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Port-Hamiltonian systems.
Example: Electric circuit ( L1, L2, C ) with a controlled port u Q̇ = ϕ1/L1 − ϕ2/L2

ϕ̇1 = −Q/C+u
ϕ̇2 = Q/C .
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Port: input u, output e = ϕ1/L1.

Port-Hamiltonian system: ẋ = J(x)∂H∂x +g(x)f with

x =

Q
ϕ1

ϕ2

 J =

 0 1 −1
−1 0 0
1 0 0

 g =

0
1
0

 f = u
e = ϕ1/L1

fs := −ẋ, es :=

pQ
pϕ1

pϕ2

 ≡
 Q/C
ϕ1/L1

ϕ2/L2

 .
Ḣ ≡ −eTs fs= uϕ1/L1 ⇔

eTs fs+ef = 0

⇒ almost Dirac



– Henry M. Paynter,
Analysis and Design of
Engineering Systems,
MIT Press, Cambridge,
Massachusetts, 1961.

– Jean U. Thoma,
Introduction to Bond
Graphs and Their
Applications, Pergamon
Press, Oxford, 1975.



Beyond: port-Hamiltonian, constraint Lagrangian
Traditional references: J. Marsden, H. Yoshimura (ILS);
A. van der Schaft, B. Maschke (PHS)
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Conjecture (VS): Everything is port-Hamiltonian.
Geometry: (almost) Dirac structures for both classes



Philosophy

J.-M. Souriau’s thermodynamics,
or better: C.-M. Marle https://arxiv.org/abs/1608.00103

https://arxiv.org/abs/1608.00103


Episode 1:  
Almost Dirac 
structures for 
PHS



Very classical story

Canonical case:
given H : T ∗Q → R

q̇ =
∂H

∂p
, ṗ = −∂H

∂q

Symplectic geometry

ω =
∑
i

dpi ∧ dqi

ιXH
ω = dH

More general case:
given H : M → R and
an antisymmetric J(x)

ẋ = J(x)
∂H

∂x

Poisson geometry
{·, ·} on : C∞(M)

XH = {H, ·}

ẋ = {H, x}



Geometry behind: Courant algebroids, Dirac structures
On TM = TM ⊕ T ∗M (or more generally E ⊕ E ∗)
Symmetric pairing: < v ⊕ η, v ′ ⊕ η′ >= η(v ′) + η′(v),
Dorfman bracket: [v ⊕ η, v ′ ⊕ η′]D = [v , v ′]Lie ⊕ (Lvη′ − dη(v ′)).

A Dirac structure D is a maximally isotropic (Lagrangian)
subbundle of TM closed w.r.t. [·, ·]D
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DΠ = graph(Π]) = {(Π]α, α)} Dω = graph(ω[) = {(v , ιvω)}



Dirac paths

Theorem 1. Let D ⊂ TM be a Dirac structure over M,
H ∈ C∞(M) be a Hamiltonian function and γ a path on M.

Assume that the basic 2-class [ωD ] vanishes, and let θ ∈ Γ(D∗)hor

be such that dDθ = ωD , then the following statements are
equivalent:

(i) The path γ is a Hamiltonian curve, i.e. (γ̇(t), dHγ(t)) ∈ D for
all t.

(ii) All Dirac paths ζ : I → D over γ (i.e. ρ(ζ) = γ̇) are critical
points among the Dirac paths with the same end points of the
following functional:

ζ 7→
∫
I

(
θγ(t)(ζ(t)) + H(γ(t))

)
dt (1)



Implicit Lagrangian systems with magnetic terms

Theorem 2. Let D ⊂ TQ be a Dirac structure and L : TQ → R a
Lagrangian. Assume that the 2-form ωD ∈ Γ(Λ2D∗)hor admits a
basic primitive θ ∈ Γ(D∗)hor . Then for q : I → Q the following are
equivalent:

a) There exists a Dirac path ζ : I → D such that ρ(ζ) = q̇ which
is the critical point among Dirac paths with the same end
points of ∫

I
(L(ρ(ζ(t))) + θ(ζ(t)))dt. (2)

b) For all t ∈ I , the following condition holds.(
∂

∂t
FL(q̇(t)),Dq̇(t)L

)
∈ D = eΩπ!D. (3)



Episode 2: 
Conjecture ?



Port-Hamiltonian systems (PHS): definition and features

General form: ẋ = (J(x)−R(x))∂H
∂x +w(x)u.

• Symplectic Hamiltonian systems are PHS

J = JD =

(
0 In
−In 0

)
• Poisson Hamiltonian systems are PHS

J = JW =

(
JD 0
0 Φ(y)

)
• PHS + PHS ⇒ PHS

• PHS ⇒ PHS + PHS ?? Not unique!



Conjecture in a reasonable form



Port-Hamiltonian systems (PHS): definition and features

General form: ẋ = (J(x)−R(x))∂H
∂x +w(x)u.

• Symplectic Hamiltonian systems are PHS

J = JD =

(
0 In
−In 0

)
• Poisson Hamiltonian systems are PHS

J = JW =

(
JD 0
0 Φ(y)

)
• PHS + PHS ⇒ PHS

• PHS ⇒ PHS + PHS ?? Not unique!



Episode 3: Notilus 
aka intelligent 
accounting



Reconstructing PHS



Recovering the PHS structure II

II. For each group:

1. Construct (or select from a catalog constructed in
advance) all the symplectic and Poisson structures of
suitable size.

2. From the internal variables select the maximal
combination of terms, preserving one of the structures
from the previous step.

3. If the cohomology of the selected structures is non-trivial,
check if the selected combination belongs to the trivial
class.

4. Construct the Hamiltonian, corresponding to the selected
combination of terms. If this step results in unreasonably
complicated symbolic computations, come back to steps
1.-2., dropping highly non-linear terms from the selection.

After that, for each group of variables the components of a
Hamiltonian flow are spelled-out.



Recovering PHS structure I: matrices



Port-Hamiltonian systems as decorated graphs

H, J
e1
f1

R

e2
f2

e3
f3



Recovering the PHS structure I

Input data: a system of differential equations in the form ẋ = f(x)

I. From the right hand sides, recover the structure of the graph
of the PHS.
After that, the variables xi are split into groups (vertixes of
the graph), and the terms in the right hand sides are
separated to internal ones (i.e. depending only on variables of
their “proper” group) and external ones (all the others).



Recovering the PHS structure III

III. Identify the ports:

1. The terms not selected in step II.2. are declared internal
ports, associate “virtual” vertices to them.

2. To external terms for each group (responsible for
interactions) assign an edge in the resulting graph.

Details:

• V.Salnikov, A.Falaize, D.Loziienko. Learning port-Hamiltonian
systems - algorithms, Computational Mathematics and
Mathematical Physics, 2023.

• V. Salnikov, Port-Hamiltonian systems: structure recognition
and applications, Programming and Computer Software,
Volume 50, 2, 2024



Learning the PHS structure – some remarks

• First step – Machine Learning methods.
Proof of concept – OK.
Hamiltonian VS generic training in progress
Project with A. Falaize, O. Peltre.

• Second step – “catalog” of symplectic / Poisson structures,
computation of cohomologies and compatible vector fields.
Project with A. Hamdouni, A. Falaize.

• Maybe a new way of defining
canonical forms of systems of differential equations.
Traditionally: call for collaboration!
– see next edition of the CA Conference.



Merci pour votre attention!

Спасибо за внимание!


