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preliminaries : Newmark scheme (1959) 2

second order dynamical system M 4 dt2 I C 14+ Kq(t)=f(t)

implicit scheme parameterized by v and §:
see the book of Géradin and Rixen (2015)

(%)j+1:( t) +h[(1_ )(dt2) +7(dt2)1+1]
ar1=a+ h (5);+ 1 [(3— 8) (§8); + B ()il

take C =0, f(t)=0
introduce the momentum p = M %: % +Kq(t)=0
special case v = % and 8=z
pi+1 =P+ 5 (=K) (g41 + )
M (g1 — a)) = hpj — & K (g1 + q))
—h .+ﬁ( P .):h( 1+ pj)
Pi+ 2 \Pji+1 = Pj) = 2 \Pj+1 T Pj

Newmark scheme for a linear oscillator :

Bb 4 PK(qi1+q) =0 MIEL _L(py+p)=0
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outline 3

principle of least action

discrete symplecticity

P, interpolation and Simpson quadrature

test for a nonlinear scalar case

two by two system: coupled linear pendula
system of dimension 3: top (preliminary result)
conclusion

annex: nonlinear pendulum
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principle of least action 4

starting point for establishing evolution equations

action fo (dt’ q(t ) dt, state g(t): unknown function
variation of the action in an infinitesimal displacement dq(t)

0Se = [(55) da(t)]g + Jo [ — ()] da(r) dt

Euler-Lagrange equations ﬁ(%) = g—é
classical Lagrangian L(%7 q) = & (%)2 - V(q)
momentum p= gé . '
Hamiltonian , \
_ . d d
H(p. q) = p G — L(qh a(t)) = 45 + V(q)

Hamilton equations anharmonic potential

Lo e =0, =0 eD—e = qg
I 4u? sin g=
flow ®: (p, q)(t =0) — (p, 9)(1) o

Liouville theorem: the volume is conserved in the phase space
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discrete principle of least action 5

split the interval [0, T] into N elements, h = % qi ~q(j h)
discrete action Sy = ZJ"’;ll L4(qj, qj+1)

discrete Lagrangian Ly(qe, qr) =~ tt+h[—(%)2 ]d
Py internal interpolation between g, ~ q(t) a >~ q(t+h)
centered finite difference approximation d—‘t’ A

midpoint quadrature formula tt+h V(q(t)) dt =~ h Vv (9tdr)

La(qe, qr) = b (979)? — p v/ (9ta)

discrete Euler Lagrange equation aLd (qJ 1, qj) + @q[(qj, gj+1) =0

the resulting scheme is the Newmark implicit scheme (1959)

discrete moment p, = géd

discrete Hamilton equations
Pj+1—Pj oV (9i+gi+1\ _ 9j+1—9;j 1 . A
Tt 5 (F) =0, i —5h (pr+py) =0

Sanz-Serna (1992), Wendlandt, Marsden (1997), Hairer, Lubich, Wanner (2006)
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discrete symplecticity

7

Proposition 1 [Sanz-Serna (1992)]
regular transformation P = P(p, q), Q = Q(p, q)
symplectic transformation: dP A dQ = dp A dg

i . _opPQ _ (a b
Jacobian matrix a = pa) = <c d>’

“imaginary” matrix J = (_OI é)

classical symplecticity condition: o' Ja = J

that can be written
(i) ac and b'd are symmetric: a'c = c'a, b'd = d'b
(i) a'd — b'c is the identity matrix: a'd —c'b=1.
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discrete symplecticity (ii) 8

Proof of Proposition 1
dP; = & dp; + b d¢/,  dQ' = ¢ dp; + d dg’
dP A dQ = (a dp; + by d¢) A (¢ dpy + df dgf)
= a ¢ dp;A dpe+by d} dg/ A dgt+al dj dpiAdgt+byj ¢t dg/Adpy
= (a'c)! dp;A dpg+(btd);, dg/ A dg’ + [(atd),—(ctb), ] dpjA dg!
= dp; A d¢/  if and only if
(i) a'c and b'd are symmetric: a'c = c'a, b'd = d'b
(i) a'd — b'c is the identity matrix: a'd — c'b =1
then

tJ_atctOIab_atctcd
G = At dt)\-1 0)\c d) T\t dt)\-a —b

_[(ac—cta a'd—c'b [0 T\ 0
“ \btc—dta b'd—d'b)  \-1 0]
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discrete symplecticity (iii) 9

Proposition 2 [Lewis & Simo (1995), Wendlandt & Marsden (1997)]
A numerical scheme obtained with a discrete set of Euler-Lagrange
equations is symplectic.

discrete action Sy = .. + La(qj—1, q;) + La(qj, gj+1) + --.

discrete Euler-Lagrange equations: ‘32‘: (gj-1, qj) + %(qj, gj+1) =0

right momentum p, = 3 (qe, qr) or p; = e (qj-1, 4))
discrete Euler-Lagrange equations:  p; + g—Z‘Z(qj, gj+1) =0
discrete Hamiltonian Hy = p, q, — Lq(qe, qr)

then dHy = dp, qr+pr dg, — 9Ly

aqz d% pr dgr = aqe dge+ dpr gr

Hq = Ha(qe, Pr)v 8q; (qﬁv pr) = aq[ 4(qe, qr), Dpr (qév pr) = qr
discrete Euler-Lagrange becomes discrete (implicit) Hamllton

OH,
pi — gt (), piv1) =0, g1 = G2(q), pis1)

8pj+1 apj+1
f ¢ _ | .9p dgj |. _t — [
Jacobian matrix a = oq1 g |1 @ Ja=J"1

“Opj agq;
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discrete symplecticity (iv)

10

differentiate the discrete Hamilton equations

. O%Hy . 0?Hy o
dp; — aq? dgj — 99z Ops dpj+1=0

9%H, 0°H

dgj+1 = 5509, 49 + ng dpj+1

the Hessian matrix is symmetric
1 — 9%Hy i _ 0%Hy _ 0PHy . .

Hq = 5 Hp = B2 V= agop 2re symmetric matrices

hypothesis: the matrix  is invertible. Then
— =1l -1
dpjt1=7"" dpj — " Hy dg;

—Hy dpji1 + dgjr1 = v dg;
, I 0 dp'+1> (7‘1 -t H”) (dp'>
id est J = q 4

(—H,Q’ I) (dQJ‘-i-l 0 g dg;
with <dpj+1> = (a b> <dpj> « <dpj>, we have
dgj+1 c dj \dg; dg;
I 0\/a b\ (v! —1 Hy
werave (L 9) (2 0)=(0 7,




least action symplecticity P, interpolation Euler-Lagrange nonlinear pendulum double top conclusion references annex

discrete symplecticity (v)

11

(b DE -0 75)
—H; 1) \c d 0 ~y

4 relations a=~v1
—H,’,’ atc=0
b= _,yfl H!
q
—H b+d=1v
3 conditions to satisfy alc = cta, b'd = d'h, atd — ctb =1

(i) c=H)a then a'c = a'H, a is symmetric

(i) d=~+Hyb
d* =~ 4 b'H] because v and H, are symmetric
d'b=~vyb+b"'H b= —H]+ b"'H/ b symmetric

(i) a'd—c'b=a"(y+H,b)—a" Hyb

=aty=1 because a=~"".
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finite elements with quadratic interpolation 12

basis function of the P5 finite element
po(0) = (1-0)(1-20), ¢1/2(0) =40(1-0), ¢1(0) =6(20
0

interpolating polynomial function
q(t) = g0 0(0) + am ©1/2(0) + G- p1(6)
discrete derivatives
8 = %(_3q€+4qm - qr)v Em = qr;hqe, 8r = %(CM _4qm+3qr)
C. William Gear (1971)
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Simpson's quadrature for a discrete Lagrangian 13

numerical integration on the interval [0, 1]

midpoint formula: / p(0 )d9N¢( )

exact for a polynomial of degree <1
Thomas Simpson (1710-1761) quadrature:

1
1 1
|0y a0 2 5 [00) + 40(3) + wi)
exact for any polynomial i of degree <3
discrete Lagrangian with the Simpson quadrature formula

t+h 1 dq 2
Lataes am a)= [ [3M (G- V(@) at

Ly (g’ +4g%+g"°) —g (V(ge)+4 V(gm)+V(ar))

Lh(qfa dm, qr) = 12

with
gé:%(_3q€+4qm_qr)v &m = qrhqe gr:%(QE—4Qm+3Qr)
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discrete Euler-Lagrange equations: middle point 14
N—-1
discrete action Y4 = Z Ln(qj, Gjy1/25 i)
j=1

Maupertuis's least-action principle X4 =0
for arbitrary variations dq; and 6qj+1/2

Lu(qe, Gm, ar) =15 M(g® + 482 + &2)— 2 (V(qe) + 4 V(gm) + V(ar))

Euler-Lagrange equat|ons first established for an arbitrary variation

of the internal degree of freedom 6qj+1/2 ﬁ =0
agf_ﬂ %_ agf__ﬂ /:7
we have 9qm — h' Oqm V' Oqm A’ Vm = 9q (qm)

oL
ﬁ:ﬁm(gg%Jrgg%)—%hv;,,:gM[qm—%(qurqr)—rmV&]

Gm — I\/I . dV(qm) = (qg + g,): defines implicitly the value gn,
as a functlon of the extremities ge and q,:
%M(qf_2Qm+qr)+%%(qm) =0
consistent with the differential equation M 4 dtQ + %‘; =0
then the numerical scheme is symplectic !
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discrete Euler-Lagrange equations: extremities

15

discrete action

Yg=--+F Lh(qj'—l, gj-1/2, qj) + Lh(% qj+1/2, CIj+1) P oooc
variation relative to g; equal to zero

discrete Euler-Lagrange equations:

aLs aLS
W(qulv qdj-1/2, CIj) + T%(qﬁ gj+1/2, Clj+1) =0

after some lines of elementary calculus
% (g-1 —2q; + gj+1) + % M~ (le—1/2 +Vi+ V',+1/2) =0

J

. . : . . 2
consistent with the differential equation M % + % =10
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discrete momentum

16

ls

0q,
pr=e¢Mlg(—3)+4gn(3) +e(3)] -2V
=1[2M(q—8qgm+7q;) — hV/]

with gm = % (g0 + q,) + £ M1 2V < (qm)

PrZ%M(qr—%)—g(QV/n+Vr')

right momentum p, =

. . 1 h
with space indices: pj 1 = P M (qj+1 — qj) 5 (2 V+1/2 + J+1)
similarly, ;= M (g — g5-1) — & 2V, + V)
taking into account the discrete Euler-Lagrange equations
% (qj—l —2qj + qj+1) + % M- (Vj/—l/2 + Vj/ + \/_l/+1/2) 0

1 h
pj = E M (qj+1 - qJ) 6 (V/ +2 j+1/2)
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discrete Hamilton equations

expressions of the moments
1
Pi+1 =4
pj =
discrete Hamiltonian equations
h _
piv1 =P+ (V/+4V p+ Vi) =0

qs1— GG — M (Vi = V) = M7 (pja +pj) =0

discrete system to solve at each time step

h pg—1 1 _ 1
Gjr12—gM Vj,+1/2 —249+1=39j
pisit oAV ,+ V) =p—2V
j+1 T § j+1/2 j+1 Pi— %Y
_ _ 2
V=g g Mg - p MY

. hpg—1 . h?
g+1— M pipi - MV, =

write this nonlinear system under the form Fs(gj.1/2, pj+1, qj+1) =0
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numerical resolution of one time step with Newton 18

Fs(Gjt1/2; Pj+1, gj+1) =0

Jacobian matrix I— %ZM—l K 0
dFs(qm. p, q) = $hK I
0 L/ s

with K = V"(qm)

inverse of the Jacobian matrix (formal calculus, scalar case)

-1
dFS(qma P, q)) =

1 1h 1
4 m 2
2 mo+5 hmbp 1—ho—3 hp+ g6 h*0p —imb—tmp+ & hmby
_%hg 1h _1h96 1—L1ho

Newton algorithm: machine precision convergence at the fifth iteration
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Simpson vs Newmark, 10 meshes per period 19

\Jt‘ivi.f"t"ﬁ
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Simpson vs Newmark, 20 meshes per period

20
1.5
2
> >
1.0 1 1
3 > ’ A
0.5 1
3 > ’
> > |
0.0
3 q f
3 | |
_0'5 .
3
4 3
-1.0 1 3
4 1
-1.51
0




least action symplecticity P, interpolation Euler-Lagrange nonlinear pendulum double top conclusion references annex

Simpson vs Newmark, 40 meshes per period 21

1.5 1 : ; 4 ; :

1.0 4

0.5 1

0.0 1

—0.5

-1.01

=ilPq

—

10
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errors and order of convergence

22
10 periods |number of meshes 200 400 800 order
Newmark momentum 1.8510° [ 459107 | 1.14 107! | 2.01
Simpson momentum 1.121073 [ 6.80 107> | 4.20 107° | 4.03
Newmark state 397101 [1.0010°T [ 2511072 | 1.99
Simpson state 2.45107* | 1.48107° | 9.16 10~ | 4.03
100 periods |number of meshes 2000 4000 8000 order
Newmark momentum 1.65 101 | 4.56 10° | 1.1410° | 1.92
Simpson momentum 1.081072 | 6.48 10~% | 4.01 10> | 4.04
Newmark state 2.9910° | 1.0110° | 257107t | 1.77
Simpson state 2431073 | 1.4510% [ 8.9810°° | 4.04
1000 periods [number of meshes| 20000 40000 80000 order
Newmark momentum 1.78 101 | 1.78 101 | 1.24 10! | 0.33
Simpson momentum 1.08107 1 [ 6.47 103 | 4.00 10~% | 4.04
Newmark state 3.1410° | 3.1410° | 2.26 10° | 0.23
Simpson state 2431072 [ 1.461073[9.00 107° | 4.04

AR
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double linear pendulum 23

Y
T X1 X2 x

e 4
q1

ao @m
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double linear pendulum: first variable

24

S

q1(t) (rad)

Exact

—+—RK4 ——Newmark —e— Simpson

TNy -
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double linear pendulum: second variable

q2(t) (rad)

I I
= 0.1t ’ Exact —+—RK4 ——Newmark —e—Simpson

N
k\ iy e‘é’\ﬂ"\
W ‘,,v' il
W I 3 l

[
1 2 3 4 5 6

BB}

S

(e}
T

I~

SE|

8
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top 26
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top: nutation 27

Nutation 6 (rad)

I I
/3 [ Exact 7
—— RK4
—+— Newmark
—e— Simpson
/6 |- -
O |

0 Ya Y Y4 1
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conclusion and perspectives 28

symplectic Simpson numerical scheme
linear and a nonlinear pendulum

fourth order accuracy
numerically established for a nonlinear oscillator
and a linear double pendulum

stability proven in the linear case
under a natural condition 0 < wWyax h < 22

system case : nonlinear test cases under study
to do:

covariant extension to mutiple dimensions
adjoint version for dynamic control
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references 29

FD, Juan Antonio Rojas-Quintero,
A Variational Symplectic Scheme Based on Simpson's Quadrature
Geometric Science of Information 2023, LNCS 14072,
pages 22-31, 2023.

FD, Juan Antonio Rojas-Quintero,

Simpson’s Quadrature for a Nonlinear Variational Symplectic
Scheme

Finite Volumes for Complex Applications X—Volume 2,
SPMS, volume 433, pages 83-92, 2023.

Juan Antonio Rojas-Quintero, FD, José Guadalupe Cabrera-Diaz,

Simpson's Variational Integrator for Systems with Quadratic
Lagrangians

Axioms, volume 13, article 255 (23 pages), 2024.
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merci de votre attention ! 30
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annex: nonlinear pendulum [see Chenciner (2000)] 31
angle 6o € (0, 7) [fo = 7 on the picture]
non Iinear pendulum problem o I

dt2 +w?sing =0, q(0) =6y, L(0)=0

N S

conservation of energy ~_ 1
dag\ 2
HB(F) +w? (1 —cosq)] =0
parameter k = sin (@) and 0 < k < 1.

observe that dq < 0 for small values of t >0

then i‘t’:—ka 1— L sin? (§) = 2wk cosg

change of unknown sin¢ = 7 sin (%)

then ¢(0) =2 and 42 = —w /1 — k2 sin?p = —w cos (%)

de

differential relation w dt = ——F——
\/1—k2 sin? @
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nonlinear pendulum (i)

32

incomplete elliptic integral of the first kind

_ [a d
Flam =I5 i

complete elliptic integral of the first kind

K(m)= (2 __d¢ _ _ gz
(m) 0 1—msin? (2’ m)
i he differential relati ——— 9
integrate the differential relation w dt i e
—__ [y __d&  _ 2y _ 2
W= w/zm—K(k) F(p, k%)
after a fourth of a period T, the parameter ¢ changes
from T to zero: wL = [T2__de _ _ K(k?)
2 4 0 1-K2sin2¢

Jacobi amplitude A(., m)

reciprocal function of the incomplete elliptic integral of the first kind
F(a, m) = u is equivalent to a = A(u, m)

we have F(yp, k?) = K(k?) —wt and ¢ = A(K(k?) —wt, k?)

sin (2) = k sing, % = 2wk cosp
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