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Reminder : Symplectic manifolds

Definition

Symplectic manifold : (M, ω), such that ω ∈ Ω2(M) is
closed and non-degenerate.

Non-degeneracy : The map ι•ω : TM → T ∗M, v 7→ ιvω is
injective.

Examples :
I T ∗Q with ω = dθ, θη(v) = η(π∗v)

I 2-dimensional manifolds with volume forms
I coadjoint orbits
I Kähler manifolds
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Multisymplectic manifolds

Definition

Multisymplectic manifold : (M, ω), such that ω ∈ Ωk+1(M)
is closed and non-degenerate.

Non-degeneracy : The map ι•ω : TM → ΛkT ∗M, v 7→ ιvω
is injective.

Examples :
I k = 1 : ω is symplectic.
I k = dim(M)− 1 : ω is a volume form.
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Multicotangent Bundles

Multi-Phase spaces. Let Q be a manifold. Consider M =
ΛkT ∗Q. The canonical form θ ∈ Ωk(M) is defined by

θη(v1, ..., vk) = η(π∗(v1), ...π∗(vk)).

The form ω = dθ is multisymplectic.

Example : Q = R3. Consider R6 = Λ2T ∗R3 with coordinates
{p12, p13, p23, q1, q2, q3}

ω = dp12 ∧ dq1 ∧ dq2 + dp13 ∧ dq1 ∧ dq3 + dp23 ∧ dq2 ∧ dq3.

Remark : Magnetic terms. Let µ ∈ Ωk+1
cl (Q). Then ω + π∗µ is

multisymplectic.
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Product type structures

Product type multisymplectic structures. Let (Mi , ωi ) be
a finite collection of k n-dimensional manifolds with volume
forms. Then

∑
i π

∗
i ωi is a multisymplectic form on

∏
i Mi .

Remark : When k = 2 volume version of the Lagrangian graph
picture of symplectic geometry.

Example : M = R3, (x1, x2, x3) and volume dx123

and N = R3, (y1, y2, y3) and volume −dy123.
Then M × N carries the multisymplectic structure

dx123 + dy123.
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Complex type structures

Complex type multisymplectic structures. Let (M, J,Ω)
be a complex manifold of complex dimension n > 1 with
a holomorphic volume form Ω ∈ Ωn,0(M). Then (M, ω =
Re(Ω)) is a multisymplectic manifold (of dimension 2n with
a form of degree n).

Example : Cn = Rn × Rn, (z1, ..., zn), where zk = xk + iyk . We
then have dzk = dxk + idyk and the holomorphic volume form
Ω = dz1 ∧ ... ∧ dzn. For n = 3 this means

Re(Ω) = Re ((dx1 + idy1) ∧ (dx2 + idy2) ∧ (dx3 + idy3))

= dx1∧dx2∧dx3−dx1∧dy2∧dy3−dy1∧dx2∧dy3−dy1∧dy2∧dx3.
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Darboux type theorems



The classical Darboux-Moser-Weinstein Theorem
Theorem

Let (M, ω) be symplectic with ω ∈ Ω2(M)) and p ∈ M. Then
around p there exist local coordinates (x1, ..., x2n) such that
ω = dx12 + ...+ dx2n−1,n.

Let (M, ω) be volume with ω ∈ Ωn(M)) and p ∈ M. Then
around p there exist local coordinates (x1, ..., xn) such that
ω = dx1,...n.

Idea of proof :
I ω is equivalent to a constant coefficient form, Moser path

trick :
∂

∂t
((φt)∗ωt) = (φt)∗

(
ιXt dωt + dιXtωt +

dωt

∂t

)
.

I Any constant coefficient symplectic/ volume form is equivalent
to the above standard one.
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Multisymplectic Darboux theorems ?

Question

Do other multisymplectic manifolds have a “standard”
constant coefficient representation ?

Definition

A form is called flat, if near any point it admits a constant
coefficient representation.
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Linear algebra problems

Theorem (Mar70-Cap72-Wes81-Djo83-Ryv16)

The numbers Σn
k of non-degenerate forms in Λk(Rn)∗ up to

elements in GL(n,R) are
I Σn

n = 1,Σn
1 = 0,

Σn
2 =

{
1 n even
0 n odd

,Σn
n−2 =

{
n
2 n mod 4 = 2
bn2c − 1 else

,

I Σ6
3 = 3,Σ7

3 = 8,Σ8
3 = 21,Σ7

4 = 15,Σ8
5 = 31.

I Σn
k =∞ in all other cases.

The form dx1234 + dx1256 + x3dx3456 is multisymplectic. Moreover
it has different types for x3 > 0, x3 = 0 and x3 < 0. Especially, it is
not flat.
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More sublte problems

We have Σ5
3 = 1. The type is dx123 + dx145.

Theorem (Turiel 84)

ω = (dx1 + x2dx4) ∧ (dx23 + dx45) is not flat

proof :

D = {v ∈ TM|∀α ∈ Ω1(R5) such that α ∧ ω = 0 : α(v) = 0}

is not involutive.
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Product type theorem

Theorem (RW19)

Let k ≥ 2, m > 2, ω multisymplectic, pointwise of type

de1,2,...,m + dem+1,...,2m + ...+ de(k−1)m+1,...,km

Then ω = ω1 + ...+ ωk , where ω1, ..., ωk are decomposable.

Furthermore, ω is flat if and only if dωi = 0 for all i .

Improvement : If m > 3, dωi = 0 is automatic.

Nonflat example :
ω = ω1 + ω2 = x1dx135 + dx146 + dx236 + dx245
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Multicotangent type theorem

Theorem (Martin88)

Let k > 1 and ω be multisymplectic pointwise of type∑
i1<...<ik

f i1,...,ik ∧ e i1 ∧ ... ∧ e ik .

Then
D = {v ∈ TM|ιvω is decomposable}

is a
(n
k

)
-dimensional distribution.

Moreover ω is flat if and only if D is involutive.



Complex type theorem

Theorem (Turiel01-RW19)

Let m > 2, ω multisymplectic,pointwise of type

Re((e1 + ie2) ∧ ... ∧ (e2m−1 + ie2m)).

Then, there is a unique almost-complex structure ±J such
that

ιJ(w)ιvω = ιw ιJ(v)ω ∀v ,w

Furthermore, (U, ω) is flat if and only if J is integrable.



Transitivities of Diffeomorphism
groups



The classical theorems

Theorem (Boothby69)

Let M be connected and ω symplectic or a volume. Then
Diff (M, ω) acts k-transitively on M for all k ∈ N.

Definition

G acting on X is called k-transitive if for any two k-tuples
(p1, ..., pk), (q1, ..., qk) of distinct points in X of there exists
g ∈ G such that g(pi ) = qi for i = 1, ..., k .

Question

How transitive can the diffeomorphism groups of multisym-
plectic manifolds be ?
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Obstructions to 2-transitivity

Remark : If ω has varying linear type or varying flatness behaviour,
then its diffeomorphisms are not even 1-transitive.
I dx1234 + dx1256 + x3dx3456

I ...

Lemma :If a group G ⊂ Diff(M) preserves a foliation F , its action
on M is not 2-transitive.
I Multicotangent bundles have 1- but not 2-transitive

Diff (M, ω).
I Product type manifolds have 1- but not 2-transitive

Diff (M, ω).
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Complex type manifolds

Lemma : Let n ≥ 2, M = Cn ∼= R2n and ω = Re(dz1 ∧ ... ∧ dzn).
Then Diff(M, ω) acts k-transitively on M for all k .

Example : the Multisymplectomorphisms of
ω = dx135 − dx146 − dx236 − dx245 act k-transitively for all k on
R6.

Weird fact : Let M = {z | ||z || ≤ 1} ⊂ Cn ∼= R2n with the same
form. Then Diff(M, ω) acts transitively but not 2-transitively.
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Summary and an open problem

Open problem

Does there exist (M, ω) with 2-transitive but not 3-transitive
Diff (M, ω) ?
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Thank you for your attention !
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