¥ we obtain

Gy =1/12, Gy =1/32, Gs = 1/80, Ge = 1/192,
G7 = 1/448, Gg = 1/1024, Gg¢=1/2304, G1p = 1/5120,
G11 — 1/11264, G12 — 1/24576, G13 - 1/53248, G14 - 1/114688

In fact G(x) = —2log(1 — x/2) is a solution with those initial values and satisfying £ = 0. It is
the unique solution since any other solution should have the same Taylor expansion as —2log(1—x/2).
We conclude that the surface is graphed by

1
u = —2log(l — 523)

It is not homogeneous by previous calculation with L.

2 Dimension 3

2.1 Preparation

Consider C? coordinated by z, ¢, w. Let w = u+414v. Consider a graphed surface u = F(z,%, ¢, ()
defined by an analytic function F. Consider the rigid transformation group

RT :={(z' = (2,0, =g(2,0),w" =rw+ h(z,0)}

where (f,g) defines a local biholomorphism and r > 0. The group acting on the set of surfaces
by point-wise transformation. We only consider Levi-rank 1 and 2-non-degenerate surfaces in this

paper.

Theorem 2.1. There are 3 relavent invariants Iy, Vo and Qg of order 5, dividing all surfaces into 3
equivalent types.

o [f Iy # 0 then such surface is equivalent to the normal form
w=F(2070 =224 5220+ (2
+1Q2(P+1QPFC+ LV (T + VAT
+1_12C233+%z352
+(C () +0(6),

13



o If Iy =0, Vo # 0 then such surface is equivalent to the normal form
UZF(Z,C7E,Z) :ZE+%ZQZ+%§E2
FECP AR ICH RV (T VAT
+LIB 4 LT
+( () +0(6),

o [f Iy = Vy =0 then such surface is equivalent to the Gaussier-Merker model

2241220+ 12%¢

u=F(2,(,%,() = T—cC

which s homogeneous. It admits 5 vector fields

14



