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CONSERVATION OF MECHANICAL ENERGY

··θ(t) = −
g
ℓ

sin θ(t)  using Jacobi Elliptic functionsθ(t)

Dynamics of the nonlinear pendulum

H =
1
2

·θ2 −
g
ℓ

cos θ

(conserved) mechanical energy, i.e. ·H = 0

HA = HB ⇒ cos θmax = 1 −
ℓ
2g

·θ0
2



KIRCHHOFF ANALOGY

··θ(t) = −
g
ℓ

sin θ(t)

nonlinear pendulum

H =
1
2

·θ2 −
g
ℓ

cos θmechanical energy

planar elastica

θ′￼′￼(s) = −
P
EI

sin θ(s)dynamics statics

H =
1
2

EI θ′￼
2 − P cos θ Maddocks invariant: H′￼ = 0

tensioncurvature 

energy

A.E.H Love 1944 (first occurrence?)

Kehrbaum & Maddocks 1997 
O’Reilly 2007

Jung 2011 (discrete version) 
Singh 2021 (pseudo-momentum)



MAKING USE OF THE INVARIANT

pinned-pinned planar elastica

(curvature)

We impose , we obtain the deflection 

Q: values of  and  ?

P θ0
yM κM

H0 = − P cos θ0

HM =
1
2

EI κ2
M − P

H0 = HM ⇒
κM = 2P

EI (1 − cos θ0)

yM = 2EI
P (1 − cos θ0)

=> could be used for validation of numerics



HOW UNIVERSAL IS IT?

frictionless contact

H =
1
2

EI θ′￼

2 + tension

curvature 

energy

=> works in presence of contact

• the curvature does not jump

• the tension does not jump

H1 = H2

⇒

see also 

Clauvelin 2009 (knot)

O’Reilly 2017 (jump cond.)

Singh 2022 (capstan)



Euler buckling in cavity

MAKING USE OF THE INVARIANT (CONTACT)

B

Point Contact Extended Contact Hanging Fold

Question: coexistence?

A
PPP

Lubinski 1962, Domokos 1996, Roman 1999, Deboeuf 2024, etc.



Euler buckling in cavity

MAKING USE OF THE INVARIANT (CONTACT)

B

Point Contact Extended Contact Hanging Fold

Question: coexistence?

A

HA = 0 − P

P

 with  HB =
1
2

EI κ2
B − P κB > 0

no friction  uniform⇒ P

PP
 impossible⇒ HA = HB

=> coexistence is imposssible

Answer:

Lubinski 1962, Domokos 1996, Roman 1999, Deboeuf 2024, etc.



rigid sliding sleeve

MAKING USE OF THE INVARIANT (3)

Hout = HA = HB =
1
2

EI κ2
B − P′￼

Hin = HC = 0 − P
Hout = Hin ⇒ P′￼ = P +

1
2

EI κ2
B

Bigoni et al. 2015



normal contact forces

CONSERVATION OF THE INVARIANT AT 
THE EXIT OF A SLIDING SLEEVE

roller bearings

Hout

Hin

⇒ Hout = Hin

rod

rod

Bigoni et al. 2015

only normal contact forces



The Elastica Arm Scale

MAKING USE OF THE INVARIANT (4)

A

B C
HA = 0 + 0

HC =
1
2

EI κ2
C − Mg ey ⋅ tangenteC = 0

HB =
1
2

EI κ2 + tension = 0

=> the beam is under compression at point B

bound. cond. => κC = 0

=> tangenteC ⊥ ey

Bosi et al. 2014



Variational approach A = ∫
L

0
ℒ[θ(s), …] ds

bound. cond.
x(0) = … x(L) = …
y(0) = … y(L) = …
θ(0) = … θ(L) = …

force field

W =
1
2

EI (κ(s) − ̂κ)2 +
1
2

EA (e(s) − 1)2 + ρAg y(s)

curvature extension gravity

V(x, y)

Under the kinematic constraints between x(s), y(s), θ(s), κ(s), e(s)

ℒ =
1
2

EI (κ(s) − ̂κ)2 +
1
2

EA (e(s) − 1)2 + ρAg y(s)+λ1(x′￼− e cos θ) + λ2(y′￼− e sin θ) + λ3(θ′￼− κ)

ℒ = W+constraints

study  with   => Euler-Lagrange: ℒ(q, q′￼) q = {x, y, e, θ, κ}
∂ℒ
∂q

=
d
ds

∂ℒ
∂q′￼

THE INVARIANT: WHERE DOES IT COME FROM?



bound. cond.
x(0) = … x(L) = …
y(0) = … y(L) = …
θ(0) = … θ(L) = …

force field: −∇V

∂ℒ
∂κ

−
d
ds

∂ℒ
∂κ′￼

= 0 ⇒ λ3 = EI (κ(s) − ̂κ)

bending moment

∂ℒ
∂e

−
d
ds

∂ℒ
∂e′￼

= 0 ⇒ λ1 cos θ + λ2 sin θ = EA (e(s) − 1)

tension (axial force)

∂ℒ
∂x

−
d
ds

∂ℒ
∂x′￼

= 0 ⇒ λ′￼1(s) = −
∂V(x, y)

∂x
force vector

∂ℒ
∂y

−
d
ds

∂ℒ
∂y′￼

= 0 ⇒ λ′￼2(s) = −
∂V(x, y)

∂y

⇒ (λ1

λ2)
∂ℒ
∂θ

−
d
ds

∂ℒ
∂θ′￼

= 0 ⇒ λ′￼3(s) = λ1 sin θ − λ2 cos θ

EI θ′￼′￼(s) = shear force

constitutive

relations

force and moment

equilibrium

THE INVARIANT: WHERE DOES IT COME FROM?



bound. cond.
x(0) = … x(L) = …
y(0) = … y(L) = …
θ(0) = … θ(L) = …

∂ℒ
∂κ

−
d
ds

∂ℒ
∂κ′￼

= 0 ⇒ λ3 = EI (κ(s) − ̂κ)

bending moment

tension (axial force)

∂ℒ
∂x

−
d
ds

∂ℒ
∂x′￼

= 0 ⇒ λ′￼1(s) = −
∂V(x, y)

∂x
force vector

∂ℒ
∂e

−
d
ds

∂ℒ
∂e′￼

= 0 ⇒ λ1 cos θ + λ2 sin θ = EA (e(s) − 1)

∂ℒ
∂y

−
d
ds

∂ℒ
∂y′￼

= 0 ⇒ λ′￼2(s) = −
∂V(x, y)

∂y

⇒ (λ1

λ2)
∂ℒ
∂θ

−
d
ds

∂ℒ
∂θ′￼

= 0 ⇒ λ′￼3(s) = λ1 sin θ − λ2 cos θ

EI θ′￼′￼(s) = shear force

constitutive

relations

force and moment

equilibrium

force field: −∇V
THE INVARIANT: WHERE DOES IT COME FROM?



THE INVARIANT: WHERE DOES IT COME FROM?

bound. cond.
x(0) = … x(L) = …
y(0) = … y(L) = …
θ(0) = … θ(L) = …

force field: −∇V

in the case where  and  and   (no explicit  dependence)EI(s) EA(s) ̂κ(s) s

Noether’s theorem:    with   at equilibriumH =
∂ℒ
∂q′￼

⋅ q′￼− ℒ H′￼(s) ≡ 0 q = {x, y, e, θ, κ}

H =
∂ℒ
∂x′￼

x′￼+
∂ℒ
∂y′￼

y′￼+
∂ℒ
∂e′￼

e′￼+
∂ℒ
∂θ′￼

θ′￼+
∂ℒ
∂κ′￼

κ′￼− ℒ

H =
1
2

EI [κ2(s) − ̂κ2] +
1
2

EA [e2(s) − 1] − V(x, y)

H =
1
2

EI κ2(s) + tension − V(x, y)

force field: −∇V
Gravity


Electrostatics

Contact

not strain energies!

inextensible

naturally flat

Noether, ‘Invariante Variationsprobleme’

Gottinger Nachrichten of 1918, pp. 235-257



soft-wall (or barrier) potential

y

V(y)

a

V(y) =
b

a − y(s)

0.2 0.4 0.6 0.8 1.0 s

-136

-135

-134

-133

-132

H =
1
2

EI κ2(s) + tension − V[y(s)]

h(s)

H′￼(s) = 0 ∀s

h′￼(s) ≠ 0

H(s)
h(s)

V[y(s)]

CONSERVATIVE EXTERNAL POTENTIAL

b=0.1

we use

EI=1

L=1

a=0.1


=0.026Δ



soft-wall (or barrier) potential

y

V(y)

a

V(y) =
b

a − y(s)

H =
1
2

EI κ2(s) + tension − V[y(s)]

h(s)

H′￼(s) = 0 ∀s

h′￼(s) ≠ 0

H(s)
h(s)V[y(s)]

CONSERVATIVE EXTERNAL POTENTIAL

b=0.01

we use

EI=1

L=1

a=0.1


=0.026Δ

0.2 0.4 0.6 0.8 1.0 s

-128.5

-128.0

-127.5

-127.0

-126.5



soft-wall (or barrier) potential

y

V(y)

a

V(y) =
b

a − y(s)

H =
1
2

EI κ2(s) + tension − V[y(s)]

h(s)

H′￼(s) = 0 ∀s

h′￼(s) ≠ 0

H(s)
h(s)V[y(s)]

CONSERVATIVE EXTERNAL POTENTIAL

b=0.001

we use

EI=1

L=1

a=0.1


=0.026Δ

0.2 0.4 0.6 0.8 1.0 s

-100.0

-99.8

-99.6

-99.4



soft-wall (or barrier) potential

y

V(y)

a

V(y) =
b

a − y(s)

H =
1
2

EI κ2(s) + tension − V[y(s)]

h(s)

H′￼(s) = 0 ∀s

h′￼(s) ≠ 0

H(s)
h(s)

V[y(s)]

CONSERVATIVE EXTERNAL POTENTIAL

b=0.0001

we use

EI=1

L=1

a=0.1


=0.026Δ

0.2 0.4 0.6 0.8 1.0 s

-81.75

-81.70

-81.65

-81.60

-81.55

-81.50



H =
1
2

EI κ2(s) + tension − 0

h(s)

H′￼(s) = 0 ∀s

h′￼(s) = 0 ∀s

H(s)

h(s)

CONSERVATIVE EXTERNAL POTENTIAL

pointwise contact

we use

EI=1

L=1

a=0.1


=0.026Δ

0.2 0.4 0.6 0.8 1.0
X

0.02

0.04

0.06

0.08

0.10
Y

Δ=0.026, Eb=1.059, Ew=0.017Fcontact

0.2 0.4 0.6 0.8 1.0 s

-73.8

-73.6

-73.4

-73.2

-73.0

∫
L

0
V(y) =

b
a − y(s)

ds ⟶
b→0

0

∫
L

0

∂V
∂y

=
b

(a − y(s))2
ds ⟶

b→0
Fcontact

potential

force



THE INVARIANT: WHEN DOES IT FAIL?
ℒ =

1
2

EI(s) (κ(s)− ̂κ(s))2 +
1
2

EA(s) (e(s) − 1)2 + V[x(s), y(s)] + λ1(x′￼− e cos θ) + λ2(y′￼− e sin θ) + λ3(θ′￼− κ)

explicit  dependences

ℒ =
1
2

EI(s) κ2(s) + λ1(x′￼− cos θ) + λ2(y′￼− sin θ) + λ3(θ′￼− κ)

Example: tapered beam

Equilibrium:   [EI(s) θ′￼(s)]′￼ = − P sin θ(s)

Invariant?    H(s) =
1
2

EI(s) θ′￼(s)2 − P cos θ(s)

H′￼(s) = … = −
1
2

EI′￼(s) θ′￼(s)2 ≠ 0
κ(s) ≡ θ′￼(s)

reminder



THE INVARIANT: WHEN DOES IT FAIL?
ℒ =

1
2

EI(s) (κ(s)− ̂κ(s))2 +
1
2

EA(s) (e(s) − 1)2 + V[x(s), y(s)] + λ1(x′￼− e cos θ) + λ2(y′￼− e sin θ) + λ3(θ′￼− κ)

explicit  dependences

ℒ =
1
2

EI (κ(s)− ̂κ(s))2 + λ1(x′￼− cos θ) + λ2(y′￼− sin θ) + λ3(θ′￼− κ)

Example: curved beam

Equilibrium:   EI [θ′￼(s)− ̂κ(s)]′￼ = − P sin θ(s)

Invariant?     H(s) =
1
2

EI (θ′￼(s)2− ̂κ2(s)) − P cos θ(s)

H′￼(s) = … = −
1
2

EI ̂κ′￼(s) (θ′￼− ̂κ) ≠ 0
κ(s) ≡ θ′￼(s)

reminder



g(x, y) < 0

g(x, y) > 0

g(x, y) = 0
g(x, y) = 0

BACK TO CONTACT

r(s)



g(x, y) < 0

g(x, y) > 0

g(x, y) = 0
g(x, y) = 0

BACK TO CONTACT

μ(s) ∇g(r(s))r(s)



g(x, y) < 0

g(x, y) > 0

g(x, y) = 0
g(x, y) = 0

ℒc = −μ(s) g(r(s))New term in the Lagrangian:

BACK TO CONTACT

μ(s) ∇g(r(s))r(s)



g(x, y) < 0

g(x, y) > 0

g(x, y) = 0
g(x, y) = 0

ℒc = −μ(s) g(r(s))New term in the Lagrangian:

Does it break Noether’s invariant ?

BACK TO CONTACT

r(s)



g(x, y) < 0

g(x, y) > 0

g(x, y) = 0
g(x, y) = 0

ℒc = −μ(s) g(r(s))New term in the Lagrangian:

Does it break Noether’s invariant ?

—> No!

Signorini law for frictionless contact

0 ≤ g(r(s)) ⊥ μ(s) ≥ 0

BACK TO CONTACT

r(s)



g(x, y) < 0

g(x, y) > 0

g(x, y) = 0
g(x, y) = 0

ℒc = −μ(s) g(r(s))New term in the Lagrangian:

Does it break Noether’s invariant ?

—> No!

Signorini law for frictionless contact

0 ≤ g(r(s)) ⊥ μ(s) ≥ 0

r(s)

BACK TO CONTACT



g(x, y) < 0

g(x, y) > 0

g(x, y) = 0
g(x, y) = 0

ℒc = −μ(s) g(r(s))New term in the Lagrangian:

Does it break Noether’s invariant ?

—> No!

Signorini law for frictionless contact

0 ≤ g(r(s)) ⊥ μ(s) ≥ 0

μ(s) ∇g(r(s))r(s)

BACK TO CONTACT



g(x, y) < 0

g(x, y) > 0

g(x, y) = 0
g(x, y) = 0

ℒc = −μ(s) g(r(s))New term in the Lagrangian:

Does it break Noether’s invariant ?

—> No!

Signorini law for frictionless contact

0 ≤ g(r(s)) ⊥ μ(s) ≥ 0

Moreover, ’s formula is unchanged !H

BACK TO CONTACT

r(s)



Material frame
Centreline r(s)

ℛ(s) = {d1(s), d2(s), d3(s)}

3D RODS: KINEMATICS

d
1

d
2

d
2

d
1

d
3

e
x

e
y

e
z

d2

d1
d3

r(s)



Material frame
Centreline r(s)

ℛ(s) = {d1(s), d2(s), d3(s)}

r′￼ = d3

Coupling between      and 

Two types of constraints:

1/

3D RODS: KINEMATICS

d
1

d
2

d
2

d
1

d
3

e
x

e
y

e
z

d2

d1
d3

r(s)
r ℛ

e.g.,

(Kirchhoff)

(Reissner)r′￼ = ν1 d1+ν2 d2+ν3 d3

or

General case handled here

shear 1+extension



Material frame

curvatures twist

u = {u1, u2, u3}dj

Centreline r(s)
ℛ(s) = {d1(s), d2(s), d3(s)}

ℛ ∈ SO(3) Rotation group

d′￼1 = u × d1

d′￼2 = u × d2

d′￼3 = u × d3

Two types of constraints:

2/
Existence of a vector
such that

(Darboux equations)

3D RODS: KINEMATICS

d
1

d
2

d
2

d
1

d
3

e
x

e
y

e
z

d2

d1
d3

r(s)



THE INVARIANT IN THE 3D CASE: TWO METHODS

Method  (‘flattened’) :  

 with  and 

ℝn

ℒ = ℒ[q(s), q′￼(s)] q = (r, d1, d2, d3, u1, u2, u3, v1, v2, v3) q′￼ = (r′￼, d′￼1, d′￼2, d′￼3, . . . )

Classical Noether invariant: H =
∂ℒ
∂q′￼

⋅ q′￼− ℒ

Add constraints 1 and 2 in  with multipliersℒ



THE INVARIANT IN THE 3D CASE: TWO METHODS

Method  (‘flattened’) :  

 with  and 

ℝn

ℒ = ℒ[q(s), q′￼(s)] q = (r, d1, d2, d3, u1, u2, u3, v1, v2, v3) q′￼ = (r′￼, d′￼1, d′￼2, d′￼3, . . . )

Classical Noether invariant: H =
∂ℒ
∂q′￼

⋅ q′￼− ℒ

New Noether invariant, valid on : ℝn × SO(3) H =
∂ℒ
∂r′￼

⋅ r′￼+
∂ℒ
∂ū

⋅ ū − ℒ

Add constraints 1 and 2 in  with multipliersℒ

Add only constraint 1 in  with multipliersℒ

Method  (‘compact’) :   

 with  and  

ℝn × SO(3)
ℒ = ℒ[q(s), q̃(s)] q = (r, d1, d2, d3, v1, v2, v3) q̃ = (r′￼, u1, u2, u3, . . . ) ≠ q′￼



THE INVARIANT IN THE 3D CASE: TWO METHODS

Method  (‘flattened’) :  

 with  and 

ℝn

ℒ = ℒ[q(s), q′￼(s)] q = (r, d1, d2, d3, u1, u2, u3, v1, v2, v3) q′￼ = (r′￼, d′￼1, d′￼2, d′￼3, . . . )

Classical Noether invariant: H =
∂ℒ
∂q′￼

⋅ q′￼− ℒ

New Noether invariant, valid on : ℝn × SO(3) H =
∂ℒ
∂r′￼

⋅ r′￼+
∂ℒ
∂ū

⋅ ū − ℒ

Add constraints 1 and 2 in  with multipliersℒ

Add only constraint 1 in  with multipliersℒ
ū = {u1, u2, u3}

s.t. u = ℛ ū

Method  (‘compact’) :   

 with  and  

ℝn × SO(3)
ℒ = ℒ[q(s), q̃(s)] q = (r, d1, d2, d3, v1, v2, v3) q̃ = (r′￼, u1, u2, u3, . . . ) ≠ q′￼



THE INVARIANT IN THE 3D CASE: TWO METHODS

Method  (‘flattened’) :  

 with  and 

ℝn

ℒ = ℒ[q(s), q′￼(s)] q = (r, d1, d2, d3, u1, u2, u3, v1, v2, v3) q′￼ = (r′￼, d′￼1, d′￼2, d′￼3, . . . )

Method  (‘compact’) :   

 with  and  

ℝn × SO(3)
ℒ = ℒ[q(s), q̃(s)] q = (r, d1, d2, d3, v1, v2, v3) q̃ = (r′￼, u1, u2, u3, . . . ) ≠ q′￼

Classical Noether invariant: H =
∂ℒ
∂q′￼

⋅ q′￼− ℒ

New Noether invariant, valid on : ℝn × SO(3) H =
∂ℒ
∂r′￼

⋅ r′￼+
∂ℒ
∂ū

⋅ ū − ℒ

Add constraints 1 and 2 in  with multipliersℒ

Add only constraint 1 in  with multipliersℒ
ū = {u1, u2, u3}

s.t. u = ℛ ū
translation rotation



THE INVARIANT IN THE 3D CASE

Wbend =
1
2

B1 (u1(s) − ̂u1)2 +
1
2

B2 (u2(s) − ̂u2)2 +
1
2

B3 (u3(s) − ̂u3)2

Wshear =
1
2

A1 (v1(s) − ̂v1)2 +
1
2

A2 (v2(s) − ̂v2)2 +
1
2

A3 (v3(s) − ̂v3)2
Reissner model



THE INVARIANT IN THE 3D CASE

Wbend =
1
2

B1 (u1(s) − ̂u1)2 +
1
2

B2 (u2(s) − ̂u2)2 +
1
2

B3 (u3(s) − ̂u3)2

Wshear =
1
2

A1 (v1(s) − ̂v1)2 +
1
2

A2 (v2(s) − ̂v2)2 +
1
2

A3 (v3(s) − ̂v3)2

ℒ = Wbend + Wshear + V(r(s)) +

Reissner model
Gravity


Electrostatics

Soft contact



THE INVARIANT IN THE 3D CASE

Wbend =
1
2

B1 (u1(s) − ̂u1)2 +
1
2

B2 (u2(s) − ̂u2)2 +
1
2

B3 (u3(s) − ̂u3)2

Wshear =
1
2

A1 (v1(s) − ̂v1)2 +
1
2

A2 (v2(s) − ̂v2)2 +
1
2

A3 (v3(s) − ̂v3)2

ℒ = Wbend + Wshear + V(r(s)) +
λr ⋅ (r′￼(s) − v1(s) d1 − v2(s) d2 − v3(s) d3)+λu1 (d′￼2 ⋅ d3 − u1) + λu2 (d′￼3 ⋅ d1 − u2) + λu3 (d′￼1 ⋅ d2 − u3)+

λ11
1
2 (1 − d1 ⋅ d1) + λ22

1
2 (1 − d2 ⋅ d2) + λ33

1
2 (1 − d3 ⋅ d3) + λ12 d1 ⋅ d2 + λ23 d2 ⋅ d3 + λ31 d3 ⋅ d1

co
ns

tr
ai

nt
s

Reissner model
Gravity


Electrostatics

Soft contact

 where   with  and ℒ = ℒ[q(s), q′￼(s)] q = (r, d1, d2, d3, u1, u2, u3, v1, v2, v3) q′￼ = (r′￼, d′￼1, d′￼2, d′￼3, . . . )

Method ℝn H =
∂ℒ
∂q′￼

⋅ q′￼− ℒ



THE INVARIANT IN THE 3D CASE

Wbend =
1
2

B1 (u1(s) − ̂u1)2 +
1
2

B2 (u2(s) − ̂u2)2 +
1
2

B3 (u3(s) − ̂u3)2

Wshear =
1
2

A1 (v1(s) − ̂v1)2 +
1
2

A2 (v2(s) − ̂v2)2 +
1
2

A3 (v3(s) − ̂v3)2

ℒ = Wbend + Wshear + V(r(s)) +
λr ⋅ (r′￼(s) − v1(s) d1 − v2(s) d2 − v3(s) d3)

co
ns

tr
ai

nt
s

Reissner model
Gravity


Electrostatics

Soft contact

Method  ℝn × SO(3)

where    with  and  ℒ = ℒ[q(s), q̃(s)] q = (r, d1, d2, d3, v1, v2, v3) q̃ = (r′￼, u1, u2, u3, . . . ) ≠ q′￼

H =
∂ℒ
∂r′￼

⋅ r′￼+
∂ℒ
∂ū
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H = n ⋅ v + m ⋅ u − Wbend − Wshear − V(r)

=
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Ai [vi(s) − ̂vi]2 + ni ̂vi − V(r)
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=
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Bi u2
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1
2

Aiv2
i (s) + n3 − V(r)

= Wbend + Wshear + tension − V(r)

Noether invariant:   

HOW DOES THE TENSION ENTER THE INVARIANT FORMULA (3D)

if  ̂ui = 0 and  ̂v1,2 = 0 and  ̂v3 = 1

general case

(naturally flat rod, with naturally straight cross-section)

not the energies !

Maddocks 1994

(Intuited case )V = 0
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Limit case of vanishing thickness

Arai et al. 1999

actin knots

2R

H3D = curvature + twist + tension
A simple way to retrieve quickly a theory
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