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Geometric integrator

Discretization scheme which respects exactly some geometric properties J

» Symplectic/Poisson integrator

% Preserves the symplectic form/Poisson bivector
PfW=w — W w(u") = w(ul)

% Stability, small error on first integrals

» Variationnal integrator
% Comes from a calculus of variation )
SL(t, X, Uy Uy, ) =0 6Lh(t”,xi,u"’i,u(’7’;,...):O

! !
EL(t,x,u) =0 - EL(t",x',u™) =0
% Stability, small error on first integrals and Energy preserving

» Port Hamiltonian, Dirac, ...

% Coupled/constrained system
% Preserves power balance/constraints

» Invariant integrator: Preserves the symmetry group
GE(t,x,u):o C GE,,(t",x",u"J):o Outline
» Discrete exterior calculus: div curl =0, curl grad =0



Invariant integrator



Symmetry group

Differential equation: E (x,u,u(l), .. ) =0

Transformation (x,u) — (X, u) is a symmetry if
E(x,u,u(l),...>:0 — E(ﬁ,a,@,...):o
Example
divu=20
* S u+ (Vu)u+ %Vp—yAu+ﬁg0e2 =0
0: +V0-u—rkAH =0
* Symmetries: (t,x,u) —
* (t+ex,u)
(t,x+a(t),u+o'¢,pfp(x+oz).&,0)
(t,%,u,p+((t),0)
(t,x,u,p+efgx-ex,0+0+ <)
(t, Rx, Ru, p, 0) R rotation horizontale
(e* t,e*x, e “u,e > p, e 30)

G=(4-dim Lie symmetry group) V (4 co-dim symmetry groups)



Importance of symmetry groups

Traduce fundamental physical principles/properties
(Galilean invariance, homogeneity, . . .)

Conservation laws through Noether's theorem
Self-similar solutions
Existence, stability, . ..theorems, bifurcation

Modeling (scaling laws, turbulence modeling, ...)



Invariant scheme and invariantization process

x=(x1,x?...), u=(ul,u?...),

{Grid(x, u) =0
Ep(x,u) =0

u ~ u(x’)

E (x,u,u(l), . ) =0 | Schm(x,u) = 0 <=—



Invariant scheme and invariantization process

x=(xx%...), u=(ut,u?...), W~ u(x)
Grid(x,u) =0
E (x,u, ,...) =0 | Schm(x,u) = 0 g
(x u,u() ) chm(x, u) {Eh(x,u) "o
T : (x,u) — (X,u) Th: (x,u) — (X, 0)

~ ~
m m m m




Invariant scheme and invariantization process

KZ(X]-’X2’,..),u:(ul’u2,“‘)’ ui:u(x/')
Grid =0
E (X,U7U(1)>---) =0 | Schm(x,u) = 0 <= rid(x, u)
En(x,u) =0
X

Schm(m) =0 — Schm(m) =0, VT € Ge

Sufficient condition

Schm(m) = Schm(m) VT € Gg




Invariant scheme and invariantization process

KZ(X]-’X2’,..),u:(ul’u2,“‘)’ ui:u(x/')
Grid =0
E (X,U7U(1)>---) =0 | Schm(x,u) = 0 <= rid(x, u)
En(x,u) =0
X

Schm(m) =0 — Schm(m) =0, VT € Ge

Sufficient condition
Schm(m) = Schm(m) VT € Gg

Invariatization process: Schm any scheme

S/(;B_I;(m) = Schm(7[m] - m) is an invariant scheme

(Right) Mobile frame: T:meM+— 71[m] €G
7[T(m)] = 7[m] T1 VT € G




Application

» Burgers equation: Ou Ou Cau =0
8ers €q "ot TUex Vel

> 5-dim Lie symmetry group

e Space translation: (t+ €1, x,u)
e Time translation: t,x + e
e Projection: (== + (1—( t) + 7 g
) . 1—est? 1—e3t egt €, u €3 €3X
e Scale transformation: (€% t,e x,e™% u)
e Galilean boost: (t,x + est,u+es)
FTCS, Regular grid, O(At, Ax? )
U"H uf! ul—uily ufly =20+l
Vs tu [ 2Ax ] =v Ax2 =0
Invariantized FTCS, Regular grid, O(At, Ax2)
U (1—e3At)—u” ul  —ul u?  —2uMu"
i ( A3t ) i (1 _ €3At) + [uln +€5] |: I+§AX1 1 L 63:| —v i+1 A)é2 i=1 _ 0
€3 = U EAU es = ful ; + eul H fllf,y e+2f=1



Numerical results

u(t,x) _ sinh(%)

—t
coshi = i+expi - }

Pseudo-choc :

1.
FTCS —— CRANK-NICOLSON e
INVARIANT FTCS -+ INVASIANT ETCS
' ----—---M'U\y‘ ......
4 EXACT Y EXATT
a5
ur-
05
-1 ’[\.v YV S—
s}
L 1
-1 -0.5 )o( 05 1 - 05 ); o5 1

Left: v = 8-107 3. Right: v =7.5-10"*

Self-similar solution under projection



Compatibility with Galilean invariance

Numerical results

(t,x,u) — (t,x + et,u+¢€) J

H00— 29—
o . = £
15 3
]
% % os
°
o
o
o 2 3 ] ° 0 2
x x
FTCS Crank-Nicholson
v =5-107%
................. [T — B B
! e !
x5 3o

X

uxm

Invariant FTCS

Invariant Crank-Nicholson



» Invariant integrator: conclusion

*
*
*

*
*

Compatibility with fundamental invariance properties
Compatibility with self-similar solutions

May have sensibly higher numerical cost

But more interesting for coarse time/space grids

Should not destroy conservation laws and symmetry based models
To be done for Navier-Stokes equations

» Problems for which other properties are more important 7

*

*

Many Navier-Stokes solvers use : curl grad =0, divcurl =0

Eg: vorticity-stream function formulation
Not numerically verified = spurious mass, portance, circulation, ...
In exterior calculus: d2 =0
d : Ak — AKF1: exterior derivative operator

acting on differential forms

» Discrete Exterior Calculus: Discrete version of Exterior Calculus theory



Discrete Exterior Calculus (DEC)



Exterior and differential forms
» Exterior k-form = skew-symmetric k-linear form

Differential k-form w € AX(M): Smooth field of exterior k-forms
W - TMx ... x TuM— R

Locally: w = wjy i (x)dxT A ... A dxk

» Often derivated: A® -3 AL 45 A2 4y with d2 =0

o d:A Al
o d:Al A2
In R3:
n . d:A2 5 A3
. =0

Owin. iy i i
Locally: dw = ——= dx/ A dx1 A ... A dx'k
Ox/

grad : F(R?) — X(R3)
rot : X(R3) — X(R3)
div : X(R®) — F(R®)
rot grad =0, divrot=20

> Sometimes integrated: w: o +— [ w
M orientable manifold, w € AK(M), o k-dim submanifold of M

Stokes: / dw:/ LHeW
o 0o



Discretization

M 2% Oriented simplicial complex discretization
K=Ky UK U K, U Kz U...U Kgmm
vertices  edges  triangles  tetrahedra n-simplices

UJG/\k discr. (w,_ _ fa’- w) 0.5
0 gi €Ky 3
53
Discrete exterior derivative 1
dw = w 0-form
Stokes: o 90
(dg; o) = (0; do) 05
g -5
£
d? = 0 exactly

because 00 = () !



More formally : combinatorial geometry
> Mesh
*  k-simplex [vovy ...v] = Z)\ vi, \; >0, Z)\ =1; €Ki

* Simplicial complex: CoIIectlon K=Uj_ OKk of simplices such that
e ceKand7faceofo — 7€K
e 4 regularity conditions
* Orientation
> Chain = Element of /\k(K) | Kk |-dim array

*x NAy(K) =span, Ky = 2,0, Zg € 7.
L P BN
= U

* Boundary operator
Kk — Ak 1(K)
U:[Vovl...vk] — Z( )‘[Vo...V,',l,VH,l,...,Vk]

Extends by linearity into 9 : Ax(K) _ /\k 1(K)
> Discrete k-form = k-cochain = Element of A¥(K) | K |-dim array

* AK(K) = Redual of Ay(K) ~ { 3 woo, wy € R
o€Kk

* Discrete d = 0" : Al(K) — Aer1(K) (IKis1] X |Ki|)-dim array



Hodge x operator

M: n-dim manifold M with metric g and volume form vol

Continuous Hodge: isomorphism
* 1 NE(M) — A=K (M) such that 0 A xw = g(6,w)vol

e Complement to vol:  w A *w = vol if glw,w) =1

Orthogonality: g(*w,w) =0

e In R? with Euclidean metric and vol = dx A dy
*1 = dx A dy, *dx = dy, *dy = —dx, *dx Ady=1

In R? with Euclidean metric and vol = dx A dy A dz
*1 = dx A dyA dz, *dx = dy A dz, *(dx A dy) = dz,

dim AK(M) = (Z) = (nf k) = dim A"5(M)

Usefull to formulate constitutive laws



Dual mesh

Discrete Hodge: isomorphism 7

* 1 N (K) — A"K(K) Generally impossible

dim AK(K) = K| # [Kn_i| = dim A"*(K) ¢

Eg when n = 2: nb vertices # nb triangles



Dual mesh

Discrete Hodge: isomorphism 7

* 1 N(K) — A"K(K) Generally impossible

dim AK(K) = |Ki| # |Kni| = dim A" (K) ¢

Eg when n = 2: nb vertices # nb triangles

Discrete Hodge: isomorphism
* 1 N (K) — A" K(xK) Possible

» Dual mesh K :kgo (xK)k

* Bijection * : Ky — (%K)«

% Orientation on K == Orientation on xK

* Dual cochain: element of AX(xK)

* O ONK = O 0N *K =P d on *xK

Circumcentric dual

> dimAK(K) = |Ki| = [(K)n_i| = dim A" ¥(xK)



Discrete Hodge operator

> How to define x : AK(K) — A""K(xK) ?
» Continuous case : If w is locally constant and o | xo
(circumcentric dual)

/ /w o] k-volume de o, dimo >1
g| =

*xO o ’ 1 dimo =0

[xa] ol

Circoncentric Hodge K INK

(kw,x0)  (w,0)

x| o]

Circoncentric dual

Diagonal matrix Hy = diag <M, o€ Kk>
o



Navier-Stokes + passive scalar (polluant)

Vector/tensor formulation

Exterior calculus formulation  (w = u?)
Ou di 1 d Au=0 Ow 1 0 2
3? i '(\)/(U®U)+ S Eip =AU = +u4dw+; d(p+ 2pllul?) —vddw=0
ivu =

ow=0
% 4 div(ud) — xA0 =0 o6
e iv(u KAO = 5+5(w/\o)—n5do:0

0 =% dx
Resolution: Stream function w = — % dy

Consequence: divu = 0 at machine precision

Concentration of polluant at different times

[Razafindralandy, Hamdouni, Chhay. AMSES 2018]



Necessity of an alternative discrete Hodge
» Circumcentric Hodge needs a “well-centered” primal mesh

OK H]_:diag( lei] ) non-invertible

| xejl

» Change simplex centers
% barycenter, incenter, ...
% error minimisation
% physical consideration



“Analytical” discrete Hodge

» Any dual mesh (circumcenter, barycenter, incenter, ...)

sin 01 af cos 01 a:f cos 01

a% cosfr  sinby ag cos 05

a% cos 63 a% cosflz  sinf3

_ = 2= 3z
> (9,' —( ,-,*e,-), — ﬂ./261 = 3162+31€3,

[Ayoub, Hamdouni, Razafindralandy. AMC 2021]



Example in an unitary triangle

TR

€1

1 210 1
Hbarycenter —>-11 2 0 H{ncenter —_
! 00 1l 4422

» Invertible
» Assembling

» Elementwise inversion

o N
S

om&
N O o



Poisson Equation
» Aw="f

Exterior calculus formulation: x d x d w="f

Well-centered mesh Acute mesh
% Circumcentric dual % Barycentric dual
% Barycentric dual % Incentric dual

% Incentric dual

AXmean =mean edge length



Error

Error

Poisson equation

N\

barycentric —e—

incentric —— |

1
AX

o'

‘mean

10°

barycentric —e—

incentric —o— |

:
102 ¢ 4 102 b
10% ¢ E S 10°
s
i
104 F E 104 F
barycentric —e—
5 incentric —e— 5
107 ¢ ) diagonal E 107 ¢
102 107 10° 102
Axmezn
_ 2 2
Wexact = X~ + Yy
:
10?2 F 4 102k
10° | E L 10°
s
i
104 F E 104 F
barycentric —e—
5 incentric —o— 5
107 ¢ ) diagonal E 107 ¢
102 107 10° 102
AX,

mean

Wexact = sin(mx) sinh(my)

10°



Navier-Stokes: Taylor-Green Vortex

U= —cosxsinye, -+ sinxcosye,
Well-centered mesh Acute mesh
T T
10" k| w0l E
s s
102} E 2102} E
barycentric —e— barycentric —e—
10° | incentric —e— 10° | incentric —o— |
) diagonal )
102 10" 10° 102 107 10°
AXmean/2% Mmean/2T
.
107" F E 10" F k|
s s
S 102t E 3102} E
barycentric —e— barycentric —e—
10° | incentric —e— 102 + incentric —e— 4
) diagonal )
102 10" 10° 102 10! 10°

AXmean/21 AXmean/21



Anisothermal traveling wave

E=ax+by+ct, u= (v e/ yan e’\E/T)e + aze,
p=op eMe/ T 0 = age/T

The «. are non-independent constants

Right mesh, Axmea,, =1.89-102

, Final time [XcT|/7T =1

0.00025 3.5x10°° =T 0.004 T
Tbarycentric 3 Tbarycentric I barycentric AN
incentric ———- A 5| incentric ———- i 0.0035 |- incentric ———- 7N
’w i 3x10 [ i \
0.0002 / oo . i 0.003 B
/ i 25x10° 4 | 7 ki
> 000015 [ / . 2 a0t ,” “‘ 2 0.0025
g i \ s s A i i 5 0002 i
& 00001 ,’ R IR L Y MY L ’r’ ! 5 goors | i
sl | 1x10° |- ! o b
g 510° |- \ 0.0005 |-
. mH“M\ . L0 ﬂ A e
0.4 0.4 0.4 -0.2 0 0.2 0.4
x
Dual mesh Stream function Velocity Temperature
Barycentric 2.651-10—° 7.270-107° | 5.529.103
Incentric 8.875-10~° 2.132-10~% | 5.589-10°

Mean relative error

In both cases, divu = 0 at machine precision



ean = 0.1265  (¢) Axmean = 0.0650

(d) Axmean = 0.0328
Ex: 50% of non-Delaunay triangles



b ¥

(a) AXmean = 0.2682  (b) Axmean = 0.1265 () AXmean = 0.0650

Y 0

15% non-Delaunay | 1.9005 | 1.5159
25% non-Delaunay | 1.6729 | 1.2154
50% non-Delaunay | 1.6591 | 0.8660
Convergence rate

(d) Axmean = 0.0328
Ex: 50% of non-Delaunay triangles



On a surface

Initial flow: ¥(t =0) =y 4+ 0.1z, 40% of well-centered triangles
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Streamlines for t from 0 to 11



Conclusion
» Done

* “Velocity"—pressure formulation + Prediction-correction scheme
Lid driven cavity (Ghia), Re=100, Re=1000

* Neumann boundary condition

* 3D with Whitney Hodge

» Advantages

* d*=0
* Coordinate independent
* Exterior calculus formulation brings clarity in some problems
* Conservation laws : Circulation preservation for non-viscous fluid
Needs carefully designed time integrator
> Todo

* Further exploitatiion of d*> =0
Complex geometry

* Space-time DEC

* Invariantized space-time DEC 7



