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CONSERVATION OF MECHANICAL ENERGY

Dynamics of the nonlinear pendulum

—7 H(I) = i sin 6(7) &(1) using Jacobi Elliptic functions
m
1.
. H=—6"— L3 cos &
: 2 £
‘ (conserved) mechanical energy, i.e. H=0
o
| MaX yLA

4
2g



KIRCHHOFF ANALOGY

nonlinear pendulum planar elastica

|
3\‘/ —>
o
H ™m
&
.. g , P |
dynamics O(t) = — — sin 6(¢) d"(s) = o s1n O(s) statics
4
. 1 ey 8 1 9) . . ,
mechanical energy H = 56’ " cos @ H = EEIQ, — P cosd  Maddocks invariant: H' = ()

: A.E.H Love 1944 (first occurrence?)
curvature tension Kehrbaum & Maddocks 1997

energy O’Reilly 2007

Jung 2011 (discrete version)
Singh 2021 (pseudo-momentum)




MAKING USE OF THE INVARIANT

pinned-pinned planar elastica

Hy, = — P cos 0,

K,“ (curvature) 1
e H, = — EIx% — P

2

KM=\/%(1 — COs 0)

2E]
Yy = \/T(l —COSQO)

We impose P, we obtain the deflection 6,

Q: values of y,, and k3, ?

=> could be used for validation of numerics



HOW UNIVERSAL IS IT?

frictionless contact gﬁre\;g;“re
F 1 /2 '
’[‘ ” H=5EI«9 + tension

e the curvature does not jJump
e the tension does not jump

H, Hy {L

, = H,

=> WOrks in presence of contact see also
Clauvelin 2009 (knot)

O’Reilly 2017 (jump cond.)
Singh 2022 (capstan)




MAKING USE OF THE INVARIANT (CONTACT)

Euler buckling in cavity

Point Contact Extended Contact
70 ( /7 (¢ (] /! !l )
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Question: coexistence?

Lubinski 1962, Domokos 1996, Roman 1999, Deboeuf 2024, etc.
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MAKING USE OF THE INVARIANT (CONTACT)

Euler buckling in cavity

Point Contact Extended Contact

70 ( /7 (¢ (] /! !l )

Lubinski 1962, Domokos 1996, Roman 1999, Deboeuf 2024, etc.

Hanging Fold

(0 0 L

VANYEANYMN

A AR A A NN

NN,

B

’/ 00 ) s

/////L

A A N A A A e ev4

Question: coexistence?

NN

4 Answer:
no friction = P uniform

1
2

= H, = Hp impossible

=> coexistence is Imposssible

Hy = — Elkj — P with x5 > 0

S




MAKING USE OF THE INVARIANT (3)

rigid sliding sleeve s

Bigoni et al. 2015

P, (Lo L 27
> <_._-
A B 777776//" P




CONSERVATION OF THE INVARIANT AT
THE EXIT OF A SLIDING SLEEVE

Bigoni et al. 2015

rod

roller bearings

only normal contact forces = H .= H.



MAKING USE OF THE INVARIANT (4)

The Elastica Arm Scale

Bosi et al. 2014

|
Hy = 5 El k* + tension = 0

=> the beam is under compression at point B

H-= > EIKCzj — Mge, - tangente. = 0

bound. cond. => k- = 0

=> tangente. 1 e,



THE INVARIANT: WHERE DOES IT COME FROM?

L force field
Variational approach A = [ ZL0(s), ...]1ds e V(L Y) /\LJ’
0 ’ gL \‘/3'
1 ] M AMS:—L
AN 2
W = 5 ET (k(s) — K)° + > EA (e(s) — 1)= 4+ pAg y(s) $= o
4
curvature extension gravity bound. cond. *
Under the kinematic constraints between x(s), y(s), 8(s), x(s), e(s) x0)=... x(L)=...
O =... yL)=...
<L = WHconstraints 00)=... OL)=...

1 1
P = > EI (k(s) — &) + > EA (e(s) — 1)* + pAg y(s)+1,(x' — e cos ) + A,(y — e sin @) + 1,0’ — k)

02 d 0Z
0q s 0q’

study Z£(q, q) with q = {x, vy, e, 0,kx} => Euler-Lagrange:



THE INVARIANT: WHERE DOES IT COME FROM?

bending moment

0 d 0& / A
- =0 = A3 = El (k(s) — K)
oK ds ok constitutive
0. d 0 | relations
= 0= 4, cosO+ 4, sinfd = EA (e(s) — 1)
de ds oOe’ - — _
tension (axial force)
0 d 0% , oVix,y) )
=0 = A/(s) =
ox ds ox' ox A
>=> ( ) force vector
0F d 0F V(x, y) A
=0 = A4(s) =
dy ds 0y’ dy )
e ] force and moment
= 0= A(s) = 4, sin@— 1, cosd equibrium
00 ds 00 - —

| ~~

EI10"(s) = shear force

force field: = VV

N,

SRR T
ﬂMszL
S

-0

— 5
bound. cond.
x(0O)=... x(L)=...

vO0)=... yIL)=...
00)=... OL) =..



THE INVARIANT: WHERE DOES IT COME FROM?

bending moment

d 07 /

- =0 = A3 = EI(k(s) — K)
ds Ok constitutive

d 0 relations

= 0= 4, cosO+ 4, sinfd = EA (e(s) — 1)
ds oe’ - _

~—
tension (axial force)

oV(x,y)

0L
~ = 0 = Ai(s) =
ox

0x ( A )
> — force vector
0Z oV(x,y) A

=0 = (s) =
ady’ ’ dy J

force and moment
equilibrium

- =0= A43(s) = 4; sinf — 1, cosd
l = ~ -

00

EI10"(s) = shear force

force field: = VV

bound. cond.
x(0) = ... x(L) = ...

vO0)=... yL)=...
00)=... OL)=...



THE INVARIANT: WHERE DOES IT COME FROM?

force field: = VV

in the case where EI/(Xf and EA/(K} and l%f,x’f (no explicit s dependence) /\ \j-
o o Vh
Noether’s theorem: H = o -q'— < with H(s) =0 atequilibrium q = {x,y,e,86,«} N 9(5) o= L
q — -
/ $=0
Noether, ‘Invariante Variationsprobleme’
Gottinger Nachrichten of 1918, pp. 235-257 3 W
. Py | Py | Py | Py’ ) Py . bound. cond.
— X vy A e H | K — x(0) = ... x(L) = ...
ox’ % de’ 00’ ok’
Yy yO)y=... ylL)=...
600) = ... L) = ...

1 1
H = EEI [K%(s) — R%] + EEA [e*(s) — 1] — Vix, y)

\_¥ not strain energies!

1
H = 5 EI k*(s) + tension — V(x,y)

.
N~ ~ — T Gravity
| | force field: = VV Electrostatics
Inextensible
Contact
naturally flat L



CONSERVATIVE EXTERNAL POTENTIAL

e B o o S R R R SO M O T S WA W S

we use 1 .
[ H = Py EIl k°(s) + tension — Viy(s)]
L=1
a=0.1 N~
: . . A=0.026 Y
f E h(s)
' ! H'(s) =0Vs
| = - P=s h(s) # 0
J—————P e~
] ]
—132;
soft-wall (or barrier) potential —133
o)
V(y) =
a— y(s) f :
136} v
2 N
0.2 04 0.6 0.8 1.0




CONSERVATIVE EXTERNAL POTENTIAL

i T e e e it it A I b S CR PR P R T S we use 1 .
2\ A =1 H = — EIk*(s) + tension — V[y(s)]
: K- L=1 2
| a=0.1 N~ —
. : . A=0.026 '
. E h(s)
' ! H'(s) =0Vs
| = - Pao h'(s) # 0
J————J &~
] ]

~126.5;

—127.0;
soft-wall (or barrier) potential

V(y)

-127.5;

~128.0

V —
(y) )

~128.5




CONSERVATIVE EXTERNAL POTENTIAL

i T e e e it it A I b S CR PR P R T S we use 1 .
A =1 H = — EIk*(s) + tension — V[y(s)]
| S L= 2
a=0.1 S~ —
: . A=0.026 Y
. E h(s)
: ! H(s) =0Vs
| = - P-s H(s) # 0
e ———
] ]

—994+

9961
soft-wall (or barrier) potential :

V(y)

—99.8F

V(y) - —]00.0_—

a — y(s)




CONSERVATIVE EXTERNAL POTENTIAL

e B o o S R R R SO M O T S WA W S

soft-wall (or barrier) potential

V(y) =

a — y(s)

V(y)

we use 1 .
[ H = Py EIl k°(s) + tension — Viy(s)]
L=I
a=0.1 ~—~ —
A=0.026 Y
h(s)
H(s)=0Vs
' Po H(s) # 0
~81.50¢
; |
~81.55]
f b=0.0001
~81.60}
_81.65]
_81.70"
—81.755— : Vi ()
H(s)
Y 02 04 06 08  10°




CONSERVATIVE EXTERNAL POTENTIAL

Y
0.10¢
0.08}
0.06f
0.04}
0.02}
0.2 0.4 0.6 0.8 1.0
oL
potential V(y) = ds — 0
0 a—y(s)  b-0
f LoV b i
orce _— = § —
0 ay (a . y(S))2 b—0 contact

we use 1 .
[ H = — EIlk*(s) + tension — 0
L-1 2
a=0.1 ~—~ —
A=0.026 Y
h(s)
H(s)=0Vs
h'(s)=0Vs
~73.0}
~73.2; pointwise contact
~734)
—73.6:— h(S)
—73.8:— H(s)
02 04 06 08  10°




THE INVARIANT: WHEN DOES IT FAIL?

L = %EI(S) (k(s)—72(5))* + % EA(s) (e(s) — 1)* 4+ V[x(s), y(s)] + 4,(x’ — e cos0) + A,(y' — e sin ) + 1,(0' — «)

H\\ explicit s dependence

Example: tapered beam

1 ,
L =—EI(s) k*(s) + 4 (x' — cos ) + A,(y' — sin @) + A,(0' — k)

2

Equilibrium:  [E1(s) 0(s)] = — P sin 6(s)

|
Invariant? H(s) = > EI(s) (9’(S)2 — P cos 8(s)

reminder , B - _l | o
K(s) = 0/(s) H(s)=...= = El(5)0(s)" #0




THE INVARIANT: WHEN DOES IT FAIL?

L = %EI(S) (k(s)—72(5))* + % EA(s) (e(s) — 1)* 4+ V[x(s), y(s)] + 4,(x’ — e cos0) + A,(y' — e sin ) + 1,(0' — «)

H\\ explicit s dependence

Example: curved beam @ &

P = % EI (k(s)—R(5))* + A,(x' = c0s 0) + A,(y' — sin6) + 1,0’ — )

/

Equilibrium:  EI [0'(s)—k(s)| = — P sin 6(s)

Invariant? H(s) = %EI (9’(5)2— 2%(s5)) — P cos O(s)

reminder , - o l N .
K(s) = 0/(s) H(s) = ... = = — EIR(5) (0=R) # 0




BACK TO CONTACT

gx,y) =0



BACK TO CONTACT

r(s), u(s)Vg(r(s))
* g(x,y) >0

gx,y) =0



BACK TO CONTACT

New term in the Lagrangian: Z¢ = —u(s) g(r(s))

r(s), u(s)Vgr(s))
glx,y) >0

g(x,y) <0

gx,y) =0



BACK TO CONTACT

New term in the Lagrangian: Z¢ = —u(s) g(r(s))

\/ r(s) Does it break Noether’s invariant ?

gx,y) =0



BACK TO CONTACT

New term in the Lagrangian: Z¢ = —u(s) g(r(s))

\/ r(s) Does it break Noether’s invariant ?

—> No!

Signorini law for frictionless contact

0 <g(r(s) L pus) 20

gx,y) =0



BACK TO CONTACT

New term in the Lagrangian: Z¢ = —u(s) g(r(s))

N(.S)_/ Does it break Noether’s invariant ?

—> No!

Signorini law for frictionless contact

0 <g(r(s) L pus) 20

gx,y) =0



BACK TO CONTACT

New term in the Lagrangian: Z¢ = —u(s) g(r(s))

. y . . ?
r(s), u(s) Ve(r(s)) Does it break Noether's invariant *

g(X,y)>O —_> NO!

g(x,y) <0 Signorini law for frictionless contact

0 <g(r(s) L pus) 20

gx,y) =0



BACK TO CONTACT

New term in the Lagrangian: Z¢ = —u(s) g(r(s))

\/ r(s) Does it break Noether’s invariant ?

—> No!

Signorini law for frictionless contact

0 <g(r(s) L pus) 20

Moreover, H’s formula is unchanged !

gx,y) =0



3D RODS: KINEMATICS

Centreline r(s)
Material frame R(s) = {d(8),dy(s),ds(s)}




3D RODS: KINEMATICS

Centreline r(s)
Material frame R(s) = {d(s),d,(s), d5(s)}

Two types of constraints:

Coupling between r and %

r'=d, (Kirchhoff)

or shear 1+extension
_— e
r'=v;d;+v,d,+r3d;  (Reissner)

—+ (General case handled here



3D RODS: KINEMATICS

Centreline r(s)

such that

{ =uxd,
,=uxd,

l y=uXd,

(Darboux equations)

Two types of constraints:

2/ AR € SOB) Rotation group

> Existence of a vector u = {u, u,, i, }d

P

curvatures

Material frame R(s) = {d(s),d,(s), d5(s)}

twist




THE INVARIANT IN THE 3D CASE: TWO METHODS

Method R” (‘flattened’) :
g — o?[(I(S)? q/(S)] with q — (r9 dl? d29 d39 ula l/lz, u39 Vla Vz, V3) and q, — (r/a d/ ’ déa déa ¢ o )

—¥ Add constraints 1 and 2 in & with multipliers
07

Classical Noether invariant: H = — - ' — £

oq




THE INVARIANT IN THE 3D CASE: TWO METHODS

Method R” (‘flattened’) :
g — o?[(I(S)? q/(S)] with q — (r9 dl? d29 d39 ula l/lz, u39 Vla Vz, V3) and q, — (r/a dla éa éa ¢ o )

—¥ Add constraints 1 and 2 in & with multipliers
07

Classical Noether invariant: H = — - ' — £

oq

Method R" X SO(3) (‘compact’) :
N g[q(s), 'Cl(s)] with q = (1’, dl’ d2’ d3, Vi, Vo, V3) and q — (l'” U, Uy, Uz, . . . ) ?é q/

—¥ Add only constraint 1 in & with multipliers

INA 0L
New Noether invariant, valid on R" X SO(3): H = T’ + -u—-Z

or’ Ju




THE INVARIANT IN THE 3D CASE: TWO METHODS

Method R” (‘flattened’) :
g — g[q(S), q/(S)] with q — (ra dla d29 d39 ula uza I/l3, Vla Vz, V3) and q, — (r/a dla éa éa ¢ o )

—¥ Add constraints 1 and 2 in & with multipliers
07

Classical Noether invariant: H = — - ' — £

oq

Method R" X SO(3) (‘compact’) :
N g[q(s), 'Cl(s)] with q = (1’, dl’ d2’ d3, Vi, Vo, V3) and q — (l'” Ui, Uy, Us, . . . ) 75 q/

—¥ Add only constraint 1 in & with multipliers

0 0F 0= {u,, u,
New Noether invariant, valid on R" X SO3): H = T+ - F ‘u Vs U, U]

or’ du ls.t. u=%1u



THE INVARIANT IN THE 3D CASE: TWO METHODS

Method R” (‘flattened’) :
g — g[q(S), q/(S)] with q — (ra dla d29 d39 ula uza I/l3, Vla Vz, V3) and q, — (r/a dla éa éa ¢ o )

—¥ Add constraints 1 and 2 in & with multipliers
07

Classical Noether invariant: H = — - ' — £

oq

Method R" X SO(3) (‘compact’) :
N g[q(s), 'Cl(s)] with q = (1’, dl’ d2’ d3, Vi, Vo, V3) and q — (l'” Ui, Uy, Us, . . . ) 75 q/

—¥ Add only constraint 1 in & with multipliers

New Noether invariant, valid on R" X SO3): H = 85% T+ a%p - F ‘u = Uy Uy, Us ]

translation rotation



THE INVARIANT IN THE 3D CASE

1 . 1 . 1 .
W, = 531 (uy(s) — 1) + EBQ (u,(s) — 1) + 533 (us(s) — i13)°
Reissher model

1 A N2
Az (v3(s) — V3)

1 A N2
Ay (Vo(s) — Vy) 5

2

shear —

1 .
%4 = EAI (vi(s) — v1)2



] A ] A ] X
W, = 531 (uy(s) — 1) + EBQ (U(5) — 1,)* + —Bs (u5(s) — 1)

THE INVARIANT IN THE 3D CASE

2

2

1 A N2
Az (v3(s) — V3)

Reissner model

Gravity
Electrostatics
Soft contact

/

1 A N2 1 A N2
Wihear = 5141 (vi(s) — V) 2A2 (Vo(8) — V)
J—
Z = Wbend T Wshear T V(I‘(S )) T




THE INVARIANT IN THE 3D CASE

1 . 1 . 1 .
W, = 531 (uy(s) — 1) + EBQ (u,(s) — 1) + 533 (us(s) — i13)°
Reissher model

1 1 .
A2 (Vz(S) — \/}2)2 A3 (V3(S) — 93)2 GraVIty
2 2 Electrostatics

/ Soft contact
i

g — Wbend + Wshear + V(I'(S)) +

1 .
%4 = EAI (vi(s) — v1)2

shear —

where £ = Z[q(s),q'(s)] withq = (r,d,d,, ds, uy, uy, Uz, v, v5,v3) and q' = (r',d|, d5, d;, .. .)

0L
Method R” H=——-q -2
oq




THE INVARIANT IN THE 3D CASE

] A ] A ] X
W, = 531 (uy(s) — 1) + EBQ (U(5) — 1,)* + —Bs (u5(s) — 1)

2
1 1 1 Reissner model
Wshear — _Al (Vl(s) o 91)2 Az (VQ(S) — \/}2)2 A3 (V3(S) — 93)2 Gravity
2 2 2 Electrostatics

/ Soft contact
i

g — Wbend + Wshear + V(I'(S)) +

where &£ = g[q(S), (](S)] with g = (l‘, dl’ d2, d3, Vi, Vo, V3) and q — (r/a Uiy Upy Usy o . ) ;é q/

0Z 0L
Method R X SO(3) H=— -1+—":
or ou

u—7




THE INVARIANT IN THE 3D CASE

] A ] A ] X
W, = 531 (uy(s) — 1) + EBQ (U(5) — 1,)* + —Bs (u5(s) — 1)

1 NI A N2
Wihear = EAl (Vi (8) — V) 5 Ay (Vo(8) — V)
J—

g — Wbend + Wshear + V(I'(S)) +

2

2

1 A N2
Az (v3(s) — V3)

Reissner model

/ Soft contact

Gravity
Electrostatics

where & = Z[q(s),q(s)] withq = (r,d,,d,,d5,v{,vy,v3)and q = (X, u, Uy, Us,...) Fq'

Method |

"X SO(3)

H =

0L

or’

T+

(" N

0L

ou
\ D

-0 —Z

Internal moment



How DOES THE TENSION ENTER THE INVARIANT FORMULA (3D)

Noether invariant:

H=n-V+m-ll—Wbend—W

shear

— V(r)

= 5[4 = ] 454, [0~ 7] - Ve

B %Bi ) — @)+ my i, + %Ai v5) = 9]+ ;9 = V()



How DOES THE TENSION ENTER THE INVARIANT FORMULA (3D)

Noether invariant:

H=n-V+m-ll—Wbend—Wshear—V(I') \

1 1
= —B; |ui(s) — 47| + =A; |[vi(s) — 97| — V(r)
% 2 , > general case

= 2B [u(s) = ]+ mydiy+ A [v(s) = 0]+ ;9= V) not the energies |




How DOES THE TENSION ENTER THE INVARIANT FORMULA (3D)

Noether invariant:

H=n-V+m-ll—Wbend—Wshear—V(l‘) \

L - + %A,. V2(s) — 7] — V(r)

% , > general case
A 12 A A 12 R .
= EBi [ui(s) — ui] + m.u; + EAi [vl-(s) — vl-] +n v, — V(r) not the energies !
1 1 /
2 2
= EBZ I/tl- (S) ~+ EAivi (S) + sy — V(r)
\
. Maddocks 1994
— Wbend + Wshear + lension — V(r) > |f ﬁi — () and "}1 , = 0 and "}3 — 1 (Intuited case V = ()
) (naturally flat rod, with naturally straight cross-section)




MAKING USE OF THE INVARIANT IN 3D: THE TREFOIL KNOT

Limit case of vanishing thickness
diameter 2R
— . .
H,p, = curvature + twist + tension

> A simple way to retrieve quickly a theory



MAKING USE OF THE INVARIANT IN 3D: THE TREFOIL KNOT

A Limit case of vanishing thickness

diameter 2R
Ce—

B

H,p, = curvature + twist + tension

> A simple way to retrieve quickly a theory

H 1EI+O+O
B~ 5 R



Tension (pN)

MAKING USE OF THE INVARIANT IN 3D: THE TREFOIL KNOT

Limit case of vanishing thickness

H,p, = curvature + twist + tension

A simple way to retrieve quickly a theory

7
{2f HA —_ O + O + T
Arai et al. 1999
actin knots 1 EI
. Hy=—=—+0+0
2 R?
0.4} :'f'
:f}': Qoog O o
) | EI
o6 008005,"-.--f------. 2R HA:HBiT:__
0.0 0.4 0.8 1.2 1.6

Y By ® 2
Diameter (um) 2 R



MAKING USE OF THE INVARIANT IN 3D: THE TREFOIL KNOT

Joint work with T. Metivet and V. Romero (Inria)

B 25e¢lts

B 50elts . . . - -

M 100 elts Case of finite thickness (simulation)
200 elts

W 400 elts Hsp = curvature + twist + tension

—» A simple way to validate a simulator

Super-helix model
+ nhon-smooth contact solver



MAKING USE OF THE INVARIANT IN 3D: THE TREFOIL KNOT

Joint work with T. Metivet and V. Romero (Inria)

B 25e¢lts

B 50elts . . . - -

M 100 elts Case of finite thickness (simulation)
200 elts

W 400 elts Hsp = curvature + twist + tension

—» A simple way to validate a simulator

Super-helix model
+ nhon-smooth contact solver

- < A =y ]
= A ﬁl

‘;‘ Elastic energy

density . Tension




MAKING USE OF THE INVARIANT IN 3D: THE TREFOIL KNOT

Joint work with T. Metivet and V. Romero (Inria)

25 elts
50 elts
100 elts
200 elts
400 elts

pa—

Super-helix model
+ nhon-smooth contact solver

+ !
FEXH

/]

A

Elastic energy
density

Tension




PLECTONEMES

| we obtain

' ~ EI sin*0 \
6 b= R3 cos?26
B EI 2sin’ 0 cos @

T = > Thompson et al ProcSocA 2002

R cos 26
EI sin*@
T =
R? cos?26 j

approx. helical

2R \{

B — Text

1 we impose




PLECTONEMES

5000

4000

3000

ext

L /
~
\#
L 4
~N
L 4
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'S ot
'S ' 3
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PLECTONEMES

I

ext

107+
5000+

1000+
500}

100+




PLECTONEMES T

2
ext R
ol = 1000
2R
0.010 yd
0.005 e

0.001 -




PLECTONEMES H = curvature + twist + tension

1 El ., 1 _ ., EI sin*0
= sin® 0 + —GJt° +

g = 2 R2 2 R2
COS 20

1
HB=O+5GJ12+T

ext

 EI sin*0
F= R3 cos 26 A 1 EJ o
T=EI 2sin’ @ cos @ HA=HB=>Text= sin46’<1+ )
R cos 20 2 R2 cos 26
- El sin* @ approx. helical
R? cos 26

RN

= > Text




PLECTONEMES

 EI sin* @
P= R3 cos 26
EI 2sin’0 cos @
T =
R cos 26
EI sin*@
T =
R? cos 26

RN

A

approx. helical

Text R2
I r o= 1H sin46’<1 Z )
0.04] 2 R2 cos 26 \ /
0.03
0.02"
001"

0.00:——|-|-|-|+|r|-m-|wmmﬁﬂM

a— Text

ol 02 o3

3 0



CONCLUSION preprint

invariant for 2D and 3D Kirchhoff / Reissner elastic rods
deduced from variational approach

valid in case of (frictionless) contact / sleeves

useful in numerical code validation

dynamics: other invariants (statics/dynamics/vibrations)
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