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This draft displays the technique of calculating differential invariants under infinite dimensional
lie group action. First I introduce some notations.

1 Finite dimensional approximations

Definition 1.1. The rigid transformation group of C**! fixing the origin is denoted by

RT = {(Z,C,w) — (2, W) = (f(Z,C),g(Z,C)an)}7

where p € R* and f, g are holomorphic functions near 0 € C* with f(0,0) = ¢(0,0) = 0 and with

invertible Jacobian
( fz fC ) )
9= gc

Multiplications and inversions are induced by compositions and inversions of transformations.

Proposition 1.2. (f,g) defines a biholomorphism between neighborhoods of 0 € C? if and only if
the jacobian matriz is invertible at 0.

Proof. Let us explain only the existence of a formal inverse. Expand the holomorphic functions f, g

as

o n

F(2,0) =) > st 2d (v,

n=1 j—O
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n=1 j=0

Let us construct progressively the formal inverse, which will be expanded as

D IIE )
n=1 j=0
oo
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n=1 j=0



Then

F(f(2.0,3(20)

9(f(2,0),3(2,Q) = <

At each degree we get a linear system. For example at degree 1 we have

(ﬁpfm>'(ﬂoﬁJ>_(10>

gi1,0 9o, Ji0 Joa 01

Here fLO, fm, 1,0, 90,1 can be uniquely solved thanks to the invertibility of the Jacobian of (f,g).
Suppose by induction, for some J € Z; that all the coefficients f;; and g, with j+k < d have

been already solved as rational functions of f,; and g, with n < 0. Then for j+k =90+ 1, we
expand f(f, ) and g(f,§) to degree § + 1 and compare the coefficients of 27(°+177:

0+1 n ) B
O_COGfZ]<6+1 ]{Zzlfln ¢ f )) ( (Zﬂg))n l}
n=1 =0
6+1 B ;
—fl(]f]5+1 j—i—f01g]5+1 J—FCOefZJgéJrl ]{ZZl'fé:lk f’zg)) (g( C))n_ }7
n=2 (=0
0+1 n ) ;
0= CoefZ] ¢o+1- j{ Z Z l,glnn ll), ))J (g(za C))ni }
n=1 [=0
. 0+1 n B ) ;
— 91,0 fj,5+1—j =+ 9071 §j75+1—j + Coefzj <6+17j{ “g(l::ll)! (f(Zy C))J (§<Z7 C))n_ }
n=2 [=0

ie. ~
(f1,0 fo,1) , (fj,6+1—j) (%1> _ (0>
910 901 Jjs41—j Ko 0/’

where %, and %, are polynomials of f;,_;, g1, With n < d+ 1 and qu,gpq with p+ ¢ < 0. By
inductive assumption fp,q, Jp,q are rational functions of f;,_;, ¢1,— with n < 6. So %, and %, are
rational functions of f,,—;, g1n— with n < 6 + 1. We can solve fj75+1_j and gjs+1-; as rational
functions of f;,,—i, gi.n— With n <0+ 1. O

Definition 1.3. The space of all Levi-rank 1 and 2 non-degenerate CR graphed hypersurfaces passing
by the origin in C? is denoted by

A = {u:= Re(w) = F(2,(,7,0)}
where
e (real-valued analytic) F' is an analytic and real-valued function in a neighborhood of (0, 0) € C?;
e (passing by the origin) F(0,0,0,0) = 0;

e (no harmonic monomials) 8282’[*’(0, 0,0,0) =0, for any a,b > 0.



e (Levi-rank 1) the matrix

has rank 1 everywhere;

e (2-non degenerate) the matrix

is invertible at the origin.

There is a natural action of the group RT on the space 7#": a graphed hypersurface u = Re(w) =
F(z,(,Zz,() is transformed into another hypersurface v = Re(w’) = F'(2',(’, 2/, (). The expression
of I is obtained by solving the fundamental equation

F,(f(z7c)7g(z7 C)7f<z7 C)?g(z’ C)) - pF(Z’ C7§7Z)

Indeed F'(2,(,%,() = pF(f( ,C),d(z,0), f( ,0),q(z C)) where (f,f]) is the inverse of (f,g). The

inverse transformation brings convenience to obtain the explicit action.

Both the group RT and the space J# are infinite-dimensional in the sense that they admet
infinitely many linearly independent parameters.

For RT, any transformation is defined by p € R* and two holomorphic functions f, g with
expansions

F(2,0) =) st i (v

n=1 j—O

gjn] ]nj
S

n=1 j=0

where f;i, gix € C, fi0901 — fo,1 910 # 0. The group RT is hence parametrized by f;x, gj, and p.
For 57, any graphed hypersurface admets an expansion

o
_ = F _—d
() = Z Z T 2 ¢ Z ¢

n=2 a+b+c+d=n

where Fypca € C, Fragap = Faped Fapoo = 0 and conditions of constant Levi-rank 1 and of 2-non
degeneracy are satisfied. The space is hence parametrized by F ;4.

But these infinite-dimensional objects have finite dimensional approximations. They can be
truncated by degrees in expansions. Then they can be viewed as inverse or projective limits of those
finite-dimensional truncations.

Definition 1.4. The §* residue group Ress is the subgroup of RT with

F(2Q) = 2+00), g(0)=C+0(), p=1.

Proposition 1.5. The group Ress is a normal subgroup of RT. [



Definition 1.6. The 0" approximation group RTj is the quotient group RT/Ress.,. Each element
has a representative

d n
F(2,0) = sty 2 (v,

n=1 j=0

- 33 fusp .

n=1 j=0

The group RTj is a finite dimensional Lie group parameterized by p and f;,,—;, gj»—; with n < 0.

sl1] 2| 3| 4] 5] 6] 7] 5
dimg RT5 | 9 [ 21 [ 37 | 57 | 81 | 109 | 141 | 20°+ 66 + 1

Its multiplication and inversion are obtained by dropping terms of degree > § + 1 in the multi-
plication and inversion of RT'.

Proposition 1.7. For any 0,0" € Z, with 6 > ¢ there is a projection RTs — RTs induced by the
injection Ress — Ress. For any 6,6',8" € Z, with 6 > ¢’ > 8" The following diagram commutes.

RT5 E— RT(;/

~

RTg// .

These projections define a projective system {RTs}scz, . Projections w5 : RT' — RTs are compatible
with this system. By the universal property of the projective limit, there is a morphism

RT — lim RTj
<—
5
which 1s indeed an inclusion whose image consists of all convergent power series.
Definition 1.8. For any § > 2, the 6" approximation of # is a manifold
= _ Fa c a =C =d
A = {u F(z,¢,7,0) = Z Z TR ¢*ze¢ }’

n=2 a+b+c+d=n

where
e (real-valued) Fi,p.q = Fraap for any a,b,c,d > 0 ;
e (passing by the origin) Fyo00 = 0;

(
(

e (no harmonic monomials) F, 00 = Foo.cq =0 for any a,b,c,d > 0.
(

Fipio0 Fiooa
Fop10 Fop01

e (2-non-degenerate) the matrix

is invertible.



e (Levi-rank 1 until degree 6) Fi 010, F1001 = Fo1,1,0 and Fy101 are not simultaneously 0. The
complex Hessian of F(z,(,Z,() vanishes up to order 6 — 2, i.e. F.z Foz — F,z Fez =0(0 — 1).

The last condition may look strange, but it is reasonable, as shows the

_ é _
Proposition 1.9. A polynomial F(z,(,Z,() = Z > j‘;,bc‘f;, 20 bz (d is a degree § truncation
n= b+c+d n
of a formal power series F(z,(,%,C) with F,- Fz cm Fyz =0 if and only if F, —FFz=

05 —1).

Proof. (only if) When calculating the complex Hessian of a power series

%, 0) Fabe, bse 74
F(z,(7,0) = Z Z arera 21 CZC

n=2 a+b+c+d=n

the 6 — 2 degree terms of Fzg FCZ — FzZ ch involve only coefficients Fa,b@d witha+b+4+c+d < 4.
Let F(2,(,%,¢) be its degree § truncation

—— Fupe, b=e 74
F(2,¢,%,0) : Z > etz

n=2 a+b+c+d=n

Then F.z Fyz — FeFez=Fs Fre — Fe Fez + 06— 1) = 0(6 - 1).

To prove the (if) part, let us introduce dependent and independent coordinates. The manifolds
A and H#; are covered by 3 open subsets: {Fj 010 # 0}, {Fi001 = Fo110 # 0} and {Fp101 # 0}.
We only treat Fio10 # 0 case because the other two cases can be transformed into this one by
changes of coordinates (z/,(") = (2 + (,z — () or (2, (") = (2, () preserving the Levi-rank.

When Fj o1 # 0 we have F},z # 0 in a neighborhood of the origin. The Levi-rank 1 condition

is now equivalent to

_— Fgkes
Fee= =5
By differentiating both sides, all terms F oz gt with b > 1 and d > 1 can be uniquely expressed as

rational functions of F_. o 5 with a —|—b’—l—c < a+b+c+d and an,, S g with a”’+b"+c" < a+b+c+d.

Moreover, only powers of I,z appears in the denominators. For example:

— FZC3F27 FzziFCz F22Fz Fcz
Ia = C+ < <

2¢,¢ F.= F.= 2

Taking their values at the origin, the coefficients F,;.q with b > 1 and d > 1 can be uniquely
expressed as rational functions of Fyp o with o/ + V' +¢ < a+ b+ c+d and Fyrger g with
a"+ b+ <a+b+ c+d Moreover, only powers of Fj10 appear in the denominators. For
example:

F _ Fi110F100,1 + F2,0,01 Fo,1,1,0  F2,0,1,0 £1,0,0,1 F0,1,1,0
1,1,0,1 Fi,0,1,0 Fi,0,1,0 Foio :

Definition 1.10. The coefficient Fj, ;.4 will be called dependent if b > 1 and d > 1. Otherwise, it
will be called independent.



Elements in the open subset {Fig10 # 0} of J and . are uniquely determined by the
independent coefficients F, ;. q With bd = 0. Since F' is real-valued, i.e. F. 44,5 = Fypca, One has

dimg 7 = #{(a,b,c,d)ja+b>1,c+d>1,a+b+c+d<d,bd=0}.

62| 3| 4] 5| 6] 7] 8]
dimg 5 | 3 | 11 [ 26 | 50 | 85 | 133 | 196 | £(20° 4+ 36% — 54)

To prove the (if) part of Proposition 1.9, one shall construct a power series F (2,(,2,() =

F(2,(,z2,0+ Y > fféféféfzagbzczd with £+ FC? - sz F;z = 0. This can be achieved by
n=6+1a+btctd=n

taking all the independent coefficients ﬁmb,c’d =0witha+b+c+d>2n+1and bd = 0 and

calculate all the dependent coefficients F, ;.4 with b > 1 and d > 1 by their rational expressions of
the independent ones. O]

Proposition 1.11. For any 0,6' € Z, with § > ¢ there is a projection 5 — s by dropping
terms of degree = ' + 1. For any 6,6',8" € Z, with 6 > ' > §" The following diagram commutes.

Hs —— Hy

~

%n .

These projections define a projective system {H5}sen, . Projections ws : S — A5 are compatible
with this system. By the universal property of the projective limit, there is a morphism

HC — lim JE;.
H
5

which is indeed an inclusion.

The manifold 775 is a finite-dimensional manifold parameterized by the independent coefficients
Fopea witha+b+4+c+d <6 and bd = 0. The action of the group RT on s induces an action on
each manifold .7¢3, V6 > 0:

H - A

l(f,g,p)

H - A

More precisely, a polynomial F'(z, ¢, Z, () € H; is a degree § truncation of a (not unique) ‘convergent
power series F(z,(,Z,() € 5, which is transformed to another convergent power series F'(z,(,Z, ()
by the fundamental equation

pF(f(2,0),3(20), f(2.0,3(20)
P> S B (F(2,0)" (3(2.0) (F(2.Q) (3= ) + 06 + 1),

a+b+c+d=n

F'(2,¢,%,()




The degree ¢ truncation of F'(z, ¢, %, ¢), denoted by F'(z,(, %, C), is the image of F(z,(,%,¢) after the
group action. It depends on the coefficients F, ;. q with a + 0+ ¢+ d < § only, hence is independent
of the choice of F(z, (,%,¢). The group action is well-defined.

More precisely

Proposition 1.12. There is a group action of R1s_1 on . The group action of RT on ¢ factors
through the projection ms_1 : R’ — RT5_1, i.e. the following diagram commutes:

RT x A5 —— 95

!

RT5 1 x I

Proof. When calculating the Taylor coefficients Fy, , _; in

)
= 7~ Flobe a rb=c 7@
F'(2,¢,7,0) =Y otz bz (" + 0(6 + 1),

n=2

we are calculating coefficients of 2 (®z° Zd with a + b+ ¢+ d < ¢ from

)
pd Y Eed(7(2,0)" (3(2.0) (F(.0)° (3(=.0)".

n=2 a+b+c+d=n

N}l

Each monomial is a product of at least 2 terms among { f(z, ), §(z,¢), f(2,¢), 4(z,¢)}. Each term

o0

f(2:0) =) st ¢,
n=1

9(z,Q) =Y syl (",
n=1

as a power series of z,( or Z,(, starts from degree 1. So only fj,n_j, Jjn—j and their conjugations
with n < 0 — 1 contribute to Fy; ., with a + b+ c+d < 0. The group action of RT5_; on J can
be well-defined and the commutative diagram is satisfied. m

Compare the two tables of dimensions:

012 3] 4| 5| 6 7 3
dimg RT54 | 9| 21 | 37 | 57 | 81 | 109 | 141
dimg 575 | 3| 11| 26 | 50 | 85 | 133 | 196

The theory of differential invariants of finite-dimensional Lie group actions applies: the orbit dimen-
sion of RTs 1 on ¢ is at most equal to dimg RTs_; and the equality is achieved only when the
action is locally free. We see immediately that the dimension of transversal, which equals to the
number of linearly independent differential invariants up to order 4, is positive when § > 6.

The infinite-dimensional Lie group RT can be interpreted as an infinitely long flow of water.
The space .7 can be interpreted as an infinitely high valley. At the beginning, water fills the space

7



up.

But later on as the waterfall grows wider, water cannot fill the space. Some caves, corresponding

to the transversal dimension, or differential invariants, show up.

2

*
* *
\

M inv *

AN
M inv * *

N
M nv * inv *

Normalization

Since the RT action on 7€ factors through 751 : RT' — RTs_1, we have the

Proposition 2.1. A rational function on € is invariant under the RT action if and only if it is
mvariant under the RTs action. [

Thus, to calculate differential invariants of order § under RT is equivalent to calculate those

under the finite-dimensional Lie group RT5_;. The algorithm goes as follows:

Write down how (f, g, p) € RTs_1 acts on some independent parameters F,p . 4.

Choose certain (f, g, p) € RT5_; to normalize as many independent parameters Fy, ;.4 to 0 or 1

as possible, i.e. (f,q,p) send Fypcq to Fcf’lb),c’d and some Fa(}b)ﬁ’d =0or 1.

Calculate how the other independent parameters F é}b)@ ; are changed under this special (f, g, p)
action, i.e. express them as rational functions of Fy4ca, fjn—j, 9jn—; and p.

Calculate the ”stabilizer”, the subgroup RT&@1 of RTs_, which preserves current normalizations.

: (1) : 1) (2) : @) :
Repeat (2) (3) (4) by studying RT;™ actions on F, ;. ,, RT;™ actions on F, . ; and so on, until
no more terms can be normalized, i.e. RT(S@1 fixes all F a(fz),gd.

Express those non-constant F! Csk,;)c ginterms of F, ;. 4. They are rational functions fixed by RTj_,

i.e. they are differential invariants of order < 4.

We fix § = 5 in this section. The goal is to show the existence of order 5 invariants and to

compute their explicit expressions.



2.1 First normalization: degree 2 terms = 22

We may assume that F} ;0 # 0. In this case

F(%QZZ) F101022+F10012C+F0110CZ+MCE+O(3)

7 Fi0,1,0

= Fiopo (2 + 5222 ¢) (2 + 7222 0) + 0(3)
= (Ff,{fl,o Z+ % ) (Fll,{)i,oz + %Z) +0(3).
R 1,0,1,0 1010

After the rigid transformation:

/ 1/2 Fo110 r_ o
z F1010 172 ¢, ¢=¢ w=w,
1010

the polynomial F(z,(,%,() becomes FM (2 (' 2 (') = 2’2’ + O(3). The other independent param-

eters F b)c qWitha+b>1,c+d>1,0d =0 can also be uniquely expressed as rational functions of
Foped, by the fundamental equation.

Since all the independent parameters FabC 4 have bd = 0 and rt dab = élb)c 4> 1t suffices to
calculate F! b)c o in terms of F,,; 4. The inverse transformation is

_ 1 1 Foa1,0 41 A o
= T R O (=¢, w=uw.

In the fundamental equality

1)

Fa c, = a,b,c, —d
Z aléllzldlliz/a C/b CC/ = Z alblbcldcllz Cbz C

a,b,c,d a,b,c,d
_ Fopcd 1 / Fo1,1,0 1\ 41 1 7 Fi 00,1 77\ ¢ ¢
= § : a!b!c!d!( 72 % 7 Froio ) ¢ ( VP Fl,o,wc) ¢
1 ,0,1,0 1,0,1,0
a,b,c,d

we calculate the coefficient of 2/ ¢*2’°. On the left hand side, it is F. () abeo- On the right hand side
only Fjatp—jeo witha <j<a+b Contrlbute Since

Fj atb—j,c,0 ( 1 r Foi1,0 /)a C/a—i—b—j (;? . M_/)c
T(atb—j)lcl \ 172 73
jl(a+b—j)lc Fi'o10 F10,1,0 Fi'oh0 F10,1,0
F | a F Jj—a s —\ C . .
_ Fiatb—jeco ! ( 1 /) (_ 0,1,1,0 ) la+b—j ( 1 /)
HMarb—j)e alG-a) \ 172 # Fi,01,0 ¢ e AT irrelevant monomials,
Filoio 1,0,1,0
We get
a+b )
F(lb) _ Fjatb—j.co ( 1 )a ( _ M)]_a (;)c
= E 1 1o \ 12 /2
a,b,c,0 L al (j—a)!(a+b—7)!c! Fl,{),l,o Fi10,1,0 F1,6,1,0
j=a
b .
_ E : Fatjbjeco ( 1 )“+C ( _ F0,1,1,0)J
= Ti(b— el \ o1/2 .
g alj!(b—j7)!c! P Fi0,1,0



We define %(1) = {u:=FY(2,(,z,() = 22+ 0(3)}, a codimension 3 submanifold of /% since
we have normalized Fl(,lo),l,o =1 and Fl(’l(){()’l = Fé}l)’w = 0. So dimg %’g(l) =50 — 3 =4T7.
Its stabilizer group RT4(1) consists of (f, g, p) such that

f(z,Q)=re?2+02), g(z¢)=0(1), p=r?

where r € Ry, 0 € [0,27). Tt is a codimension 3 subgroup of RTj, hence dimg RT4(1) =57 -3 =54

2.2 Second normalization: Féizl’o =0 for (a,b) # (1,0).

Now, we study the group action of RT, 4(1) on %(1) . Any element in %’g(l) has expansion:

(1)

_ (1) _ _
FO(z,¢2)=22+7( ) Tablojoct) 4o (Y Teblozer) 4 R(2,(,%,0)

2<a+b<4 2<a+b<4
O . FO o
—(+ Y Sheeo) (4 3 S T)+RGORD
2<a+b<4 2<a+b<4
~ - ~~ >
=:2/ =iz

whose the remainder R(z, ¢, %, {) contains only terms 2% ¢® z° 2" with either (a,b)or (¢, d) ¢ {(0,0),(1,0)}.
After the rigid transformation in RT4(1)

2<a+b<4

the polynomial F(1(z,(,Z,¢) becomes FP (' (', 2,() = 22 + R’(z’,(’,?,?). It remains to
show that the remainder R'(z’,(’,2’,{’) contains only terms 2°(’z¢Zz¢ with either (a,b) or (c,d)

¢ {(0,0),(1,0)}.

Lemma 2.2. The inverse of (x) in RTf) is of the form

Z_Z+ZZ .'f{nn]] Jcnj =, w=w.

n=2 j=0

Proof. Tt suffices to show that z := f(2/,¢') = 2’ 4+ O, ¢(2). From (x)

P .
smg o Y Doy $ Db et = 24 0,(2) 0

2<a+b<d 25atbs4

In the remainder R(2,(,%,C), each term 22 (*z¢z? is transformed to (2’ + O, ¢(2))* (" (2 +

Oz (2 ) ¢’ (’ whose expansion still contains only terms 2z’ C’b?C?d with either (a,b) or (c¢,d) ¢

{(0,0),(1,0)}.

10



The terms Fé?&ao such that 2 < a+b+c¢ <5, (a,b),(c,0) ¢ {(0,0),(1,0)} can be solved in terms
of Félb)cd:

Fo(,21),2,0 = Fo(,ll),2,07

Fo(,Ql),S,o = -3 Féyll),zo F1(,10),2,0 + Fo(,ll),g,m

Féi),z;,o = 15 Fé,ll),z,o (1171(,10),2,0)2 —4 F(g,ll)a,o Fl(,lo),z,o —6 F(g,ll),s,o Fl(,lo),z,o + F(g,ll),4,0a

Fo(,22),2,0 = - 0(,12)71,0 F1(,10),2,0 + Fo(,lQ),270a

Fé,?Q),{S,O =3 Fo(,12),1,0 (Fl(,lo),2,o>2 - Fo(,12),1,0 Fl(,lo),:a,o -3 Fo(,12),2,0 Fl(,lo),z,o + Fo(,12),3,0a

Fo(,23),2,0 =3 Fé,lz),w F1(,10),2,0 Fl(,ll),l,o -3 FO(,12),1,0 Fl(,ll),Q,O - Fo(,13),1,0 Fl(,lo),z,o + F0(713)7270,

F1(,21),2,0 = - 1(,10),2,0 Fl(,ll),l,() + F1(,11),2,0a

F1(,21),3,0 =3 (Fl(,lo),z,o)Q F1(,11),1,0 -3 F(,lo),zo F1(,11),2,0 - F1(,10),3,0 F1(,11),1,0 + F1(,11),3,0a

F1(,22),2,0 = F(g,IQ),l,O F1(,10),2,o F2(,10),1,o +2 Fl(,lo),z,o (F1(,11),1,0)2 - F(S,lz),Lo Fz(,lo),z,o

- F1(,10),2,o F1(,12),1,o —2 F1(,11),1,0 F1(,11),2,0 + F1(,12),2,07

F2(,20),2,0 - = 1(,10),2,0 F2(,10),1,0 + F2(,10),2,0a

F2(,20),3,0 =3 (Fl(,l[)),2,0>2 F2(,10),1,0 -3 Fl(,l()),Z,O Fz(,lo),z,o - F1(,10),3,o Fz(,lo),1,o + Fz(,lo),g,m

F2(,21),2,0 =3 F1(,10),2,0 F1(,11),1,0 FQ(,l()),LO - F1(,10),2,0 F2(,11),1,0 -2 F1(,11),1,0 FQ(,lo),z,o - F1(,11),2,0 F2(,10),1,0 + F2(,11),2,07

Fs(,go),z,o =3 F1(,10),2,0 (Fz(,lo),l,o)Q - Fl(,lo),z,o F:a(,lo),w -3 Fz(,lo),Lo Fz(,lo),Q,o + F?s(,lo)g,o-
We define (%;%(2) ={u:=F®(2,(,z,{) =27 + 0(3)|FL§2170 = 0,V(a,b) # (1,0)}, a codimension 24
submanifold of 2" . So dimp #4® = 47 — 24 = 23,

It will be a bit strange to talk about stabilizer group from this step. We in fact need to introduce
a new definition of stabilizer. But after the final step, we will recover the stabilizer in the standard
sense.
Definition 2.3. For any fixed element F®)(z,(,%,() € %”5(2), the subset of RT0(714) consisting of

elements f, g, p which send F®(z,(,%,¢) to another element in %”5(2), is defined as RTO(?Z(F @), Tt
depends on the choice of the original element F'(?).

The stabilizer RT4(2)(F (2)) is a codimension 24 subgroup of RT4(1) hence dimg RT4(2)(F @) =
54 — 24 = 30. It contains elements (f, g, p) = (re’? z+ 0(2),g,r?) € RT." such that

_ i0 (2 — 1
foo=—re F2,0,0,1 g1,0 90,1
_ i0 (2 ————1
fao=—1e" F3501 910901
_ i0 ;(2)  ———1
foo=—1€¢"Fi5o1 910901

f0,2 - O»fl,l = O7f0,3 = O7f1,2 = O7f2,1 = 07f0,4 = 07f1,3 = 07f2,2 = 07 f3,1 = 07

which are in total 12 conditions on complex coefficients.

11



2.3 Third normalization: FQ( 0) 01 = F(il),m =1

Any element in %’g has expansion:

F2(,20),0,1 2+ F2(,20),0,1—2
001 ;2 L T200172 ¢ 4 O(4),

F®(2,(,7,0) =22+

By 2-non-degeneracy F2(,20),0,1 # 0. So after the rigid transformation:

2
2=z (= 2001< Fé,l),2,0<7 w' = w,

it becomes a graph u = F®(2,(,z,{) = 2z + 122 ( + 322 ( + O(4).
The relations are Fé,:?,co Fé?co (Fo(?l)7270)_b.
We define 47 := {u:= F®(2,¢,7,0) = 22+ 322+ 122 C+ O(4)|FS) |y = 0,Y(a,b) # (1,0)},
a codimension 2 submanifold of %”5(2). So dimg %(3) =23-2=21
For any fixed element F®) € 2% there exists some F® € £ whose third normalization
is equal to F®. For example, we can take F® = F®_ The stabilizer RT\” (F®) is a codimension
2 subgroup of RT”(F®)). Hence dimg RT.\” (F®) = 30 — 2 = 28. It contains elements (f, g, p) €
RT? (F®) satisfying goa = €% ie.
f(z,¢) = rez — %re 1 0z2 6 3’9F§00191oz3 — 2147"63"9}74(%),071?7024
9(z,0) =gqroz+€eC+0(2), p=r’

2.4 Fourth normalization: Fz(i))g,o =0

Any element in %(3) has expansion:

&
@
—~
i
'
B
|
S~—
I
IS
|

%ZQZ‘F ‘_2<+ le(%)QOZQEQ + R(2,¢,%,()
1
2

22 (Z 1F2(0)20§2) 572 (C+ 1Fz(o),z,oz )“‘R(ZaCaE,Z),
=1C :-C’

(.

whose remainder R(z,(,Z,() = O(4) contains no 22z term. After the rigid transformation in RT, 4(3)
=z (=C+ %lFQ(%)&O 22w =w,  (x*)
the polynomial F®)(z,(, %, () becomes FW (2, (', 2/, () = 2/ 2/ + 27 C’+%?2 C+R(2,¢,2,{). The

inverse of (k) is
z=2, (=~ 20202 w=w'.

So R'(#, (', 2, {") = R(#,( — 4F2(?(’))727oz PR F2020?2) = O(4) without 227" term.
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The relations are
F(5,41),3,0 = FO(,al),B,O’ FO(,42),2,0 = Fo(,32),2,07 F1(,41),2,0 = F1(,31),2,07 Féi)A,o = F(E,gl)A,O?
Fo(j;),:a,o = Fo(?;)?, 0> Fo(?w = F(%)2 0> F1(j42),2,0 = F1(?2),2,07
Fz(ﬁ)g,o 1Fo(?)z)2 0 Fz(%)z ot F2(,1),2,07
F?E%o),z,o = __F1(31)2 0 F2(?6)2 0~ ‘Fs(%),o,l F2(?0),2,0 + Fs(?o)z,o:
F1(,41),3,0 3F<3)20+F1(1)30>
F2(fJ),3,o = _%Fo(i),s,o Fz(?o),z,o - %Fz(i)),m Fz(,%),zo + F2(?o),3,0‘
We define %(4), a codimension 1 submanifold of %”5(3) by requiring F2(jlt)),2,0 = 0. So dimg %’3(2) =
21 —1=20.
For any fixed element F¥ ¢ j‘f “ , the stabilizer RT( (F™) is a codimension 1 subgroup of

some RT\Y(F®). Hence dimg RT " (F! )) = 28—1 = 27. It contains elements (f, g, p) € RT\V(F@W)
satisfying
—24 4 i 4)
go0 =€ 217 Fo(,z),g,o 9%,0 + e F2(,0),0,2 Gro- — € 90 201 0 e Gos 10
-2 F1(,41),2,0 g0 — 2 et F2(i)),1,1 gro+2e” 91,0 911+ 2 e’ QT,Ogl_,l

+3¢*" 1010 — '’ G-
In other words

—2i0 _ —4i0 (4) 2 —6i0 2
Re(e 92,0) = Re{ —€ F0,2,2,0 J10— € 90,2 91,0

—24 4 —41 Jgio
—2e7? 9F1(,1),2,091,o—|—2€ ! 991,091,1 + %gLogLo}-

2.5 Fifth normalization: F(b)20 =0 for 2<a+0b<3and (a,b) # (2,0)
Any element in %”5(4) has expansion:
_ @ @ _
D(2,0,7,0) =22 +42 (C+ > 2aeze0) 4122 (C+ Y 200 0h) 1R(2,(,%,0),
R 2<a+b<3 2<a+b<3 .
ae ;

whose remainder R(z,(,%,¢) = O(4) contains no 2% (*%z? term for any 2 < a + b < 3. After the rigid
transformation in RT 4(4)(F @);

&
d=z (=C+ Y mRet, w=w,  (xxx)

2<a+b<4
the polynomial F®(z,¢,Z,¢) becomes F®) (2 ¢, 2, (') = z’?+%z’2?+%?2 C+R(Z,¢,%,{). The

inverse of (k * *) is
s=d, (=(40.002), w=u

13



_,_

So R'(2,(,2,(') = R(#,¢' 4+ 0.¢(2),7,0 + O55(2)) = O(4) without 2" ¢* 2" terms for any
2<a+b<3
The relations are

5 4 5 4
Fo(,l),:ao = Fo( 1)3 0 Fo( 1)40 = Fo(,1),4,0a

5 5 4
F(g,2),3,0 = 2F(§1)30F0(2)20+F0(,2,30= F1(,1),3,0 = _2F(§,1),3,0F1(120+F(1)30-

We define %’g a codimension 12 submanifold of %(4) where F, cE,Bb),Z,O = 0 for
(a,b) € {(1,1),(0,2),(3,0),(2,1),(1,2),(0,3)}.

So dimg 74" =20 — 12 = 8.

For any fixed element F®) ¢ %” , the stabilizer RT (F (®)) is a codimension 12 subgroup of
some RTY(F®). Hence dimg RT(5)(F )) = 27—12 = 15. It contains element (f, g, p) € RT\Y(F®))
satisfying

go2 = 07 g11 = -2 64i6m7 go,3 = 07 12 = Oa

92,1 _266299, 26ZGF:s(o)mglm
-5 216 F( ) 616 F( ) —_9%¢ 4160 F(5) — 410 F(5) -
gs0 = —oe€ 3001910910"‘6 3002910 01,1910 —¢€ 3.0,0,1 92,0-
Since (f, g, p) € RT\Y(F®) we have
Re(e ™" g20) =Re( — 2 g10710)-
Thus e~2%¢ 920 = —3 gl 0010 + 1ba for some by o € R. So the last equation becomes
gs0 = —5€*'? F?;(,o),o,1 G0 910+ €0 Fs(,o),o,2 gro” —2e"? F?E,o),m gio—ie*"’ F3(,0),0,1 ba0-

The stabilizer RT4(5)(F (®)) is parametrized by 3 real variables byg, 7,0 and 6 complex variables
91,0, gja—j for 0 < j < 4.

2.6 Sixth normalization: Féi),&o =0 and lm(Ffi),g,o) =0

Any element in %”5(5) has expansion:
O)(2,(,2,) =22+ 122(+ 1 (7?
11{710(51)30C_3 lF?EEE))01Z3Z
+ 35 F113OZCZ + 35 F3(0112' ZC+24F(§140Q +2—14sz,53,0,1»245
+ 13 FO(::)Q),{S,O ¢z + ﬁ F3,0,0,2 z C
+CC()

We study how ¢y and be act on this object, i.e. we consider an arbitrary (f,g,p) € RT4(5)(F(5))
with r = 1 and 6 = g;4—; = 0. They have the form

f(2,¢) —Z——gloz *+0(3),
9(z,0) =gz +(+3 5 (—2 G1.0 10 +ibog) 22 + O(3),
p=1

14



This transformation sends F® to F'®) ¢ %ﬂ such that

/(5 5 -
F3Eo,)0,1 = ?E,O),O,l + 3710,

5 5 5 5 _ )
Fslfo,)l,1 = F?E,o),m - 3F3E,0),0,1 g1,0 — F?S,o),og Jgi0 T+ % 91,0910 — 31 bap.

So by a unique choice of ¢; o and by, namely

5 ; 5 5 5 5 5 5
g10 = —%Fé,l),:%,o, b2o = 15 (Fo(,z),s,o Fo(,l),g,o - F?E,O),O,Q F?E,o),o,1 +3 Fl(,l),B,D -3 F?f,o),1,1)a

we can normalize F3(0)0 , to 0 and Fj 0)1 . to a real number. The polynomial F®)(z,(,%, () becomes

O, 7,0) = T+ 3T+ 0T
G F1130Z ¢z Ea + 5 F3E011Z/3??+2_14F(§?1),4,OC’?4+iFi?,0,1Z'4?
6 —2
+ 13 F(g,2),3,0 Clz Z’ + 13 Fé,o,o,z 2" ¢
+'C(...)
=+ 12/2?+ ;£/?2
+ = Q 2 C’z +1Qo22( + 24V0C’z + L Vo
C/Q Z + ]0 Z/3 </
+§ (...,
Where[OZZFO(?Z),?:,OGC?VO::FOMOEC Qo = 11)30GR
The relations are
5 5
Iy = Fo(,2),3o + 2F350)017
5
Vo = —2 (Fo(1)3o) +FO(1)407
5 5 5 5 5 5 5 5
Qo = % Fo(,2),3,o Fé,l),:a,o + 3 FBE,O),O,I Fé,l),B,O + % F?S,o),og F?S,O),O,l + % Fl(,l),3,0 + % F?f,o),1,1-

Each Fabcd is a rational function of Féf;}z/ g for t = 5,4,3,2 and each Fébcd is a rational
function of Fy y 4. By composing these rational functions, one can express Iy, Vi, (Jo in terms of

original coordinates Fy . 4:

52 terms in degree 9

Iy = 3/2 ;
Fyo10 (Foa10 Fro20 = Fou.20 F1,01,0)% (Fr001 F201,0 — Fi,0,1,0 F200,1)
v 11 terms in degree 4
0= )
3 F1 01,0 (Fo,1,10 Fro20 — Fo,1,20 F101,0)?
0 824 terms in degree 18
0 p—

2 .
6 F7 010 (Fo1,1,0 F1020 — Fo1,20 F1,01,0)* (F1001 F2010 — F1,0,1,0 F2001)*

15



The numerator of I is

F(il,L(] Fl,O,O,l F12,0,170 F1,0,2,0 F2,0,1,0 F2,0,3,0 - F&LLU Fl,O,O,l F12,(),1,0 F1,0,3,0 F2,0,1,0 F2,0,2,0
+ 2 F&LLO Fl,O,O,l Fl,O,l,O F137072,0 F3,0,1,0 —6 F(i17170 F1,0,0,1 F13,(),2,0 F22,()71,()
— Fti1,1,0 Ff’,o,l,o Fi020F2001F2030 + F03,1,1,o F13,o,1,o Fi030F2001F2020
-2 F(i171,() F12,(),1,() F13,0,270 F3,0,0,1 + 6 F(i171,o Fl,O,l,O F137072,() F2,0,0,1 FZ,O,l,O
- 0271,1,0 F0,1,2,0 Fl,O,O,l FEOJ,O F2,0,1,0 F2,0,3,0 -6 F()2,171,0 F0,1,2,0 Fl,O,O,l F12,071,0 F12,072,0 F3,0,1,0
+ Fo271,170 FO,1,2,0 Fl,O,O,l F12,071,0 F1,0,3,0 F22,o717o + 18 Fo2,171,() F0,1,2,0 Fl,O,O,l Fl,O,l,O F1270,270 F2270,170
+ Fo2,1,1,o Fo120 Fﬁo,l,o Fa00.1 F203,0+ 6 FOQ,LLO Fo120 F13,0,1,0 Fﬁo,g,o F300,.1
- Fo271,1,o F0,1,2,0 F13,o71,o F1,0,3,o F2,0,0,1 F2,0,1,0 — 18 Fo271,170 F0,1,2,0 Fﬁo,l,o Ff,ojz,o F2,0,0,1 F2,0,1,0
+ Fo271,170 F0,1,3,0 Fl,O,O,l F1370,1,0 F2,0,1,0 F2,0,2,0 - Fo2,1,170 F0,1,3,0 FI,O,O,I F1270,170 F1,0,2,0 F2270,1,0
- &1,170 FO,1,3,0 F1470717() F2,0,0,1 FZ,O,Z,O + Fo2717170 F0,1,3,0 F1370,170 F1,0,2,0 FZ,O,O,l F2,0,1,0
—2F3 110 F1000 Fro10Fr020 Fiaso Foon0 + 2 For10 Froen Frovo Fioso Fiizo F2o10

2 4 2 4
+2F5110F 1010 F1020 F1130 F2001 —2F5110F 1010 F1030F1120F2001

2 3 2 2 2
+ 6 F01,1,0 F5 120 F1,001 F101,0 1020 £3010 = 18 Fo 11,0 Fo 190 F1,001 Flo1.0 F1020 F5010

2 4 2 3
—6F0110F5120F1010F1020F3001+18F0110F5190F1010F1020F2001F2010
4 3
0 L1001 F1 01,0 £1,1,30 F2,01,0 — 2 F0,1,1,0 F0,1,2,0 F1,001 Fro1,0 F1,030 F111,

+2Fp110F01.2
5 4
—2Fo110F0120FT 0101130 F2001+2Fo110F01,20F1010F1030F11,10F2001

IR ] s 9Ly
sty sbydy s Lysy

4
—2F01,10F0,1,30F1001 Fro10F1,1,20 F2010+2F0

Pkl It iad] It Rat]

5 4

+2Fy 11,0 Fo,1,30 F17071,0 Fi120F2001 —2F01,10F0130 F1,07170 Fi020F11,1,0 F200.1
4 5

— Fo1,1,0 Fo,2,20 F1001 F1,o,1,o Fi030F201,0+ Fo,1,1,0 Fo2,2,0 FLO,LO Fio30F2001

it

4 5
+ Fo1,1,0 F0,2,30 F10,01 F17071,o Fro20F2010— Fo,1,1,0 Fo.2,30 Fl,o,l,o Fi020F200:1

3 4 3 3 2
-2 F0,1,2,0 F1,0,0,1 F1,0,1,0 F3,0,170 +6 Fo,l,z,o Fl,O,O,l F1,0,1,0 F2,0,1,0

+2 F(il,g,o F15,o,1,o Fs5001—6 F()?’,Lz,o F14,o,1,o F5001F201,0

+ Fo1,20 Fo,2,10 F100,1 Ff“,o,l,o Fio30F20,10 — Fo1.20Fo21,0 F15,0,1,0 Fio30F200:1
— Fo1.20 Fo2:30 F100.1 F15,o,1,o Fr0,1,0 + Fo1,2,0 Fo2,3,0 F16,o,1,o Fa0,0.1

— Fo.130 Fo2.1,0 F100.1 Fﬁo,l,o Fio20F20.10 + F0,1.30 Foz2,1,0 F15,0,1,0 Fio20F200:1

5 6
+ Fo1,30 F0.2.20 F1.001 FV01,0 F2010 — Fo0,1,30 Fo2,.20 F1o1.0 F2001-
The numerator of Vj is

2 2 2
3E511,0 51020 F1040 =5 F5110Fi030 = 3F01,1,0F0,1,20 F1,010 F1040

s

2

+ 12 Fo110 F0,1.20 F1020 F1030+ 10 Fo 110 Fo1,30 F101.0 F1030 — 12 Fo110 Fo1,30 Fioa0
2

—3F01,1,0Fo1,40 Fr010 Fr020 — 12 F51 90 F101.0 F1030 + 12 Fo120 Fo1,30 F1,0,1,0 1,020

IR]

2 2 2
+ 3 Fo1,20F01,40Fi010 =9 F5130 1010

We define %(6) a codimension 3 submanifold of %”5(5) by requiring Fo(,63),1,0 = 0 and Im(F, 1(761),370
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For any fixed element F(©® ¢ ji’g(G), the stabilizer RTLL(G)(F ()) is a codimension 3 subgroup of
some RT\”(F©®). Hence dimg RT\" (F®)) = 15—3 = 12. It contains elements (f, g, p) € RT\”(F©)
of the form

f(Z7C):T6i6Z7 g('z)C):ezZGC“—O(ZL)v P:TZ.

Note that this stabilizer group no longer depends on the choice of F©) ¢ ,%’g.)“). We simply write
it as RT.Y.

2.7 Passing to the infinite dimension

After these six normalizations, we killed fy; and ¢;0. It is a miracle that now we can work
directly on the infinite dimensional objects. We define (") be the subspace of % consisting of all
©)

, - F —d
power series u = F(7(z,(,z,() = 22422 (" z° ¢ such that

7 7
b (b)yl,o =0, v(a7b> # (1’0)5 Fl(,o),l,o =1

a,

7 7
i (b),z,o =0, Y(a,b) # (0,1); F(g,l),Q,O =1

7 7 7
i F?E,o),o,1 =0, F(,o),l,l = Fl(,l),:s,o-

It is both infinitely-dimensional and infinitely-codimensional in .7#. But it has a finitely-dimensional
stabilizer.
By definition, any element in 777 has its degree 5 truncation in %(6).

Theorem 2.4. Any element u = F(2,(,Z,() in S can be sent to some element u = F()(z,(, %z, ()
in A7 by some (but not unique) element in RT. The ambiguity can be controlled in the following
sense: any element (f, g, p) € RT sending one element F7) € 57 to another F'V € 57) has the

form f(z,0) =re 2, g(2,() = €2 ¢ and p = 1.

Proof. One shall simply use the six normalizations above with a bit modification: in the second
(killing Fip,1,0) and the fifth (killing Fip20) normalization, we normalize for infinitely many (a,b).
More precisely, we start from u = F(z,(,z,() in €. After the six normalizations above we get
u = F(z,(,% () whose degree 5 truncation m5(F®(z,(,%,()) is in %”5(6), ie.

o £ =0, V2<a+b<4 Y 0= 1

a

. Fﬁ)zo =0,V2<a+b<4; By =1;

)Ly

6 6 6
i 35,0),0,1 =0, F(,o),1,1 = F1(,1),3,0-

Then we do 2 more normalizations. First

gives us u' = F'(2', (', 7', (') with
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® Frp10=0,Va+b>2Fly,0=1
i F§,0,0,1 =0, F3/,0,1,1 = F1I,1,3,0-

Then
"o " E : b,2,0 b I _
2 =2z, C _C+ aalbl % C w =w,

a+b>5
gives us v’ = F"(2", (", 2" F) with
® Fioo1 =0, F5o11 = Fl130-
So u” = F"(" (", 2",(") is in 7). It is the form we want.
Now suppose that (f,g,p) € RT sends one element F(7) e A to another F'V ¢ (. In
the truncated setting, m4(f, g, p) € RT; sends 7r5( ™) € A to m5(F'D) € . So the truncated
action m4(f, g, p) should be in the stabilizer RT4 % That is to say
f(z:Q)=re?2+00), ¢(z¢)="C+04), p=r"
Recall the fundamental equation
pFD(2,¢,2,¢) = FO(f(2,0),9(20), (20, 9(0).
When we compare the coefficients of 27 ("7 z for any n > 2 and 0 < j
0= Coefzj C”*jE{F,(’Y) (f(Za <)7 g(Z, <)7 f(Z7 C)7 g
= Coef,; ¢n—a E{f(za <) f(zv C)} + Coet.; "Iz

=
—

~—

Q

—~

n

I

~—

U

——

+ Coet sz Y () F 0 9,0
ct+d>2
The last two terms are 0 because they only contain monomials with degz = 0 or degz + degz > 2
The first term gives us 0 = re =% JE;”’JJ'), Hence f(z,() =re'f 2.
When we compare the coefficients of 2/ ("7 22 for any n > 2 and 0 < j < n:

0= COeijCnfjg2{F/(7)( ZyC))g(ng)u Z
= Coef,;j cn—; E2{f(z, } + Coefzj ¢cn—iz? {

9(,0)}
COZ

+Coefzjgn—jz2{%g(z,C)f(z,C)z}+Coefzj<n—jzz{ Z RORRAC .6)9(2,0)}

1

c d
+Coef s eniz2{ Y (..)9(2,0) }+coefzjcn iz{ () f(z0) 9.0}
=0,d=2 c+d>3
Each term, except the third, is 0. The third term gives us 0 = 1r? g(Jn" = Hence g(z,¢) = e?¢. O
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2.8 Braches: [ #0, Vi #0and [, =0=1V

To get a normal form under the full rigid transformation group, including rotations and dilations
Z/:T’ewZ, ngGQiGC’ p:T,Q7

we should normalize I, or V4. Such a rotation and a dilation would send (1o, Vo, Qo) to (I}, Vg, Qp)
with ' '
I=r"te™ L, Vi=r22"V,, Q) =1r"2Q,.

We avoid the mixed type and focus on the 3 possible branches:

o Iy #0;
e Ip =0 but Vy #0;
o [ =0=1V}.

2.8.1 Brach [, #0
In this brach we can normalize I to 1 by choose re’? = I,. More precisely, for any surface in
D graphed by:
F(2,0,7,() =22+ 32°C+3(7
+5QuzCZ +§ Q220+ 5; Vo (Z 4 5, Vo 2' ¢
_ — a2
"‘%I()CQZ:;"‘ %I@ZSC
+CC(...)+0(6),
where [ # 0, after the transformation

12
%

Z/:I(]Zv C,:ﬁ ’ 7p:’10

the polynomial F(7)(z,(,Zz, () becomes

¢
FOU( 2 C) = 2’7+%z’2?+%(?2
+LQACT L LIQBTT+ LV T+ LV AT
+ %C""?g + %2’3?2
+(...)+0(6),
where y 0
V::OJ Q:_()’
1.’ | 1o|?

0

We define 71 a codimension 2 submanifold of #(7) by requiring I, = 1.
For any fixed element F(®&1 € 5781 the stabilizer RT®Y is the identity.
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2.8.2 Brach I, =0 but V5 #0

In this brach we can normalize Vj to 1 by choose 2 e~2¢% = V{. This equation has two solutions:

ret? = £z, where 22 = Vj and arg(x) € [0, 7). More precisely, for any surface in (") graphed by:
F(U(@C,ZZ) = Z§+%ZQZ+%C22
++:Q0zCZ+ Q20+ 5 Vo + 55 Vo' ¢
= — 352
+ S L2+ 5125
:0, Whg;l 1050

+¢C(...)+0(6),

where Vj # 0, after the transformation

v
=l ¢

d=xz

p=1Val,

the polynomial F(")(z,(, %, () becomes

FOI( 70 =T+ 120+ 307 +1Qo 7 +1QRT T
_4 J— R
+ L2+ ()4 0(6),
where Q = 22, We define 2) a codimension 2 submanifold o y requiring Vy = 1. For
here Q = %5 We define #*2) a codimension 2 submanifold of /(") b iring Vp = 1. R
any fixed element F'®2) ¢ 572 the stabilizer RT®? is a group of two elements: the identity and

<_27<7 1)

2.8.3 Branch I, =0=1j

Since )y can be generated by Iy, Vo and their differentials, we have Qo = 0. The structure
equations degenerate to the model case. The surface is equivalent as the Gaussier-Merker model
2+ E+i2C
N 1-¢¢ ‘ '
To conclude, we draw the branches from our root assumption.

Iy # 0 Vo #0

//

FZf#OEFZEFCZ_FQEFZZ ﬁ[o ‘/OEO

Il
o

where I, and Vj are relative invariants of order 5.
Theorem 2.5. Within the branch Iy = 0:

zZ+1¢27+122¢

(1) When Vi = 0, the surface is equivalent to the Gaussier-Merker model u = 1 e¢ , and

conversely;
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(2) When Vy # 0, the surface is, up to z — —z, equivalent to:
u=224+320+5(P2+ (PR P+ 52+ 520
+CC( )+ > Labd ya (b 227",

a+b+c+d>6,bd=0

without any harmonic monomial 27 ("7, ¥n >0, 0 < j < n and any monomial 2* (*Z¢, Va+b >
2, c € {1,2}. Pairs of collection of coefficients:

QO @’ {(_1>a+c Fa

W K AR de}a+b+c+d>6 bd=0’ Vol vbvcvd}a+b+c+d>6,bd:0

are in one-to-one correspondence with equivalent classes.

Within the branch Iy # 0, the surface is, in a unique way, equivalent to:

u=2z+3122C+1 CEQ—F%

02

> Dgeteeprl

a+b+c+d>6,bd=0

(2 +1 ‘ 0. 23Z( + %%—%C§4+i%z4z+%c2§3+%zgz
—=d

s
Y|
/.\
N—

without any harmonic monomial 27 ("7, ¥n > 0, 0 < j <n and any monomial 2 (*Z¢, Ya + b >
2, ¢ € {1,2}. Collections of coefficients: ROQ’ T and {Fa7b7c7d}a+b+c+d>67bd:O, are in one-to-one

correspondence with equivalent classes.

3 Recurrence Formulas

According to Olver, by taking invariant differentials, lower order invariants generate higher order
ones. The explicit equations can be obtained by Olver’s recurrence formulas. The goal of the section
is to find out a minimal set of generators of all differential invariants.

There are 4 cases, whether I, Vg are identically 0 or nonzero. If Iy = 0 = Vj then the surface is
equivalent to the Gaussier-Merker model hence all differential invariants are constant. The other 3
cases are

e when Iy # 0,V # 0.
e when Iy #0,V, =0.
e when Ip =0,V #0.

3.1 Branch [, #0,V5#0

We normalize I, to 1 and there are 3 differential invariants of order 5: V,V and Q. The surface,
after a unique rigid transformation, is equivalent to a graph of the normal form u = F(z,(,z,() =

Fapbed a ~b=c 74 s ofor
S Pt o 00z 7? satistying
a,b,c,d

® [4400=0,
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® Fyp1,0=0, except F1g10=1,
o [,520=0, except Foi20=1,
L F3,0,0,1=0>

L F3,0,1,1 = F1,1,3,0-

There are 3 differential invariants of order 5: V := Fy 140, V := Fupp1 and Q := F31,1. Here V is

complex valued while @ is real valued.

The Levi rank 1 condition, together with Fio;0 = 1 # 0, implies that all the coefficients
Fopea with b > 1 and d > 1 can be expressed as a rational combination of those F, 4 with
ad+b+d+d <a+b+c+dand b d =0, where the denominator is a power of Fig;¢. So all the
non-phantom invariants of order k > 6 can be classified into three types.

i Type L: [a,O,kfa,O = Fa,O,kfa,O for 3 <a< k— 37

o Type 2: I ppr—10:=Flpprofor 1 <O< 1 <I<E—3;

o Type 3: Iy_101-dd = Fi—101-aa for 1 <d <1, 1 <1< k-3, which are conjugates of Type 2.

3.1.1 Recurrence formulas at order 5
At order 5 we have

D,V =1140— 211002V
DV =1Ipo40—4Q —4V
DV = 10,175,0 -2 [3,0,1,2 V-4V

DEV = -2 131070’3 Vv

1 1 — 1 1
D.Q = B Ir130+ 5 Tioag —Ti230Q — I1002Q —2QV + 6 Q + 6 V
1 1— 1
D:Q = B Liaso—Tloz30Q —2Q + 5 V+ 6

together with their conjugates

D.V = Isg01 —2 L2350V —4V
DV =—21y330V

DV = Iip011 —21o240V

DZV = I4002 —4Q — AV

1 1 1 1
D:Q = B I3021 + B Lo — 13021 Q — 1o240Q —2QV + 6 Q + 6 V

1 1 1
DzQ = 5 I3oo1 — I30030Q —2Q + 5 V+ G

in total 12 equations. There are 13 non-phantom invariants of order 6:

e Type 1: [3,0,3,0;
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e Type 2: [0,1,5,0,[1,1,4,0,[0,2,4,0,[2,1,3,0,11,2,3,0710,3,3,0;
e Type 3: [5,0,0,1714,0,1,1,[4,0,0,2,13,0,271,1.3,071,2,[370,0,3-

When V' # 0, the 12 invariants of Type 2 and Type 3 can be solved from the 12 equations.

To150=2V?+8QV — 2Q DV +4V DzQ — %V—i—DEV,

Iooa0=DV +4Q+4V,

Io330 = —%,

L1140 =8QV +8VV 42V DV +D.V,

Loz = :%V (12QV —3Q DV — 3V 4 6V DQ—V),

s = 7= (48Q°V —6Q> DV +6QV° +12QV D:Q +6QV DV

—UVT — 6V DV —3QV — V' +6V D.Q - 3V DY),

DZV

Is003 = =37

Lo = 55 (12QV —3Q DV —3V2+ 6V D:Q — V),

o1 =35 (48Q*V —6Q* DV +6QV2+6QV DV +12QV DeQ
—24V?V —6V? DV -3QV —V? -3V D,V +6V D:Q),

Iipo2 = DZV-I—ZLQ +4V,

Ispa1 = 8QV +8VV + 27D<V+DEV’

Ispo1 = 272+8QV—2QD¢V+4VD§Q— §V+DZV

To solve I3 30 one has to investigate recurrence formulas at order 6.

3.1.2 Recurrence formulas at order 6

There are in total 52 equations.

D.Ip150=—-5QV — 31100200150+ 1150

Deloqiso = Tozs0— 610150 —5V —511140

Dzly1s0=—-5V?—6VIy150— 31301200150 + L0160

Dzloas0 = —313003%0,150

D.I1140=Io140—14/3Q° +1/3 Qo240 — 2V L1140 +2/3VV — 413050 — 123001140 — 21100201140
Deliiao=1T1240—451140—14/3Q +1/3 1240 — 412130 — lo330l11.40

Dzliya0 = lia50 =4V 140 —5QV +1/3VIsa0— loga0li140 — 21301201140

Delivao = Tois0 = 211140 +2/3V = 21300311140

D.Io2a0 = Ti240—8/3Q —2Ip240V +2/3V — 215130+ 211011 — 123000240 — 1100210240
Deloaao = Iozao —8/3 —21opa0 — 25230+ 2V — lozz0lo40

Dzloza0 = To2s0 — 411140 —2VIg240 — 11/3V +2/3Q + 2 L5021 — lo2.40° — I301,2102,4,0
Delogao =4V +2/3=2Ilp240+ 23012 — lo24013003
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D. 15130
De¢lsi30
DzI51 30

Dzls 130
D.I230
De¢li230
D=1 230
Dzl 230

=Qhaso+ V001 —4V 3030 — 2123005030 — 21100215030 + 11030
= —21y33003030+ 12130 — 413030+ 13130
= QIz3021+ V130 —4VIs030— 21024013030 — 21301203030+ 13040
= —21300313030 + 3021 — 413030+ 13031

D.ly330 =

De¢lo3z 30
D=1y 33,0
Dg[ 0,3,3,0
D 1302,

Del30.21
D3]3,0,2,1

Dzl30.21
DZ[3,0,1,2
D¢l3012
DzI301.2
Dels 0.1,
D.I3003
D¢l3003

DEIS,O,O,S =

DZ[ 3,0,0,3

L3130+ Q/184+2/311930Q —4V Iy 30— V/18+T7/3QV +1/6 15130
—1/614011 — 21123002130 — 1100212130

Ioso+1/18 = 215150+ 5/611230 — 7/6 —21y33002130

Dao—I3030 —2VIai30+ V/1842/3VIi530+1/3Q>—Q/18 +1/6 11140
—1/6 13021 — 2 lo24002130 — 130,1.212,1,30

211140+ 313021 —1/18 = 415130 +7/3Q+V/6 —1/613012 — I300312,130
Loso+1/3QIos30— 411230V —V/3—2115350
Iizs0+1/310330—2T230l0330

Lioao—212130+1/3VIps30—10/3Q — 21123000240

lo2a0+8Q —1/3—411530

—4VIO,3,3,0 — 2123010330+ 1100200330+ 11330

—210330° + 210330 + Toa30

2VIozz0— 2103300240+ lo33003012+ loza0— 311230 —3

Ins3003003 —41p330+3

Lipan — I3030 — Q18+ 1/3Q* =2V I3001 4+ V/184+2/3V Is010 — 1/6 I 130
+1/6 14011 — Ti2301l3021 — 21400213021

3h130+2I011—1/18 = 413001+ 7/3Q —1/6 11230+ V /6 — Inaa0l3021
I3031—4VI3001 —V/184+7/3QV +Q/18 +2/3Q13012—1/611140+1/6 135021
—lo2401l3021 — 21301203021

I30090+1/18 = 213021+ 5/613012— V/6—21500303021

Lipia— 215021 —10/3Q +1/3V I3005 — 211002150,

8Q + Iup02—1/3 41301,

L3022 — 413012V = V/34+1/3QI3003 — 23012

I3013+1/3 13003 — 21301203003

2V 3003+ 1123013003 — 21400203003 — 313012+ L1003 —3

= Ip33003003 — 413003+ 3

—4 V13003 + Lo24003003 — 21301213003 + 13013
2
—213003" + 213003+ 13004

D.Iso11 =Is5011—5QV =4V Lig11+1/3V Ligo2 — 21123011011 — 1100214011

Delyorn = Is001 — 211011 +2/3V — 21033014011

D:lipin = Lipo1 —2VIg11+2/3VV —14/3Q%* +1/3 Q002 — 2 To240l1011 — 413030 — 301211011
Delyoin = Iiora — 414011 —14/3Q +1/3 Lio02 — 413021 — I300304011
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D.Iip02 = Is002 = 4Tu011 +2/3Q = 11/3V =2V L1002 +2 130 — l123001002 — [1002°
Delypp2 = 4V +2/3 -2 Iy002+211 230 — 1400200330

DzI4002 =1I1012— 211002V +2/3V —8/3Q+211140— 213021 — I1002l0240 — 1100205012
Delioo2 = 1a003—8/3 = 211002 +2V = 213012 — Li00203003

D.I5001=—5 V- 6V Is001 — 31123005001 + 16001

Delspo1 = —31033015001

DzI5001 = =5QV — 3124005001 + I5011

Dgls001 = I5002 — 6 5001 — 5V — 511011

From 2 of them,

D.I001 = I1091 — I3030 — Q/18+1/3Q* =2V I3001 + V /18 + 2/3V L3015 — 1/6 I3 30
D:lyor1 = lioo1 — 413030 —2VIo11+2/3VV —14/3Q%* + 1/3QILi002 — 2 Io240ls01.1 — I301212011

one can solve I3030 and I402 1, since all the other terms are solved before. In particular

_ 5021 277 2 277 277 2
I3030=—3Q°+5Q Liop2+5VV —=3Vii1— 5V I3012+35V 3021~ 502401011

1 1 2 1 177
+3hi23003021 — 351301211011+ 5 1100213021+ 55 Q — =V
1 1 1 1
+3D. 13021 — 5 Dzlao11+ 15 L2130 — 15 L40,1.1-

It ]

Recall that all the invariants of order 6 on the right hand side can be generated by V,V, @ and their
invariant derivatives, so is I3 3. The full expression is a bit large.

2V DCVQ2

— 1 10 I 4 e 4 I/ 16 7/
130,30 = — 5= +HV+RDQV-EDVQ-4VDQDV - LEVVDQ

_ 2Q% D, D=V _ 4D:,QD=V Q% 2p.v D,V Q2
F3VDVQ- o VY - e i At

DEVD?VQ 4
+ - 3v + 3 D:Q DZQ -
VDCVQ
9V
—3DQDsV+3QD:DrQ+ £ DV Q>+ 3 D.DzQ +8Q°V —24V?V

4D VDrQQ* 2D,V Q2
3V 9V

1 —

+§DZVQV+%DCQDCVQ— 1 DzD;V + 2 D:QQ?

2
+4vDpD QQ+ﬂ—@D77Q—HQV(1/9)+2D QD/V
3 < oV 3 U= 3 z <

+2QD.DcV — 4DV DFV — 3 DFQV — 2 V D.D;V — SV DV

16 D<7Q3 2VD<VDEVQ
3V 3V

2D,V D=V QV 8 D=V Q3

I S A - ¢ 72
+ = +8D<VQ2+16DCQQ2— S -2D:QD.V

-1D.D.V+2D.QV-2DzQ -

- 2D.Q+8DzQQ+16VQ? —82VVQ+64Q° 7%D<VDZQV+%DCQDKQQ
—BVVDV - VDVQR+3VV-2D.VQ+ED.QQ - %DfQQ
- 2DQV-4DzVDV-2VDzD:V-8D.VV-1VD.V

4 257 4 2 2 17 Avd 55 2
—4D VAV -4VvDV 4+ ZQ- U DVV-5q

34 I 16 ke 4 X7 8 X7
- DVVV - VDQV+ 5D VDV Q4+ § DrQDVQ

4DV D=V Q2 4D=VD,QQ 2D=VD,VQ2
_ PV Pe _ 1P L2
3V 3V 3v2
7 D VDoV o2 VDV O3 —
+2VD<VQ710VDCVQ +2D<VE<VQ DV D:VQ
9V 3V 3VV 3V
2D<7D;QQ

- g T3 DDV + 3 D:QDQ — 5 DcQQ

2 26 Eva 22 77 20 7/
—2DVQ-LQV-ZVDVQ+RVDQ

Theorem 3.1. When Iy # 0 and Vy # 0, all the non-phantom invariants are generated by V., V., Q
and their invariant derivatives.
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Proof. The proof is by an induction on the order. All non-phantom invariants of order k£ < 6 are
generated by V, V, Q and their invariant derivatives. Suppose all non-phantom invariants of order
k = ko > 6 are generated by V, V, Q and their invariant derivatives, then for those of order k = ko+1,
recall the division of three types:

o Type 1: 1,0 ky+1-a,0 for 3 < a < ko;
o Type 2: Lipp o110 for 1 <o <1 1 <1< ko — 3;
o Type 3: Iy 41-101-da for 1 <d <1, 1 <1< ky—3.
They can be generated from these recurrence relations of order ky:

Dz140k0—a = La,0ko+1-a,0 + {correction terms}
DE]l—b,b,ko—l,O = Il—b,b,kg-{—l—l,o + {correction terms}

Dz[kofl,O,lfd,d = IkOJrl,l’O’l,d,d + {correction terms}
where the correction terms are of order at most kg hence generatable, so do the three types of terms
of ordre ko + 1. O
3.1.3 Commutators
Four equations
(D, Dz| = Ipp40D. — % VD¢ — ly002 D=+ % Dg
(D¢, D] = (=Is003 + 2) D¢ + (Iosz0 — 2) Dz
[D.,D¢] = Io330D. + (=Laso+ Lioo2 —2V — %) Dy
[D., Dﬂ =2D, — Dz+ (I1230 — L1002 +2V) Dg
plus two conjugates
[D-, Dz] = L3030 Dz + (Ioga0 — I3012 —2V — 3) De
[Dz, D¢] = =D, + 2Dz + (I3012 — loga0 +2V) D¢

Not sure if they are useful yet.

3.2 Branch [ #0,V, =0

We normalize Iy to 1. There is only one differential invariant of order 5: Q) 1= Fi 130 = F30,1,1-

The Levi rank 1 condition implies that all F, 411441 can be solved in terms of Fiy/ y 4 with
¥ d = 0. The vanishing of Vj and of Vj implies that Foiapedr1 and Fipiicqaq can be solved in
terms of Fy v o With (¢’ <4 ord < 1)and () <1orc <4). So all the non-phantom independent
invariants of order k£ > 6 can be classified into three types

o Type 1: Ia,O,k—a,O = Fa,O,k—a,O for 3 < a < k— 3a
o Type 2: I 3 4430 = Fr3-pp30for 1 <b<k—3;

o Type 3: Ispp-3-dd:= F30k-3-44 for 1 <d < k — 3, which are conjugates of Type 2.
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3.2.1 Recurrence formulas at order 5

At order 5 we have 9 1 1
D.Q=-4Q%*+ 5 Q + 3 Iyi30—T1230Q

D@ = % —-2Q+ % Liozo— lozs0@Q
D:Q = %[3,0,2,1 —4Q*+ % Q—I3012Q
D7Q) = %—73,0,1,2 + % —2Q — I3003Q

in total 4 equations. There are 7 non-phantom independent invariants of order 6:
e Type 1: I3030;
e Type 2: I5130, 11230510330
e Type 3: I3021, 13012, 13003

One can solve [271’370, [1,273,0, 13707271 and [3’071,2 in terms of [0737370 and [3’070’3.
To solve I3 30 one should use higher recurrence formulas.

3.2.2 Recurrence formulas at order 6

At order 6 we have a huge list

D.I3030=Q1I2130—8Q1I3030—2I123013030+ 1030
Delyo50==21os3003030+ 12130 —4uso30+ 13130
Dzl3030=0Q I3021 —8Q I3030 — 21301203030+ 3040
DZI3,0,3,0 -
D.Iy130=1I3130—4Q 130+ Q/18+2/311230Q + 1/6 12130 — 21123002130
D<]2’173’0 =1I5030+1/18 = 215130+ 5/611230— 21033012130
D:ly130=11/3Q° + 313030 —8Q In130 — Q/18 = 1/6 I3021 — 301212130
Del,, o =313021 — 1/18 =4 15150+ 7/3Q —1/613012 — 13500312130
D.I1530=12230+1/3QIn330—2 Lo30°

Delygs0="T1330+1/310330— 21123000330

Dzl 530 =—811230Q 421130

DZ]1,2,3,0 =12Q —1/3—411230

D.ly330=4Qlozz0—2l1230l0330+ 11330

Delyys0=—2l0330" +2l0330+ loaso

Dzlys530=—8Qlozz0+ loszsolso12+1/3+ lia3p

DzI = lo33,013003 —41p330+3

—21300313030 + 13021 — 413030+ 13031

0,3,3,0
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D.I3091 = 11/3 Q2 + 313030 —8Q I3021 —Q/18 —=1/6 15130 — [12300302.1
D<1370,271 =30130—1/18 =4 13021 +7/3Q —1/6 11230 — los30l3021
Dzl3001 = I3031 —4@Q 13021 + Q/1842/3Qu3012+1/613021 — 21301215021

Dl 00 = o2+ 1/18 = 213021 +5/6 13012 — 21300313021
D.I3010=-8Q1I3012+213021
DC]3,0,1,2 =12Q — 1/3 — 413012

Dilgg10=1tz000+1/3Q L3003 — 23012
D?]3,0,172 =I3013+1/313003 — 21301213003

D. 13005 =—8Q1I3003+ l1230l3003+ I3012+1/3
Dels605 = 1033003003 — 413003+ 3
Dzl5003=4Q 3003 — 21301203003+ 13013

2
Del, 05 = —213003" + 213003+ 13004

3.3 Branch [, =0, #0

We normalize Vj to 1. There is only one differential invariant of order 5: @ := Fi 130 = F30.1.1-

The Levi rank 1 condition implies that all F}, y11.4+1 can be solved in terms of Fi/y o with
b'd = 0. The vanishing of I, and of I, implies that Foispeare and Iy pio o434 can be solved in terms
of Fyyea with (@ < 3 ord < 2)and (' < 2or ¢ < 3). So all the non-phantom independent
invariants of order k£ > 6 can be classified into three types

i Type L: [a70,k:—a,0 = Fa,O,k—a,O for 3 <a< k— 37

o Type 2: Iy 4130 := Fr_a130;

o Type 3: I3 k41 = F30x-41, Which is the conjugate of Type 2.

3.3.1 Recurrence formulas at order 5

At order 5 we have

1
D.Q = Sla011 — 4Q°+5Q+ 5 hbns0— Naso @
DQ=%—-2Q+ 35230 loz30Q
D:Q) = %]3707271 —4Q*+ % Q—I30120Q

DQ = %[3,0,1,2 + % —2Q —I30030Q

in total 4 equations. There are 7 non-phantom independent invariants of order 6:

o Type 1: I3030;

e Type 2: [2,1,3,0,[1,2,3,0,[0,3,3,0;

e Type 3: ]3,0,2,1,]3,0,1,2,—73,0,0,3-

One can solve 12717370, 11727370, 13’07271 and ]3,07172 in terms of ](),37370 and ]3707073.
To solve I3 30 one should use higher recurrence formulas.
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