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LBack to the (18)90s

In coordinates the Hamilton-Volterra equations (x) for
V:R" DY — RN x RV are given as follows :

Vu e {1,...,n} and Va € {1, ..., N},

n oo X
OM (wixy =y Aee o W),

0q? =
oM _9(g o V)(x)
_Opé‘(w(x)) T oxk

Time derivatives are replaced by partials in coordinate directions x*
of ¥, replacing the time interval / of (time-dependant) mechanics.
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Modern formulation of Volterra's equations for certain variational
problems, here for n-dimensional sources and fields W with values
in a N-dimensional “configuration space” Q (or better appropriate
sections) :

YY" x Q= E <+ NJT*E = M(x)

where AST*E ={n e N"T*E | tytun =0Vv,w € kerm, C TE} is
the (twisted affine) dual of the first jet bundle of 7 with
tautological n-form 6 and w = —d#.
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Equivalent to the Hamilton-Volterra equations is the

dynamical Hamilton-De Donder-Weyl equation:

(%) () (¥F) 2 wy(t) = —dHy ) typically with H = H—p.

Here 7> is a co-volume on ¥, and % is a function on

P(m) = NS T*E/N{ T*E, with p a fibre coordinate on

M(m) =N T*E — NJT*E/N{T*E = P(7), and 1 a section of
M(m) — X.

Remark. (x) < (k).

References for the preceding : [Volterra]; [Roman-Roy]; [Wagner
and Wurzbacher 1]
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A “multisymplectic” manifold (M,w) is a pair, where M is a
manifold, n > 1 and w € Q"*1(M) is a closed differential form
satisfying the following non-degeneracy condition: The map

tew : TM — N"T*M, v 1w =viw

is injective. For fixed degree n+ 1 of the form such manifolds are
also called “n-plectic”.

Remarks. A 1-plectic manifold is a symplectic manifold.
M(m) = N3 T*E is the "standard multisymplectic manifold”, for
n=1it equals T*(/ x @), modelling time-dependent mechanics.
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Dynamics are now expressed via

® an equation for an unknown multivector field Xy, given a
function H on M(x), the

Hamilton-De Donder-Weyl (HDW) equation:
XHow = —dH.

Solving them is not enough for finding a “solution”, since if
n > 1 going from HDW to a map is an extra step (that is
trivially assured by the existence of flows of vector fields, as
opposed to multivector fields)!

* generalization to (Z,n) € XK(M) @ Q""¥(M) s.th.
Ziw = —dn.

¢ the dynamical Hamilton-De Donder-Weyl equation (see
above).
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The Klein-Gordon equation.

Let d > 1, ¥ ¢ R9t1 an open subset with coordinates
(xo,xl,...,xd) and 71 E=YX xR — X, ie, @ =R with
coordinate g. Furthermore

P(m) = NJT*E/NJT*E = E x R¥*1 = ¥ x R x R+ with

coordinates (x% x%, ..., x% q,p% p!, ..., p9). We take

d
Hico(x.9.p) = 5~ (07 + 2 () + (@),
k=1

where V : R — R is a differentiable function.
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The associated Hamilton-Volterra equations are then :

6q . 87‘[;((; _ :Epﬂ

Oxk op*
SO0 ke __0V
= oxt 9q  0q

Upon relabelling x° = t we get the Klein-Gordon equation :

)%
Ha=- at2 Za(xk 27 Toq”
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The Poisson equation.

Let ¥ C R? an open subset with coordinates (x!,x?) and Q = R
with coordinate g, i.e., m: E=Y xR — X. Then

P(m) = N3T*E/N3T*E = ¥ x R x R? with coordinates
(x1,x2,q,pt, p?). We take

1
7-[Poisson(XM? q, pV7p) = 5(([31)2 + (p2)2) - f(lexz)qv

where f : ¥ — R is a differentiable function.



HDW equations
LAl equations are HDW

A direct calculation expresses the Hamilton-Volterra equations as

follows
99 _ IMke _
OxH op*
opt | 9p° _ 1.2
axi T o = T,

i.e., we get Poisson's equation A, q(x!, x?) = f(x!,x?).
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More examples. (Compare also [Gieres].)

* (time-dependent) Hamilton equations on a symplectic
manifold, notably for H : I x T*Q — R

* Schrodinger equation on Q C R3 open subset; here
Y=RxQ E=% xR? and
Ms = {p} = q%,pS = —q'} C NMAT*E =~ R x Q x R? x R® and
the ensueing HDW equation vyields for ¢ = q: £ — C =2 R? :
o

i5p = D+ V(x) -

® minimal surface equation

® Korteweg-de Vries equation

® Maxwell's equations and Yang-Mills equations
® Einstein's equation

* “Exotic” equations (see below for the case of the six-sphere).
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A 2k-dimensional symplectic (or now 1-plectic) manifold (M, w)
enjoys locally a standard normal form : for every x € M there is a
local chart (U, ¢) around x such that

k
" | Y dgd Adpj | =wly.
j=1
Such a "Darboux theorem” does not hold in general on a n-plectic,
m-dimensional manifold. A first obstruction is given by the “linear
type”, i.e., the equivalence class of the (non-degenerated)
(n+1)-form wy on the tangent space of x € M must be constant
in x. But this is not enough : there are higher-order obstructions
beyond closedness of the form w (unlike in the symplectic case !)
References : [Ryvkin and Wurzbacher]; [Ryvkin]



HDW equations
L Darboux or not Darboux

If U is open in M and allows for a Darboux chart ¢, the HDW
equations are given in terms of minors of the Jacobi matrix of a

differentiable map R" D X v, o(U) CR™, i.e., for certain real
numbers a’,

> al - dety(DV)y) = gl_i(\ll(x)) Vr=1,...,m,
7 Yy

where J runs over the subsets of cardinality n of {1,..., m}, and
det(DW)y is the (n x n)-minor of the Jacobi-matrix (DW), (of
size m x n) defined by J, and H the Hamiltonian function on M,
with coordinates ¢ = (y!,...,y™) on U.

The resulting fully nonlinear inhomogeneous Jacobian minor
equations can be solved in certain cases by geometric methods.
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A case study : 2-plectic dynamics on the six-sphere

Reference for this section : [Wagner and Wurzbacher 2]

* on R’ we have a vector product from the octonions and a
3-form O(u, v, w) =< u,v X w >

* the inclusion j : S® < R7 yields an exact 2-plectic form
w = j*(@) on the six-sphere

® w is compatible with the standard almost complex structure
on S° (defined by J,(u) = p x v), i.e.,
w(Ju, v,w) = w(u, Jv,w) for all p € S® and u, v, w € T,S°
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Result 1.
(i) w has constant linear type
(ii) (S8 w) has nowhere Darboux coordinates.

Result 2.
The automorphisms of (S°, w) are given by the compact
finite-dimensional Lie group G.
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Result 3.

A vector field X € X1(S°) solves the HDW equation on (5%, w) if
and only if X = X; is a fundamental vector field associated to § in
Lie(Gg).

Result 4.

Let H be a constant (Hamilton) function on S°. Then

VX € X1(S°) one has tx, xw = dH, i.e., the couple (X A JX,0)
solves the HDW equation.
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Result 5.

Let H be a constant (Hamilton) function on S®. Then

(i) VX € X1(S°) with LxJ = 0 there is a singular J-holomorphic
foliation given by D, =<< X, J5(X,) >>g for all p in S°®, whose
leaves are the images of the solutions of the dynamical HDW
equation associated to (X A JX,0)

FXPX (e, 12) = 65 0 ¢35 (p)

(i) if & n are in Lie(G2) and Hg ;= tx.ax,0 then (Xe A Xy, He ) is
a solution of the HDW equation.
If furthermore [¢,7] = 0, then for all p € S°,

X
F,ﬁ’"(tla t%) = P’ © ¢§1(P)

solves the dynamical HDW equation.
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