Geometric Reformulation and Integration of Hypoelasticity
Dedicaced to P. Rougée

Romain Lloria, Rodrigue Desmorat, Boris Kolev

Université Paris-Saclay, ENS Paris-Saclay, CentraleSupélec, CNRS, LMPS - Lab ire de Mécanique Paris-Saclay

Congrés Francais de Mécanique 2025

école ———8 — A
normale—— .* e
supérieure ———— .> universite @Pb

paris—saclay CentraleSupélec PARIS-SACLAY

Geometric Reformulation and Integration of Hypoelasticity



Introduction

e In the 1950s, Truesdell introduced hypoelasticity as an extension of elasticity, expressed in
differential rather than integral form.

e In the 1960s, Bernstein try to generalze using the Zaremba-Jaumann derivative.

e He also provided a necessary condition for an hypoelasticity law to derive from an elastic law.

We propose:
e a geometric reformulation of hypoelasticity on the manifold of Riemannian metrics.

e a new integrability condition similar to the Saint-Venant compatibility condition for the
displacement problem.

e an integrator calculating the elasticity law from an integrable hypoelasticity law.

e an application to Oldroyd’s isotropic hypoelasticity laws.
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A geometric reformulation of hypoelasticity

Elasticity and hypoelasticity laws

e Infinitesimal elasticity law: linear relation between stress and strain.
On deformed media Q:

T=E:¢€,

where 7 = % Kirchhoff stress 2-tensor, € strain 2-tensor and E elasticity contravariant 4-tensor.

e Elasticity law: functionnal relation between stress and strain.
On reference configuration Qq:

S = f(0),

where S Piola-Kirchhoff 2 stress 2-tensor and C right Green-Cauchy 2-tensor.

e Hypoelasticity law: linear relation between derivatives of stress and strain.
On deformed configuration €:

7=h:d=d:h,

where objective derivative, d := %Luq strain rate, q Euclidean metric and w Eulerian velocity.

The contravariant 4-tensor h = (h%/*!) is called hypoelsaticity tensor. It has symmetries of E.
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A geometric reformulation of hypoelasticity
Example: Oldroyd's isotropic hypoelasticity law

e on deformed configuration Q2

7 =2uq"'dg" + Atr(q 'd)g !

o on reference configuration Qg

A
&S = puC lo,cct + 3 tr(C~1g;c)C~t

where 7 = O¢T + LoT is the Oldroyd derivative and A, u the Lamé coefficients.

Question: can we integrate this law into an elasticity law S = f(C) ?

&S = —pd, C™" + %

It seems that there is no primitive for the term in %!

—> We will show that this term is non-integrable
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A geometric reformulation of hypoelasticity

Configurations of a deformable solid

Configuration of a deformable solid:

) { B embedding C°° QcR3
p:
X —> X

Deformation gradient:

stress 0

Tp:=F:TB — TQ
Figure: J.E. Marsden and J.R. Hughes 1984

Metrics: Stresses:
e Euclidean g on e Kirchhoff 7 on Q
e y=p*qon B e Rougée 8 = p*T on B
e (Cauchy right C = ¢*q on Qo) o (Piola-Kirchhoff 2 S = ¢*q on Qo)
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A geometric reformulation of hypoelasticity

The manifold of Riemannian metrics

e To each embedding p corresponds a Riemannian metric v = p*q on the body B.

e The set of Riemannian metrics on B, denoted Met(B3), is a convex open set in the vector
space of second-order covariant tensor fields on .

e |t is a differential manifold (of infinite dimension).
e A point v € Met(B) is a Riemannian metric on the body B
e Its tangent space T Met(B) corresponds to small strains € around the reference state ~.

e lts cotangent space T3Met(B) corresponds to virtual powers P of stresses (internal forces).
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A geometric reformulation of hypoelasticity

Geometric formulation of elasticity according to Rougée

e Rougée’s metric on the manifold of Riemannian metrics Met(B):
G~ (871, 672) = / tr (v oy v T v2) 1, S € TyMet(B)
B

e This metric induces an injective (but not surjective) linear application
TyMet(B) — T3 Met(B), Sy = Py = G+(Sy,-)

e The image of this application corresponds to distributions with density
Py (67) = /B ©: 67 O =18y L.

o An elastic constitutive law is then interpreted as a vector field Sy on Met(B).

TMet(B) —S > T*Met(B)

S ™
6:77157’771

Met(B)
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Geometric formulation of hypoelasticity

Theorem (Rougée 1991): Given a path of embeddings p; with v(t) = pjq, we have
8g’y = 2p*d‘
Theorem (Kolev and Desmorat): All known objective derivatives correspond to covariant
derivatives Vi on TMet(B) by the magic formula
p*7o' = V.0.
e On the deformed configuration Q

e By pullback on the body B:

*

p?’:p*s:p*d *

:p*h: p'e.
~ =~ ~—

=V0 :=6v :%Ot.’ =H :=6v
o Integrating on the body B:

/B(Vtesé'y)p,:%/B(Bt'y:H:&y)u.

Proposition (Reformulation of hypoelasticity on the manifold of Riemannian metrics)

An hypoelasticity law recasts on Met(B) as:

pr(67) = H(at77 67)7

where V is a covariant derivative on Met(B) and H a symmetric covariant 2-tensor on Met(B).
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A geometric reformulation of hypoelasticity

Example: Oldroyd's isotropic hypoelasticity law

7 =2uq 'dq ™! + Atr(q'd)g

Tie= 2utr(q tdgq te) + Atr(q1d) tr(q " e)

[

A
010 : 8y = ptr (v Loy y 1Y) + S tr(y 0y tr(v o)
~— 2

=vle
Voo

_ _ A _ _
/B(V?G:M)u:/s [utr (v oy 167)+§tr(7 L0py) tr(v 1 oy) |

:V%’T’(t?'y) =H(0¢v,6)
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A differential complex for hypoelasticity

De Rham differential complex

De Rham 1-complex
A graded sequence of spaces of differential forms:

) LR % 2R3 Y I(R3) — {0},

HGS

rotograd =0
divorot =0

Fundamental property:

antisymmetric forms
= but elasticity has other symmetries (gb, e, E)
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A differential complex for elasticity

Elasticity 2-complex: naturally adapted to the symmetries of elasticity tensors.

e Dubois-Violette theory on R?:
JR) 3R B RY)
b — e — D>Dy = 0.
(strain) (Saint-Venant)

(displacement)

e Differentials operators defined by Young symmetrization:

1
(D1€"),; = 5 (aigg + ajgg)
(D2€)ijk1 := (9:9j€)y; — (Ok05€)y — (0:01€) 15 + (O 0i€);

(symmetries of E)

Proposition (Saint-Venant compatibility condition)

If the strain € is generated by a displacement £" we have:

W := Doe = DyD1£” = 0.

In coordinates: Wijkl = (aiaja)kl = (akﬁjs)il = (8ial€)kj + (Bkﬁls)i]. =0.
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A differential complex for hypoelasticity

Strategy: Build a complex on Met(13) similar to the elasticity complex on R3.

Elasticity complex on R3 Hypoelaticity complex on Met(B)
Displacement £° (order 1) | Virtual power P (order 1)

Strain € (order 2) Hypoelasticity #H (order 2)
Saint-Venant W (order 4) | Generalized Saint-Venant )V (order 4)

e Dubois-Violette theory on Met(B):
2,

IMet(B)) 25 2(Met(B)) 23 4(Met(B))
P — H — w

e Differentials operators defined by Young symmetrization:

(D1P)(8r,05) = % [VeP(9s) + VsP(80)]

(D2H) (0%, 0s,0u, 0v) := (ViVsH) (Ou, 0v) — (VuVsH) (0, 00)
— (V¢VoH) (Ou,0s) + (VuVoH) (O, 0s) (symmetries of E)

where V a covariant derivative on TMet(B) and 0, 0s, Ou, Oy are variations of (s, t,u,v).
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A differential complex for hypoelasticity

A necessary (and sufficient) integrability condition for an hypoelasticity law

Question: Given an hypoelasticity law H, does there exist an elastic law P such that
ViP(6v) = H(0,67), oy € TyMet(B)?
Thanks to symmetry of #, this problem recast as :
2

J(Met(B)) 25 3(Met(B)) 23 4(Met(B))
Ip 7 — H — w

Response
e Any V derivative: D2D; = no simple condition because of the curvature.

e Flat VO derivative: Dy D1 = 0 = similar to Saint-Venant compatibility condition.

Theorem (Necessary Integratability Condition)

If the hypoelasticity law H derives from an elasticity law P, we have
W = DoH = DasD1P =0,

ie. VOVOH (s, 0s) — VOVIH(Bs, 8u) + VOVIH(By, Bu) — VOVOIH(D;, By) = 0.
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A differential complex for hypoelasticity

Example: Oldroyd'’s isotropic hypoelasticity law

Generalised hypoelasticity tensor on the manifold of Riemannian metrics Met(B):

A
H(Be,67) =/ [utr (v oeyy o) + 5 tr(y ' 9s) tr('v‘lé'y)] w
B

Question: Does this law of isotropic hypoelasticity derive from an elasticity law?
e Generalized Saint-Venant tensor:

W(0t, 85, 0u, Oy) = Vo Vo H (D, 0a) — VOVIH(Ds, 0u) + VIVIH(Oy, 0u) — VOVSH(0r, 0y)

o Integrability condition W = 0:
vat,as,au,av,/wat,aw (Buur Bs) — (B, Bs) (O, B0)) 1o = 0 =5 [A = 0]
B

e By contraposition: if A # 0, the law does not integrate into an elasticity law.

Tie= 2utr(q~tdq~te) + Atr(q~td) tr(q " le).

shear integrable spherical non-integrable
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Sufficient condition and calculation of the integrated elasticity law

Question: How to calculate the elasticity law P from the integrable hypoelasticity law H?

o Homotopy formula in elasticity complex:

Di1Ki1H+ KoDoH =H |,

Dy D2
where JMet(B) == 3(Met(B)) == j(Met(B))
1 2 :
P — H —_— w

If the hypoelasticity law # derives from an elasticity law P:
DyH = D2DiP =0

Injecting into the homotopy formula:
DiKi\H+ KoeDoH =H
N——

N —

integrator =0

e Calculations give:

1 1 Yy
Katy (07) =2 [ rHon Gy dr = [ dy [T (20 (5707 7 doy iy, 5] dr
0 0] 0

1 t
Koty (014,029) = [ dt [ rWooy (51, 829,9,) d (obstruction term)
0 0
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Conclusion

Sumary:

Reformulate the displacement problem using a new elasticity complex
Reformlate geometricaly hypoelasticity on the manifold of Riemannian metrics
Use this infinite-dimensional formalization to build a hypoelasticity complex.
Establish a necessary and sufficient integrability condition into an elastic law
Explicit an integrator to recover the elasticity law

Obtain an obstruction term measuring the degree of non-integrability

Outlook: adaptation for other non-flat objective derivatives like Zaremba—Jaumann one. Curved
differential complexes?
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