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.

new philosophy based on the intensive use of data

: a future revolution 


in computational engineering

Data-driven  Computational  Mechanics




  

Data :geometry,  loading,  material


Data-driven  Computational  

Solid Mechanics
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.

Pioneer works : Data used without Material Science                  
Ortiz et al   2016,2017…; Chinesta et al    2016,2017…

Data-driven  Computational  Mechanics
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.

Today works 

numerous 

many of them: hybrid

interesting solutions  but for particular situations

Data-driven  Computational  Mechanics


Challenge: history-dependent materials in 2D and 3D

                



OUTLINE  
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1.Today approach in computational solid mechanics  


2.  Data-driven computational approaches ( complex nonlinear materials )


3.A DD approach for complex materials with memory: basic features and 

numerical tools


4.A DD approach for complex materials with :illustrations


5.Conclusion


Data-driven computation(material)
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Kinematic admissibility


Static admissibility


Constitutive relations

Today computational approach 

over [0, T] × Ω

8

Time

0

T

Ud (∂1Ω)

Fd (∂2Ω)

f d (Ω)

ing, scalar R and tensor βββ being the conjugate variables of p and ααα, we have:

ρψ=
1

2
εεεe : K : εεεe +

1

2
c ‖ααα‖2 +

1

2
λp2

φ∗ =
k

n +1
〈
∥
∥σσσD −βββ

∥
∥+

a

2c

∥
∥βββ

∥
∥2

−)(R)−R0〉
n+1
+

(8)

where
∥
∥βββ

∥
∥ =

√

βββ : βββ, σσσD is the deviatoric part of tensor σσσ and 〈!〉+ extracts the

positive part of the argument. Scalars k, n, c, a, R0 are material characteristics,

as well as function ).

To formulate the reference problem, we introduce the following functional sub-

spaces of S (!! will denote vector spaces associated to affine spaces):

• space U of kinematically admissible fields u:

u =




U

0



 ∈U ⇐⇒ U |∂1Ω
=U d (9)

• space S of statically admissible fields f:

f =




σσσ

Y



 ∈S ⇐⇒















σσσ is symmetric

∀u! ∈U!, −

∫

[0,T ]×Ω

σσσ : εεε(U!)dΩdt

+

∫

[0,T ]×Ω

f
d
·U!dΩdt +

∫

[0,T ]×∂2Ω

F d ·U!dSdt = 0

(10)

• space E of kinematically admissible fields e:

e =




εεε

0



 ∈ E ⇐⇒ ∃u ∈U , εεε= εεε(U)

⇐⇒









εεε is symmetric

∀f! ∈S
!, −

∫

[0,T ]×Ω

σσσ! : εεεdΩdt +

∫

[0,T ]×∂1Ω

σσσ!n ·U d dSdt = 0 (11)

5

Find


such that

ε = ε(U)

�
�

[0,T ]
Tr[�⇥⇥]d�dt +

�

[0,T ]��
f

d
· U⇥d�dt +

�

[0,T ]�⇤2�
F d · U⇥dSdt = 0

⇥U⇥ � UU [0,T ]
0 ,

 
s = ("̇""p ,æææ) 2 SSS[0,T ]
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εp = ε — εe     εe =  K-1σ



      Find s  defined over                    such that:


admissibility(exact)


constitutive relations (from experimental data)

9

[0, T ] × Ω

Today computational approach 

over [0, T] × Ω
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linear


possibly global

local


possibly nonlinear
       ● constitutive relations 
          

Γ

       ● admissibility(exact)

       Ad

Find                                                                       such that:

sex

Γ

Ad

(εp, X)

(σ, Y)

Ad

Γ

Sexact

Geometric representation

s

Solution: distance( s ,(Γ) ) = 0

               or minimun

Material 
Science

 
s = ("̇""p ,æææ) 2 SSS[0,T ]
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Functional approach:  identification needs a lot of 
experimental histories 

Internal variable approach : identification needs 
much less data

Today computational approach- 

The  Material Science approaches
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Classical Computational approach- 

Internal (hidden) variable approach

State equations State evolution laws

Y =ΛΛΛX

then, the mechanical dissipation rate for the entire structure Ω reads:

∫

Ω

(ε̇εεp : σσσ− Ẋ ·Y)dΩ=

∫

Ω

(ėp ◦ f)dΩ (3)

where · denotes the contraction adapted to the tensorial nature of X and Y and ◦

denotes the corresponding operator. The following fundamental bilinear “dissi-

pation” form is introduced:

〈s,s′〉=

∫

[0,T ]×Ω

(1−
t

T
)(ėp ◦ f′+ ėp

′
◦ f)dΩdt (4)

as well as E and F, the spaces of fields ep and f compatible with (4). These spaces

allow to define S = E×F, the space in which the state of the structure s = (ep , f) is

searched.

ρ being the volumic mass of the material, from free energy ρΨ(εεεe ,X) under usual

decoupling assumptions, state laws read:

σσσ= ρ
∂ψ

∂εεεe
= Kεεεe

Y = ρ
∂ψ

∂X
= LX

(5)

σσσ= Kεεεe Y = LX (6)

where Hooke’s tensor K and constant symmetric positive definite tensor L are

material characteristics. These equations can be rewritten on the form:

f = Aee with A =




K 0

0 L



 (7)

where operator A is constant symmetric positive and definite.

The constitutive equation is given by positive differential operator B, which is

considered to be derived from pseudo-potential of dissipation φ∗(σσσ,Y):




ε̇εεp

−Ẋ



= B








σσσ

Y







 (8)

It is to be noted that for the sake of simplicity, we have restricted the presentation

to the case of sufficiently smooth pseudo-potential. In the contrary case, (8) is

modified: ∂!φ∗ has to be understood as subdifferential and first equality has to

be replaced by an inclusion.

4

+ initial cond

s = (⇥̇p, Ẋ,�,Y) � S[0,T ]State

X ,Y : additional internal  hidden variables

B :  positive



                                  Modelling of materials 

analytical model  
with parameters

Experimental  data Experimental  data

Material Science

Today
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linear


possibly global

local


possibly nonlinear
       ● constitutive relations 
       

Γ

       ● admissibility (exact)

       Ad

Find                                                                         such that:

sex

Γ

Ad

(εp, X)

(σ, Y)

Ad

Γ

Sexact

Data-driven computation

Ideal situation


ECMv
vvvv
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v
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v
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s = ("̇""p ,æææ) 2 SSS[0,T ]
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 Iterative and alternative scheme

sex

Γ

Ad

(εp, X)

(σ, Y)

Ad

Γ

30 La méthode LATIN pour le multiphysique

Pour cela, la technique consiste à séparer les équations en deux groupes, ce qui permet
en outre d’éviter d’avoir à traiter simultanément un problème global et un problème
couplé.

On introduit Ad, l’ensemble des solutions des équations linéaires et découplées,
éventuellement globales (ici les conditions d’amissibilité (1.1) et (1.2)) :

Ad =

{

s
∣
∣
∣ s vérifie (1.1) et (1.2)

}

et Γ, l’ensemble des solutions des équations locales, éventuellement couplées (ici les
relations de comportement (1.3) et les conditions initiales (1.4)) :

Γ=

{

ŝ
∣
∣
∣ ŝ vérifie (1.3) et (1.4)

}

La solution sex du problème de référence est donc :

sex = Ad ∩Γ

2.2 Résolution itérative en deux étapes

Le principe P2 de la méthode LATIN propose de construire la solution sex à l’aide
d’un schéma itératif à deux étapes. La Figure 2.3 détaille une itération n +1 typique.

· · ·−→ sn ∈Ad −→

étape locale
︷ ︸︸ ︷

ŝn+1/2∈Γ−→

étape linéaire
︷ ︸︸ ︷

sn+1∈Ad
︸ ︷︷ ︸

itération n +1

−→ ŝn+3/2 −→ · · ·

Figure 2.3 • Une itération de la méthode LATIN

Si l’on suppose que l’itération n a généré un élément sn de Ad, l’étape locale consiste
à chercher un élément ŝn+1/2 de Γ en utilisant une première direction de recherche E+.
Ce nouvel élément étant connu, l’étape linéaire consiste à chercher un élément sn+1 de
Ad en utilisant une seconde direction de recherche E−, conjuguée de la précédente. La
Figure 2.4 donne une représentation de principe de la stratégie dans l’espace S[0,T ] et
les sous-sections suivantes détaillent chacune de ces étapes.

2.2.1 Étape locale à l’itération n +1

On suppose que l’étape précédente a produit une solution sn de Ad et on se donne
un espace linéaire E+ appelé direction de recherche à l’étape locale :

E+ =

{

∆s
∣
∣
∣ ∆σ+L∆ε̇= 0, ∆q + r∆p = 0, ∆W +M∆Z = 0

}

P. Ladevèze, D. Néron and B. A. Schrefler

relations. The consolidation of saturated soils is used as a typical example. This computa-

tional strategy is an extension of the previous method. The problems related to the different

“physics” are solved using specific codes. In this paper, we focus on the algebraic framework,

as in? , and on the basic aspects of the proposed computational strategy. We present the

main hypotheses and properties. We insist particularly on the time-radial approximations

over the time-space domain because these lead to a drastic decrease of the computational

cost. Finally, we apply this algebraic framework to the particular case of porous media.

· · ·−→ sn ∈ Ad −→

local stage
︷ ︸︸ ︷
ŝn+1/2 ∈Γ−→

linear stage
︷ ︸︸ ︷
sn+1 ∈ Ad︸ ︷︷ ︸

iteration n +1

−→ ŝn+3/2 −→ · · ·−→ sex

Figure 1: Une itération de la méthode LATIN

Si

2 REFORMULATION OF THE MULTIPHYSICS PROBLEM

Let us consider a multiphysics problem, e.g. a fluid-structure interaction problem, in-

volving two phases denoted “F ” and “S”. The coupling of these two phases is assumed to

be defined through the constitutive relations, which requires that the S-problem and the F -

problem be defined over the same time-space domain [0,T ]×Ω. To makes things clear, the

method will be presented in the framework of porous media, but it could be easily trans-

posed to any similar multiphysics problem.

2.1 The structural model

The state of the structure is assumed to be defined by the set of the fields sS belonging

to S[0,T ]
S . Typically, if the structure is subjected to small perturbations, sS = (ε̇,σ), where ε̇

designates the strain rate and σ the stress. The corresponding displacement U belongs to

U [0,T ]. The fundamental duality bilinear form is:

∀(sS ,sS
′) ∈ (S[0,T ]

S )2, 〈sS ,sS
′〉S =

∫

[0,T ]×Ω
(1−

t

T
)(Tr[σε̇

′]+Tr[σ′
ε̇])dΩdt (1)

If the loading consists of a prescribed displacement U d over part of the boundary ∂1Ω, a

traction force F d over the part ∂2Ω complementary of ∂1Ω and a body force f d over the entire

domainΩ, using classical notations, the equilibrium and compatibility equations verified by

the structural phase are: ∀t ∈ [0,T ],

divσ+ f d = 0 over Ω and σn = F d over ∂2Ω

ε= ε(U) over Ω and U =Ud over ∂1Ω
(2)

2

Linear stageLocal stage

Iteration n+1

Sexact

snsn+1

ŝn+1/2

Data-driven computation-the solver 
LATIN

∑- ECM

v
v

v v v
v

v v
v

v

v
vv

v

v
v

v
v

vvv v

v
v
vv

vv
vvæææ
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The ECM-Tests
The Experimental Constitutive Manifold-



                                 Data-driven modelling of materials 

Mathematical 
 model  Experimental  data

Material Science

Data-driven

Extra/interpolation
in 

prog
res

s



DD works in progress
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◼︎Data-driven approaches based on « 0 » physics


material functional approach ( exp. data  ↑↑↑    )
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◼︎Data-driven approaches based on  physics(at least partially)


●Deep Neural Network (material functional approach: data↑↑↑)      )


●Internal Variable Framework


       ◦GENERIC (hamiltonian-dissipative formulation)


                    Ottinger-Grmela 97, Mielke 11


◦Experimental Constitutive Manifold


DD works in progress
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Come back- 

Internal (hidden) variable approach

State equations State evolution laws

Y =ΛΛΛX

then, the mechanical dissipation rate for the entire structure Ω reads:

∫

Ω

(ε̇εεp : σσσ− Ẋ ·Y)dΩ=

∫

Ω

(ėp ◦ f)dΩ (3)

where · denotes the contraction adapted to the tensorial nature of X and Y and ◦

denotes the corresponding operator. The following fundamental bilinear “dissi-

pation” form is introduced:

〈s,s′〉=

∫

[0,T ]×Ω

(1−
t

T
)(ėp ◦ f′+ ėp

′
◦ f)dΩdt (4)

as well as E and F, the spaces of fields ep and f compatible with (4). These spaces

allow to define S = E×F, the space in which the state of the structure s = (ep , f) is

searched.

ρ being the volumic mass of the material, from free energy ρΨ(εεεe ,X) under usual

decoupling assumptions, state laws read:

σσσ= ρ
∂ψ

∂εεεe
= Kεεεe

Y = ρ
∂ψ

∂X
= LX

(5)

σσσ= Kεεεe Y = LX (6)

where Hooke’s tensor K and constant symmetric positive definite tensor L are

material characteristics. These equations can be rewritten on the form:

f = Aee with A =




K 0

0 L



 (7)

where operator A is constant symmetric positive and definite.

The constitutive equation is given by positive differential operator B, which is

considered to be derived from pseudo-potential of dissipation φ∗(σσσ,Y):




ε̇εεp

−Ẋ



= B








σσσ

Y







 (8)

It is to be noted that for the sake of simplicity, we have restricted the presentation

to the case of sufficiently smooth pseudo-potential. In the contrary case, (8) is

modified: ∂!φ∗ has to be understood as subdifferential and first equality has to

be replaced by an inclusion.

4

+ initial cond

s = (⇥̇p, Ẋ,�,Y) � S[0,T ]State

X ,Y : additional internal  hidden variables

X ,Y : not intrinsic
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Additional internal variables : a choice 

Best choice (internal variable transformation)

Normal formulation X = Y  (Ladeveze 1989,2020)

Come back- 

Internal (hidden) variable approach

 Stable 

materials
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"""p,p = ggg (æææ,XXX , p) ṗ > 0

XXX ,p = hhh(æææ,XXX , p) ṗ > 0

ṗ = f (æææ,XXX , p) ṗ   0

XXX = 0 """p = 0 at t = 0

  Viscoplasticity with one hidden internal 
variables X ∈ Rq

 + thermodynamics constraints

.

Come back- 

Internal (hidden) variable approach
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elasticity tensor 

a set of time-histories of pairs inelastic strain rate / stress :  ! 

The Experimental Constitutive Manifold-

     Raw experimental data 


p
i =

Z
T

O

|"̇""i

p
|dtwhere (cumulated inelastic strain)

ECM-definition  :  {                                                                         }  

 written in term of « material time » 

(0,P)

,σ , p )  i ∈ N( p ) ; p ∈  [ 0, P ]εp,psi( p) = ( .
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  -

      a structuring of  ECM      

The Experimental Constitutive Manifold-

                                            Fundamentals


 internal variable framework


      (Thermodynamic)
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The Experimental Constitutive Manifold-

                                            Fundamentals


"""p,p = ggg (æææ,XXX , p) ṗ > 0

XXX ,p = hhh(æææ,XXX , p) ṗ > 0

ṗ = f (æææ,XXX , p) ṗ   0

XXX = 0 """p = 0 at t = 0

  Structuring of ECM with one hidden internal 
variables X ∈ Rq

 + thermodynamics constraints

 for all given time-history si( p) = ( εp,p ,σ , p )  i ∈ N( p ) ; p ∈  [ 0, P ]
.
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The Experimental Constitutive Manifold-

                                            Fundamentals


"""p,p = ggg (æææ,XXX , p) ṗ > 0

XXX ,p = hhh(æææ,XXX , p) ṗ > 0

ṗ = f (æææ,XXX , p) ṗ   0

XXX = 0 """p = 0 at t = 0

  Structuring of ECM with one hidden internal 
variables X ∈ Rq 

 + thermodynamics constraints (case where dissipation is not 

measured)

Tr(           ) —  X . X,p ≥ 0          p  >  0æææ
<latexit sha1_base64="f3nhtJYBsIk6PvLGkIdG8442bBY="></latexit><latexit sha1_base64="lBxIQw54CEDI0dlGwge0fw4TVMc="></latexit><latexit sha1_base64="lBxIQw54CEDI0dlGwge0fw4TVMc="></latexit><latexit sha1_base64="ULwMJxMCt/rFU45bHV/B5qdrnHw="></latexit>

εp,p
.

 only property

𝒈,𝒉,𝑓 : single-valued 
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  -The ECM-Central Problem (the 
structured ECM)

to build  X and q 

 

specific tool inspired by 

classical Big Data techniques

Our 

answer
ECM-potential u: if O(1) , no X

                             if not , X = arg min u



 Model problem
                                                  


 « Raw experimental » data  
 


Problem : Find  Z such f is a single-valued function
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Tool 1 - The ECM-Central Problem 

ßßß¥ {(X ,Y )i |X ,Y 2 RRRn , i 2 NNN}

Z : internal (hidden) variable ßßßX ,ßßßY ,ßßßZspaces 

f : (X i ,Z i ) ! Y i

ßßßX £ßßßZ ßßßY
{(X i ,Y i ) i 2 NNN}with
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Idea (f : regular)

  for d (X ,Z ;X ,Z ) ≤ ε         α   = [ d (X ,Z ;X ,Z )  — d (Y ,Y )] x 1/εI j 22 22

➠ 2

two cases


                — α    = o ( 1)  f: single valued


                — (—α )    >>   1   f:  multi valued


I II II

I

I

j jj jj

j

j

🔳

Tool 1 - The ECM-Central Problem 
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 Univocity indicator (variant of Kullback-Leibler 
divergence)

                                                  


 I(α) = (exp(-α)-1)(-α) : convex,positive,« linear » for α ≥ 0


 u ( Z) = ΣΣ P  I ( α  )

  -

d(X i ,X j ) O(") Pi j

X

j2NNN
I(Æ) =Æ[1°exp(°Æ)] I(Æ) =Æ[1°exp(°Æ)] Æ 2 [°1,+1]

u(X ;Y ) ¥
X

i2NNN

X

j2NNN
PPP(X i ;X j )I(di j )

Æi j =

||X i °X j ||2

x2 °
||Y i °Y j ||2

y2

"2

||X i °X j ||2

u(X ;Y ) … uR(X ;Y ) ¥
X

i2NNN

X

j2NNN
P(X i ;X j )I(

||X i °X j ||2

x2"2 )kR
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i ∈ N

ii j

j ∈ N

Tool 1 - The ECM-Central Problem 
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ε

separator P     =  Γ    /   (      Γ )


where  Γ = exp ( — d (X ,Z ;X  ,Z  ) /     )

  Σ    

d (X ,Z ;X  ,Z  ) = O(  )          P   = o(1)


               otherwise              P   ∼ 0

⇔

i ji

i

i

ii

ii

i

i

j

j

j

jj

j

j

j

j ∈ N

2 2

j ε

Tool 1 - The ECM-Central Problem 

Application


ε =2/100 ( Nneighbors


 

∼10 )
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Z = arg min u( X , Z’ ; Y) 

 Construction of the internal variable Z
                                                  


   

Unknowns : Z , 

  Tools:         P   ( Xi ,Zi ; Xj , Zj ); 


ßßß¥ {(X ,Y )i |X ,Y 2 RRRn , i 2 NNN}

f : (X i ,Z i ) ! Y i

ßßßX £ßßßZ ßßßY

1

si (p) = ("""i
p,p ,æææi

D , ṗi )(p) i 2 NNN(p)

p
i =

Z
T

O

|"̇""i

p
|dt

ßßßp ¥ {si (p)|i 2 NNN(p)}

(ßßß) ¥ {ßßßp |p 2 [0 P]}

æææD :

2

4
æ1

æ2
æ3

3

5

æ1 ∏æ2 ∏æ3 =°(æ1 +æ2)

æææD 2≠≠≠£ IIIæ (dim2)

"""p,p 2≠≠≠ (dim1) ṗ 2 III ṗ (dim1)

ßßß¥ {(X ,Y )i |X ,Y 2 RRRn , i 2 NNN}

Y i =ÆÆÆ(X i )+ØØØ(Z i )

ßßßX ,ßßßY ,ßßßZ

f : (X i ,Z i ) ! Y i

ßßßX £ßßßZ ßßßY
{(X i ,Y i ) i 2 NNN}

Z’
Z  : modulo a X-function

additional constraints

u( X , Z; Y) i j

Tool 1 - The ECM-Central Problem 

Tool 1 - The ECM-Central Problem 
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 ECM -potential (X ∈ Rq ) : a solution                                          

 ( X ( p) ∈ R ; i ∈ N ( p );  p ∈  [ 0, P ])= arg min u ( X )

X 

q

i ,
,

stiff minimization problem : ( augmented lagrangian, PGD )

Tool 1 - The ECM-Central Problem 
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  Solution with one hidden internal variables X ∈ 
Rq 

 + thermodynamics constraints (case where dissipation is not 

measured)

Tr(           ) —  X . X,p ≥ 0          p  >  0æææ
<latexit sha1_base64="f3nhtJYBsIk6PvLGkIdG8442bBY="></latexit><latexit sha1_base64="lBxIQw54CEDI0dlGwge0fw4TVMc="></latexit><latexit sha1_base64="lBxIQw54CEDI0dlGwge0fw4TVMc="></latexit><latexit sha1_base64="ULwMJxMCt/rFU45bHV/B5qdrnHw="></latexit>

εp

.

i

i

i

iii i

i ∈ N

Tool 1 - The ECM-Central Problem 

εp,p

æææ
<latexit sha1_base64="f3nhtJYBsIk6PvLGkIdG8442bBY="></latexit><latexit sha1_base64="lBxIQw54CEDI0dlGwge0fw4TVMc="></latexit><latexit sha1_base64="lBxIQw54CEDI0dlGwge0fw4TVMc="></latexit><latexit sha1_base64="ULwMJxMCt/rFU45bHV/B5qdrnHw="></latexit>

, εp,p ,X  ,  X,p           ,     , p , piii i i.



Tool 2 : interpolation
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ECM : set of particular experimental data

Inter/extrapolation

Ext (ECM) : practical mathematical model

available data


still very limited
➚➚ ➚



Tool 2 : interpolation
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Interpolation based on RKHS (Reproducing Kernel Hilbert Space)


        (Belkin 2018 ,Rieger -Zwicknagl 2010,Narcowick et al 2004,…)                


—Gaussian kernel : exp( —β d ( X, X )  )


           —among efficient interpolation methods for regular functions


                     exponential convergence in term of the fill distance  h

h = Max Mini  d( σ ,X; σ  ,X )


     (σ,X)∈ D (σ ,X )∈ DN  
ii

i

2

,

🔳

i

—reproduce « exactly » given experimental data



                       Tool 2 : interpolation
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 Example : construction of the elasticity domain : p = f ( σ , X ) p > 0

              data (experimental points) 


                                          ∈  I+  = ( i ; p

> 0
       


       


      


> 0 )

. i

interpolation p = f ( σ , X ) = t  [ G + μ 1] g ( σ , X )     μ > 0  


where   G   = exp ( —β d ( σ, X; σ ,X ) )


              t  = p


              g ( σ, X ) = exp ( —β d ( σ, X; σ ,X ) )


              


. 

i(  σ ,    , p)X,  i

_1T

i
i i

ii
i

i
i

J
JJ

2

2
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"""p,p = ggg (æææ,XXX , p) ṗ > 0

XXX ,p = hhh(æææ,XXX , p) ṗ > 0

ṗ = f (æææ,XXX , p) ṗ   0

XXX = 0 """p = 0 at t = 0

 Finally  : Ext(ECM)                                                

 + thermodynamics constraints (case where dissipation is not 

measured)

Tr(           ) —  X . X,p ≥ 0          p  >  0æææ
<latexit sha1_base64="f3nhtJYBsIk6PvLGkIdG8442bBY="></latexit><latexit sha1_base64="lBxIQw54CEDI0dlGwge0fw4TVMc="></latexit><latexit sha1_base64="lBxIQw54CEDI0dlGwge0fw4TVMc="></latexit><latexit sha1_base64="ULwMJxMCt/rFU45bHV/B5qdrnHw="></latexit>

εp,p
.

 

𝒈,𝒉,𝑓 : interpolated


functions 

                       Tool 2 : interpolation



OUTLINE  
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1.Today approach in computational solid mechanics  


2.  Data-driven computational approaches ( complex nonlinear materials )


3.A DD approach for complex materials with memory: basic features and 

numerical tools


4.A DD approach for complex materials with :illustrations


5.Conclusion


Data-driven computation(material)



Construction of the ECM 

42

Elasto-plastic materials

Plane stress problems

« Experimental data »: simulated

Illustration 
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"""p,p = ggg (æææ,XXX , p) ṗ > 0

XXX ,p = hhh(æææ,XXX , p) ṗ > 0

XXX = 0 """p = 0 at t = 0

  Structuring of ECM with one hidden internal 
variables X ∈ Rq

 + thermodynamics constraints

.

Construction of the ECM 
Illustration-The Central Problem 

 p = f (σ   , X   )   p > 0
.

Domain of elasticity : star-shaped 


D( p ) = {λ (   ,   )σ X  ; λ ∈[0,1] ,  p = f (σ   , X   )   p > 0 }
.

Material Science



Illustration : Experimental data
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Construction of the ECM 

α

Biaxial tests

Direction: m(α)  α ∈[-45°,+45°]

Biaxiality coef:  (α)  a ∈[-1,+1] 
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Construction of the ECM 

α

Biaxial tests

Test program1  ℋ(0,P)    :proportional monotonous loadings


                                      α = 0 ;  σnn  ≥   σtt     σtn =0

Iso
tropic m

aterial

Illustration : Experimental data

P

0 0.002 0.004 0.006 0.008 0.01

60

80

100

0 0.002 0.004 0.006 0.008 0.01

-40

-30

0 0.002 0.004 0.006 0.008 0.01
0

0.005

0.01

0 0.002 0.004 0.006 0.008 0.01

-4

-2

0
10

-3

0 0.002 0.004 0.006 0.008 0.01
0

50

0 0.002 0.004 0.006 0.008 0.01
-40

-20

0

0 0.002 0.004 0.006 0.008 0.01
0

0.5

1

0 0.002 0.004 0.006 0.008 0.01

-0.4

-0.2

0

t

σ
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Construction of the ECM 

α

Biaxial tests

Test program 2 ℋP(0,P)    : non-proportional monotonous loadings


                      p∈[0, P/2]    α  ∈(-45°,+45°) a ∈[-1,+1]


                      p∈[ P/2 , P ]  

Iso
tropic m

aterial

Illustration : Experimental data

α = 0 ;  σnn  ≥   σtt     σtn =0

N 

0 0.002 0.004 0.006 0.008 0.01
-100

0

100

0 0.002 0.004 0.006 0.008 0.01

-40
-20

0
20
40

0 0.002 0.004 0.006 0.008 0.01

-4

-2

0

2
10

-3

0 0.002 0.004 0.006 0.008 0.01

-1
0
1
2
3

10
-3

0 0.002 0.004 0.006 0.008 0.01

-50

0

50

0 0.002 0.004 0.006 0.008 0.01

-20

0

20

40

0 0.002 0.004 0.006 0.008 0.01
-1

0

1

0 0.002 0.004 0.006 0.008 0.01
-0.5

0

0.5

t

σ



Construction of the ECM 

47

«  Experimental » data : generated by a plasticity model 

                                         with isotropic and kinematic hardening

test program 1ℋP(0,P): Proportional monotonous loadings

+

test program 2 ℋNP(0,P):  Nonproportional biaxial tests

Illustration 

∼∼

∼

Number of tests :  340



Construction of the ECM 
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test programs 1+2 :  ℋP(0,P) +  ℋNP(0,P)

u( 0 ) = 10       0(1)   


u( εp ) =  4,3     0(1)

  ECM  equivalent to a plasticity model 


  with isotropic and kinematic hardening

Illustration 

≈
≪

«  Experimental » data : generated by a plasticity model 

                                         with isotropic and kinematic hardening

100



Construction of the ECM 
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«  Experimental » data : generated by the plasticity model 

                                       of Chaboche-Marquis

test programs 1+2 :  ℋP(0,P) +  ℋNP(0,P)

u( εp ) =  4,3     0(1)  

Illustration 

≈

εp ≠ XCM
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Construction of the ECM 
Keypoint 1 

Keypoint 1 : ECM-Identification— Test number ? 




Total number of tests : 5

51

Test Programmes 1 and 2


Total number of tests : 25 , 340

Construction of the ECM 

Discretized admissible domain (p,σ,X) :  20 points


25 tests :  25 X 80 = 2000 experimental points 

7

Keypoint 1 

Example : construction of the elasticity domain : p = f ( σ , X ) p > 0

             

       


.
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Example : construction of the elasticity domain : p = f ( σ , X ) p > 0

             

       

 Verification guide                                               


         


             —Material Science  ⟹    an ellipsoid 


                   θ (σ , X  )=  ｜σ — X  ｜+ α｜ X ｜

         —error = Max ｜θ —  interpolated (θ)｜

.

2

JJ

J  ∈  reference points            

Construction of the ECM 
Keypoint 1 

D



Total number of tests : 5
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Total number of tests : 25

Construction of the ECM 

50 51 52 53 54 55 56 57
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45

0.5

 :boundary of elasticity


domain

θ (σ , X  )=  ｜σ — X  ｜+ α｜ X ｜
2

Keypoint 1 

D



54

20 30 40 50 60 70 80 90
-70

-60

-50

-40

-30

-20

-10

0

Keypoint 1 
Construction of the ECM 



Total number of tests : 5

55

Total number of tests : 25 , 340

Construction of the ECM 

Similar Ext(ECM)

Keypoint 1 



Construction of the ECM 
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Keypoint 2 

Keypoint 2: Learning process 




Construction of the ECM 
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Experimental data 

Hierarchical ECM  

hidden variable number

➚

➚

LEARNING

Keypoint 2 



u( εp ) =  4,3     0(1) 


first hidden internal variable


X = εp 

LEARNING

LFA
RNING

Construction of the ECM 
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«  Experimental » data : generated by the plasticity model 

                                       of Chaboche-Marquis

test programs 1+2 :  ℋP(0,P) +  ℋNP(0,P)

Illustration 

≈LEARNING

FIRST STA
GE

1



LEARNING

LFA
RNING

Construction of the ECM 

«  Experimental » data : generated by the plasticity model 

                                       of Chaboche-Marquis

additional test program 3  

LEARNING
SECOND STA

GE

Cycling loading (4 cycles):        p∈[0, P]    


                        α = 0          a ∈[-1,+1]


        


Keypoint 2 

σ

t

+/− [σ]1
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Construction of the ECM 

u( X ) =  10      


u( X , X) = 3,4  ≈    0(1)


«  Experimental » data : generated by the plasticity model 

                                       of Chaboche-Marquis

≫1

Keypoint 2 

SECOND STA
GE

NEW ECM 1

1
1X  = εp

2

  New ECM  equivalent to the plasticity model 


 of Chaboche-Marquis

20



61

σ

t[σ]1 [σ]2

Four-steps loading

[σ]3

[σ]4

Data-driven  computation
New loading scenario:

0 2000 4000 6000 8000 10000 12000

-50

0

50

100

150

0 2000 4000 6000 8000 10000 12000

-150

-100

-50

0

Prescribed stress history:

Construction of the ECM 
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 for the two data-driven calculationsεp(t)

Construction of the ECM 

Data-driven  computation

X,X
1  2

X 1ECM1 :              ECM2:

0 2000 4000 6000 8000 10000

-1

0

1

2

3

4

10
-3

0 2000 4000 6000 8000 10000
-4

-3

-2

-1

0

1

2

3

10
-3



Construction of the ECM 
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Keypoint 3 

Keypoint 3: Validation  


Ext(ECM)  = { experimental test si( p)   i ∈ N( p ) ; p ∈  [ 0, P ]  } 


+ Interpolation

.
si( p) = ( εp,p ,X,p , σ ,X , p )i 
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Keypoint 3 

Computed solution with Ext( ECM)


s( p ) p ∈  [ 0, P ]  

close or not to the true 


material response ?

 Criterium : « distance » to experimental data 


 e  =  max             [    min    d( s( p ),s ( p ))]
 p ∈  [ 0, P ]         i ∈ N( p )

 i 

:

Construction of the ECM 

experimental test si( p) = ( εp,p ,X,p , σ ,X , p )i 
.

Data-driven 

interest



OUTLINE  
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1.Today approach in computational solid mechanics  


2.  Data-driven computational approaches ( complex nonlinear materials )


3.A DD approach for complex materials with memory: basic features and 

numerical tools


4.A DD approach for complex materials with :illustrations


5.Conclusion


Data-driven computation(material)



 The  proposed data driven  approach :


                                                

CONCLUSION-potential applications

.

Two stones The ECM-Central Problem


 +  


A Classical Interpolation Procedure

  A  new way in Material Science to build constitutive material  

Hierarchical ECM with X  = εp
1
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CONCLUSION-potential applications

.

—easy correction or extension  a first model 

(addition of phenomena, modification of

 ambient conditions)

 Example : 


Extension Plasticity Model  ⟹    Viscoplastic Model (ECM)


               P = f ( λ (σ  ,X  ), p)


               interpolation of few experimental  tests

  Solutions to situations for which Material Science 
classical approach fails or does not work well  




 —To build explicit homogenized model from a  
microstructure


FE-simulation of experimental tests on 

the Representative Element Volume 

(microstructure time/space)

« Experimental » data 

Data-driven material model:ECM

CONCLUSION-potential applications
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                                 Data-driven modelling of materials 

Deep Neural Network

Physics-compatible 

hidden variable framework

a working solution 

     learning : parameters➚


test number?

       verification/validation ?

a working solution

      Interpolation: classical 


(RKHS,RBF,..) 

            learning : hidden variables➚

             verification/validation ++++


