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Symplectic manifold : (M,w), such that w € Q?(M) is
closed and non-degenerate.

Non-degeneracy : The map tew : TM — T*M, v+ ,w is
injective.

Examples :
> T*Q with w = db, 6,(v) = n(mv)
» 2-dimensional manifolds with volume forms
> coadjoint orbits
» Kahler manifolds



Multisymplectic manifolds



Multisymplectic manifolds

Multisymplectic manifold : (M,w), such that w € Q**1(M)
is closed and non-degenerate.

Non-degeneracy : The map tew : TM — AKT*M, v = 1w
is injective.




Multisymplectic manifolds

Multisymplectic manifold : (M,w), such that w € Q**1(M)
is closed and non-degenerate.

Non-degeneracy : The map tew : TM — AKT*M, v = 1w
is injective.

Examples :
> k=1:wis symplectic.

» k=dim(M)—1:wis a volume form.
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Multicotangent Bundles

Multi-Phase spaces. Let @ be a manifold. Consider M =
A*T*Q. The canonical form 6 € QX(M) is defined by

On(vis ..o, vic) = n(me(ve), ... (vi))-

The form w = d@ is multisymplectic.

Example : Q@ = R3. Consider R® = A2 T*R3 with coordinates
{p127 p137 p237 qi1, q2, CI3}

w = dp*? A dgy A dgs + dp*> A dgy A dgs + dp®® A dgs A dags.

Remark : Magnetic terms. Let p € Qf_f,H(Q). Then w+ 7*p is
multisymplectic.
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Product type structures

Product type multisymplectic structures. Let (M;,w;) be
a finite collection of k n-dimensional manifolds with volume
forms. Then ). 7*w; is a multisymplectic form on []; M;.

Remark : When k = 2 volume version of the Lagrangian graph
picture of symplectic geometry.

Example : M = R3, (x1, x2, x3) and volume dx!?3
and N =3, (y1,y, y3) and volume —dy'?3.
Then M x N carries the multisymplectic structure

dX123 + dy123 )
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Complex type structures

Complex type multisymplectic structures. Let (M, J,Q)
be a complex manifold of complex dimension n > 1 with
a holomorphic volume form Q € Q"%(M). Then (M,w =
Re(Q2)) is a multisymplectic manifold (of dimension 2n with
a form of degree n).

Example : C" =R" x R", (z1, ..., zn), where zx = xi + iyx. We
then have dzy = dxy + idy, and the holomorphic volume form
Q =dz A ... \dz,. For n =3 this means

Re(2) = Re ((dx1 + idy1) A (dxa2 + idy2) A (dx3 + idy3))

= dxy Adxo Adxz —dxy Adys Adys —dy1 Adxo Adys —dy1 Adys Adxs.



Symplectic vs. multisymplectc - Summary

Symplectic
manifolds
cotangent coadjoint Kahler z‘gi trl? ?,rc'ﬂ::
bundles orbits manifolds f
orms
generalize to relate to relate to generalize to
gomplex oriented
multicotangent simple Lie manifolds with manifolds with
bundles groups hol. volume | P
forms volume forms
Multiymplectic

manifolds
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around p there exist local coordinates (xi, ..., x,) such that
w = dxbn.




The classical Darboux-Moser-Weinstein Theorem

Let (M,w) be symplectic with w € Q2(M)) and p € M. Then
around p there exist local coordinates (xi, ..., x2p) such that
w = dx!2 + ... + dx?~Ln,

Let (M,w) be volume with w € Q"(M)) and p € M. Then
around p there exist local coordinates (xi, ..., x,) such that
w = dxbn.

\. J

Idea of proof :
P> w is equivalent to a constant coefficient form,



The classical Darboux-Moser-Weinstein Theorem

Let (M,w) be symplectic with w € Q2(M)) and p € M. Then
around p there exist local coordinates (xi, ..., x2p) such that
w = dx!2 + ... + dx?~Ln,

Let (M,w) be volume with w € Q"(M)) and p € M. Then
around p there exist local coordinates (xi, ..., x,) such that
w = dxbn.

\. J

Idea of proof :
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The classical Darboux-Moser-Weinstein Theorem

Let (M,w) be symplectic with w € Q2(M)) and p € M. Then
around p there exist local coordinates (xi, ..., x2p) such that
w = dx!2 + ... + dx?~Ln,

Let (M,w) be volume with w € Q"(M)) and p € M. Then
around p there exist local coordinates (xi, ..., x,) such that
w = dxbn.

\. J

Idea of proof :
> w is equivalent to a constant coefficient form, Moser path
trick :

0 d
a((qbt)*wt) = ((bt)* (thdwt + dLtht + ;;) .

» Any constant coefficient symplectic/ volume form is equivalent
to the above standard one.
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Multisymplectic Darboux theorems?

Do other multisymplectic manifolds have a ‘standard’
constant coefficient representation 7

A form is called flat, if near any point it admits a constant
coefficient representation.




Linear algebra problems

Theorem (Mar70-Cap72-Wes81-Djo83-Ryv16)

The numbers X7 of non-degenerate forms in AK(R")* up to
elements in GL(n,R) are

> Y =1,21=0,
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» X7 = oo in all other cases.




Linear algebra problems

Theorem (Mar70-Cap72-Wes81-Djo83-Ryv16)

The numbers X7 of non-degenerate forms in AK(R")* up to
elements in GL(n,R) are

> Y =1,21=0,
¥n 1 neven,zz_zz 3 nm0d4:2,
0 nodd [5] —1 else
> ¥$=35]{=85§=21%]=15738 =31

» X7 = oo in all other cases.

J

The form dx123* 4 dx12%0 + x3dx34%° is multisymplectic. Moreover
it has different types for x3 > 0,x3 = 0 and x3 < 0. Especially, it is
not flat.
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More sublte problems

We have 3 = 1. The type is dx123 + dx1%5.

Theorem (Turiel 84)

w = (dx! 4+ xadx*) A (dx?3 + dx*) is not flat

proof :
D = {v € TM|Va € Q'(R®) such that a Aw =0: a(v) = 0}

is not involutive.
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Product type theorem

Theorem (RW19)
Let k > 2, m > 2, w multisymplectic, pointwise of type
del,2,...7m_‘_ dem+1,...,2m + .+ de(k—l)m+1 ..... km

Then w = w1 + ... + wk, where w1, ...,w) are decomposable.

Furthermore, w is flat if and only if dw; = 0 for all ;.

Improvement : If m > 3, dw; = 0 is automatic.

Nonflat example :
W= w1 +wy = xydx135 + dx140 4+ ¢x236 4 (x245



Multicotangent type theorem

Theorem (Martin88)

Let kK > 1 and w be multisymplectic pointwise of type
> fkonet ALk,
i<...<ig

Then
D = {v € TM|i,w is decomposable}

is a (Z)—dimensional distribution.

Moreover w is flat if and only if D is involutive.




Complex type theorem

Theorem (Turiel01-RW19)
Let m > 2, w multisymplectic,pointwise of type
Re((e! + ie?) A ... A (271 + ie®™)).

Then, there is a unique almost-complex structure £J such
that
Li(w)bvw = twlyyw Vv, w

Furthermore, (U,w) is flat if and only if J is integrable.
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The classical theorems

Theorem (Boothby69)

Let M be connected and w symplectic or a volume. Then
Diff(M,w) acts k-transitively on M for all k € N.

Definition

G acting on X is called k-transitive if for any two k-tuples
(p1,---s Pk), (q1, .-, qk) of distinct points in X of there exists
g € G such that g(p;) = q; for i =1, ..., k.

Question

How transitive can the diffeomorphism groups of multisym-
plectic manifolds be?
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Obstructions to 2-transitivity

Remark : If w has varying linear type or varying flatness behaviour,
then its diffeomorphisms are not even 1-transitive.

> dx1234 1 x1256 | o (I 3456
> .

Lemma :If a group G C Diff (M) preserves a foliation F, its action
on M is not 2-transitive.

» Multicotangent bundles have 1- but not 2-transitive
Diff(M,w).

» Product type manifolds have 1- but not 2-transitive
Diff (M, w).
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Complex type manifolds

Lemma : Let n > 2, M = C" 2 R?" and w = Re(dz! A ... A dz").
Then Diff(M,w) acts k-transitively on M for all k.

Example : the Multisymplectomorphisms of
w = dx'3% — dx140 — dx?30 — dx?*> act k-transitively for all k on

RS.

Weird fact : Let M = {z| ||z|| < 1} C C" = R?" with the same
form. Then Diff(M,w) acts transitively but not 2-transitively.
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Summary and an open problem

co-ransitive

intransitive 1-transitive
kops
varying linear AT Qk>1
type

constant linear
type, flat at

some places,
not at others

compact simple Lie
groups (dim>3)

flat product type
structures

{llzll <1} cC,
Re(dz' a...Ad2")

some non-flat
product structures

problem

>

w or w*, where @
is symplectic,

volume forms

==+ C",Reldz' A... AdZ")

Does there exist (M, w) with 2-transitive but not 3-transitive
Diff (M, w)?




Thank you for your attention !
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